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The plan upon which this work was originally commen- 
ced, is continued in this second part of the course. As 
the single object is to provide for a class in college^ suq^ 
matter as is not embraced by this design is excluded. The 
mode of treating the subjects, for the reasons mentioned in 
the preface to Algebra, 'u% in a considerable degree, diffuse. 
It was thought better to err on this extreme, than on the 
other, especially in the early part of the course. 

The section on right angled triangles will probably be con- 
sidered as needlessly minute. The solutions might, in all 
cases, be effected by the theorems which are given for ob- 
lique angled triangles. But the applications of rectangular 
trigonometry are so numerous, in navigation, surveying, as- 
tronomy, &c. that it was deemed important, to render famil- 
iar the various methods of stating the relations of the sides 
and angles ; and especially to bring distinctly into view the 
principle on which most trigonometrical calculations are 
founded, the proportion between the parts of the given tri- 
angle, and a similar one formed from the sines, tangents, <Slc. 
in the tables. 
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SECTION I. 



NATURE or LOGARITHMS.* 



Art.' 1« The operations of Multiplication and Division, 
when they are to oe often repeated, become so laborious, 
that it is an object of importance to substitute, in their stead, 
more simple methods of calculation, such as Addition and 
Subtraction. If these can be made to perform, in an expe- 
ditious manner, the office of multiplication and division, a 
great portion of the time and labor which the latter processes 
require, may be saved. 

Now it has been shown, (Algebra, 233, 237,) thai powers 
may be multiplied, by adding their exponents^ and divided, 
by subtracting their exponents. In the same manner, roots 
may be multiplied and divided, by adding and subtracting 
their fractional exponents. (Alg. 280, 286.) When these ex- 
ponents are arranged in tables, and applied to the general 
purposes of calculation, they are called Logarithms, 

2. LOGARITHMS, then, are the EXPONENTS or a 

SERIES or POWERS AND ROOTS.t 

In forming a system of logarithms, some particular num- 
ber is fixed upon, as the base^ radix^ or first power, whose log- 
arithm is always 1. From this, a series of powers is raised, 
and the exponents of these are arranged in tables for use. 
To explain this, let the number which is chosen for the first 



" Maskelyne'if Preface to Taylor's Logarithms. Introduction to Hutton's 
Tables. Keil on Logarithms. Maseres Scriptores Logarithmici. Brlggs' 
Logarithms. Dodson's Anti-logarithmic Canon. Kuler*s Algebra. 

t See noto A. 
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3 NATURK or LOaARlTHHS. 

power, be represented by a. Then taking a series of pow- 
ers, both direct and reciprocal, as in Alg. 207 ; 

a*, a", a«, a\ a«, a'\ a'^^a'^^ a"*, &c. 

» 

The logarithm of a' is 3, and the logarithm of a~ ^ is — 1 , 

of a' is I, of a"' is— 2, 

of a® isO, of ££■' is— 3,&c. 

Universally, the logarithm of a' is x. 

3. In the system of logarithms in common use, called 
Briggi* logarithms, the number which is taken for the radix 
or base is 10. The above series then, by substituting 10 for 
a, becomes 

lOS 10», 10«, 10', 10% 10-', 10-», 10-5, &c. 
OrlOOOO, 1000,100, 10, 1, j\, jU^ tAti &c. 

Whose logarithms are • 

4, 3, 2, 1, 0, —1, -2, — 3, &c. 

4. The fractional -exponents of roots^ and of powers of 
roots, are converted into decimals^ before they are inserted 
in the logarithmic tables. See Alg. 255. 

• 

The logarithm of £i% or £i«-»3 9 9, is 0.3333, 

of a^ or £!••••••, is 0.6666, 

3 

of a^, or ao.4siBs^ jg 0.4285, 
^ ij ' • 

of a 3 ,ora'*' • • •, is 3.6666, &c. 

• 

These decimals are carried to a greater or less number of 
places, according to the degree of accuracy required. 

5. In forming a system of logarithms, it is necessary to 
obtain the logarithm of each of the numbers in the natural 
series 1, 2, 3, 4, 5, &c. ; so that the logarithm of any number 
may be found in the tables. For this purpose, the radix of 
the system must first be determined upon ; and then every 
other number may be considered as some power or root of 
this. If the radix is 10, as in the common system, every 
other number is to be considered as some power of 10. 

That a power or root of 10 may be found, which shall be 
equal to any other number whatever, or, at least, a very near 
approximation to it, is evident from this, that the exponent 
may be endlessly varied ; and if this be increased or dimin* 
ished, the power will be increased or diminished. 
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If the exponent is a fraction, and the numerator be increas- 
ed, the power will be increased : but if the denominator be 
increased, the power will be diminished. 

6. To obtain then the logarithm of any number, accord- 
ing to Briggs^ system, we have to find a power or root of 10 
which shall be equal to the proposed number. The expo* 
nent of that power or root is the logarithm required. Thus 

7 = 10»-«4*O fof 7 is 0.8451 

20=10'-3»»«( therefore the i of 20 is 1.3010 

30=10'-*''^' r logarithm ] of 30 is 1.4771 

400= 1 0« • • • a J l^of 400 is 2.6020, &c. 

7. A logarithm generally consists of two parts, an integer 
and a decimal. Thus the logarithm 2.60206, or, as it is some- 
times written, 2-f. 60206, consists of the integer 2^ and the 
decimal .60206. The integral part is called the characterii- 
tic or index* of the logarithm ; and is frequently omitted, in 
the common tables, because it can be easily supplied, when- 
ever the logarithm is to be used in calculation. 

By art. 3d, the logarithms of 

10000, 1000, 100, 10, 1, .1, .01,.001,&c. 
are 4, 3, 2, 1, 0, —1, —2, — 3, &c. 

As the logarithms of 1 and of 10 are Q and 1, it is evident, 
that, if any given number be between 1 and .10, its logarithm 
will be between and 1, that is, it will be greater than 0, but 
less than 1. It wiH therefore have for its index, with a de- 
cimal annexed. 

Thus the logarithm of 5 is 0.698974 

For the same reason, if the given number be between 

^JO and 100, 1 the log. C 1 and 2, i. e. 1 +the dec. part. 

100 and 1000, > will be < 2 and 3, 2+thedec. part 

1000 and 10000,) between (3 and 4, 3+ the dec. part. 

We have, therefore, when the logarithm of an integer or 
mixed number is to be found, this general rule : 

* The term index, as it ii used here, may powibly lead to aome confiuioii in 
the mind of the learner. For the logarithm itself ia the index or exponent of a 
power. The characteristic, therefore, ia the index of an indes^ 
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8. The index of the logarithm is always one less^ than the 
number of integral figures^ in the natural number whose loga- 
rithm is sought : or, the index shows how far the first figure 
of the natural number is removed from the place of units. 

Thus the logarithm of 37 is 1.56820. 

Here, the number of figures being twoj the index of the 
logarithm is 1. 

The logarithm of 253 is 2.40312. 

Here, the proposed number 253 consists of three figures, 
the first of which is in the second place from the unit figure. 
The index of the logarithm is therefore 2. 

The logarithm of 62.8 is 1.79796. 

Here it is evident that the mixed number 62.8 is between 
10 and 100. The index of its logarithm must, therefore, 
be 1. 

9. As the logarithm of 1 is 0, the logarithm of a number 
less than 1, that is, of any proper/rocfion, must be negative. 

Thus by art. 3d, 

The logarithm of j\ or .1 is —I, 

of t4? o*" '^1 w — 2, 

of tuVb ®r -^01 *s —3, &c. 

10. If the proposed number is betweeti yj^ ^^d t^Vt 
its logarithm must be between —2 and - 3. To obtain the 
logarithm, therefore, we must either subtract a certain frac- 
tional part from —2, or add a fractional part to — 3 ; that is, 
we must either annex a negative decimal to —2, or a positive 
one to— 3. 

Thus the logarithm 

of .008 is either - 2— .09691, or -3 +.90309.* 

The latter is generally most convenient in practice, and is 
more commonly written 3.90309. The line over the index 



* That Uiese two expressioDi are of the same value will be evident, if we 
subtraet the same quantity, +.90309 from each. The remainders will be 
equal, and therefore the quantities from which the subtraction is made must 
be equal. See note B. 
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denotes, that t?uit is negative, while the decimal part of the 
logarithm is positive. 

r of 0.3, is 1747712, 
The logarithm 5 of 0.06, is 2^77815, 

(of 0.009, is 3.95424, 

* And universally, 

1 1. The negative index of a logarithm shows how far the 
first significant Jigure of the natural number ^ is removed from 
the place of imits^ on the right ; in the same manner as a 
positive index shows how far the first figure of the natural 
number is removed from the place of units, on the left. (Art. 
8.) Thus in the examples in the last article. 

The decimal 3 is in the Jirst place from that of units, 

6 is in the second place, 
9 is in the third place ; 

And the indices of the logarithms are 1 , 2, and 3. 

1 2. It is often more convenient, however, to make the tn- 
dex of the logarithm positive, as well as the decimal part. 
This is done by adding 10 to the index. 

Thus, for — 1, 9 is written ; for -2, 8, &c. 
Because -1+10=9, -2+10=8,&c. 

With this alteration, 

C 1.903091 r 9.90309, 

The logarithm < "2^90309 / becomes ^8.90309, 

'"3;90309^ (7.90309, &c. 

This is making the index of the logarithm 10 too great. 
But with proper caution, it will lead to no error in practice. 

1 3. The sum of the logarithms of two numbers, is the log- 
arithm of ihe product of those numbers ; and the difference of 
the logarithms of two numbers, is the logarithm of the quotient 
of one of the numbers divided by the other. (Art. 2.) In 
Briggs' system, the logarithm of 10 is 1. (Art. 3.) If therefore 
any number be multiplied or divided by 10, its logarithm will 
be increased or diminished by 1 : and as this is an integer, 
It will only change the index of the logarithm, without affect- 
ing the decimal part. 
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6 NATURE OF LOGARITHMS. 

Thus the logarithm of 4730 is 3.67486, 
And the logarithm of 10 is 1. 

The logarithm of the product 47300 is 4.67486 
And the logarithm of the quotient 473 is 2.67486 

* 

Here the index only is altered, while the decimal part re- 
mains the same. We have then this important property, 
*f 14. The DECIMAL PART of the logarithm of any number is 
the same^ as that of the number multiplied or divided iy 10, 
100, 1000, &c. 



Thus the log. of 45670, 


is 4.65963, 


4567, 


3.65963, 


456.7, 


2.65963, 


45.67, 


1.65963, 


4.567, 


0.65963, 



.4567, JL65963, or 9.65963, 

.04567, 2^65963, 8.65963, 
.004567, 3765963, 7.65963. 

This property, which is peculiar to Briggs^ system, is of 
great use in abridging the logarithmic tables. For when we 
have the logarithm of any number, we have only to change 
the index, to obtain the logarithm of every other number, 
whether integral, fractional, or mixed, consisting of the same 
significant figures. The decimal part of the logarithm of a 
fraction found in this way, is always positive. For it is the 
same as the decimal part of the logarithm of a whole num- 
ber. 

15. In a series of fractions continually decreasing^ the neg- 
ative indices of the logarithms continually increase. Thus, 

In the series 1, .1, .01, .00^, .0001, .00001, &c. 
The logarithms are 0, — 1 , — 2, — 3, — 4, — 5, &c. 

If the progression be continued, till the fraction is reduced 
to 0, the negative logarithm will become greater than any as- 
signable quantity. The logarithm of 0, therefore, is infinite 
and negative. (Alg. 447.) 

16. It is evident also, that all negative logarithms belong 
to fractions which are between 1 and ; while positive loga- 
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rithms belong to natural numbers which are greater than 1. 
As the whole range of numbers, both positive and negative, 
is thus exhausted in supplying the logarithms of integral and 
fractional positive quantities ; there can be no other numbers 
to furnish logarithms for negative quantities. On this ac- 
count the logarithm of a negative quantity is, by some wri- 
ters, considered as impossible. But as there is no difference 
in the multiplication, division, involution, &c. of positive and 
negative quantities, except in applying the sigtis ; they may 
be considered as all positive, while these operations are per- 
forming by means'of logarithms ; and the proper signs may 
be afterwards affixed. 

17, If a series of numbers be in qzometrical progression^ 
their logarithms will be in arithhetical progression. For, 
in a geometrical series ascending, the quantities increase by 
a common multiplier ; (Alg. 436.) that is, each succeeding 
term is the product of the preceding term into the ratio. 
But the logarithm of this product is the sum of the logarithms 
of the preceding term and the ratio ; that is, the logarithms 
increase by a common addition^ and are, therefore, in arith- 
metical progression. (Alg. 422.) In a geometrical progres- 
sion descending^ the terms decrease by a common divisor^ and 
their logarithms, by a common difference,* 

Thus the numbers 1, 10, 100, 1000, 10000, &c. are in ge- 
ometrical progression. 

And their logarithms 0, 1, 2, 3, 4, &c. are in arith- 
metical progression. 

Universally, if in any«geometrical scries, 
a=the least term, r=the ratio, 

X=its logarithm, l=^'\is logarithm ; 

Then the logarithm of ar is i+Z, (Art. 1.) 

of ar« is i+SZ, 
of ar' is L+3l^&c, 

Here, the quantities a, ar*^ ar^^ ar*, &c. are in geo- 
metrical progression. (Alg. 436.) 

And their logarithms i, i+Z, i+2/, L+3l^ &c. are in 
arithmetical progression. (Alg. 423.) 



* See note C. 
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TH£ LOOARITHMIC CURVE. 

19. The relations of logarithms, and their corresponding 
numbers, may be represented by the abscissas and ordinates 
of a curve. Let the line AC (Fig. ].} be taken for unity. 
Let AF be divided into portions, each equal to AC, by the 
points 1 , 2, 3, &c. Let the line a represent the radix of a 
given system of logarithms, suppose it to be 1.3 ; and let a', 
a^, &c. correspond, in length, with the different powers of a. 
Then the distances from A to 1, 3, 3, &crwill represent the 
logarithms of a, a', a^, &c. (Art. ^.) The line CH is called 
the logarithmic curve^ because its abscissas are proportioned 
to the logarithms of numbers represented by its ordinates* 
(Alg. 527.) 

20. As the abscissas are the distances from AC, on the line 
AF, it is evident, that the abscissa of the point C is 0, which 
is the logarithm of 1=AC. (Art. 2.) The distance from A 
to 1 is the logarithm of the ordinate a, which is the radix of 
the system. For Briggs^ logarithms, this ought to be ten 
times AC. The distance from A to 2 is the logarithm of the 
ordinate a' ; from A to 3 is the logarithm of a', &c. 

21. The logarithms of numbers less than a unit are nega- 
tive. (Art. 9.) These may be represented by portions of the 
line AN, on the opposite side of AC. (Alg. 507.) The or- 
dinates a~\ a''^a'^^ &c are less than AC, which is taken 
for unity ; and the abscissas,'which are the distances from A 
to -1 , -2, -3, &c. are negative. 

22. If the curve be continued ever so far, it will never 
meet the axis AN. For, as the ordinates are in geometrical 
progression decreasing, each is a ccftain portion of the pre- 
ceding one. They will be diminished more and more, the 
farther they are carried, but can never be reduced absolutely 
to nothing. The axis AN is, therefore, an asymptote of the 
curve. (Alg. 545.) As the ordinate decreases, the abscissa 
increases ; so that, when one becomes infinitely small, the 
other becomes infinitely great. This corresponds with what 
has been stated, (Art. 15.) that the logarithm of is infinite 
and negative. 
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23. To find the equatian of thb curve, 

Let a=the rculix of the system, 
x=any one of the abscissas, 
y=rthe corresponding ordinate. 

Then, by the nature of the curve, (Art. 19.) the ordinate 
to anv point, is that power of a whose exponent is equal to 
the abscissa of the same point; that is, (Alg. 528.) 

* For other propertiM of the logerithmic curve, lee Fluzkios. 
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SECTlOiN II. 



DinECTlONft FOR TAKING LOGARITHMS AND THEIR NUNHERS 

FROM THE TABLES.* 



Art. 24. The purpose which logarithms are intended to 
answer, is to enable us to perform arithmftical operations 
with greater expeditio7i^ than by the common methods. Be- 
fore any one can avail himself of this advantage, he must be- 
come so familiar with the tables, that he can readily find the 
logarithm of any number ; and, on the other hand, the num- 
ber to which any logarithm belongs. 

In the common tables, the indices to the logarithms of the 
first 100 numbers, are inserted. But, for all other numbers, 
the decimal part only of the logarithm is given ; while the 
index is left to be supplied, according to the principles in 
arts. 8 and 1 1 . 

25. To find the logarithm of any number between' \ and 
100; 

Look for the proposed number, on the left ; and against 
it, in the next column, will be the logarithm, with its index. 
Thus 

The log. of 18 is 1.25527. The log. of 73 is 1.86332. 

26. To find the logarithm of any number between 100 awrf 
1000 ; or of any number consisting of not more than three 
significant figures, with ciphers annexed. 

In the smaller tables, the three first figures of each num- 
ber, arc generally placed in the left hand column ; and the 
fourth figure is placed at the hend of the other columns. 

Any number, therefore, between 100 and 1000, may be 
found on the left hand ; find directly opposite, in the next 
column, is the decimal part of its logarithm. To this the 
index must be prefixed, according to the rule in art. 8. 



* The best English Tables are Hutton's in 8vo. and Taylor's in 4to. In 
these, the logarithms are carried to seven places of decimals, and proportional 
parts are placed in the margin. The smaller tables are numerous; and, 
when accurately printed, are sufiicient Tor common calculations. 
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The log. of 458 is 2.66087, The log. of 935 is 2.97081, 
of 796 2.90091, of'336 2.58659. 

If there are ciphers annexed to the significant figures^ the 
logarithm may be found in a similar manner. For, by art. 
14, the decimal part of the logarithm of any number is the 
same, as that of the number multiplied into 10, 100, i&c. All 
the difTerenqe will be in the index ; and this may be supplied 
by the same general rule. 

The log. of 4580 is 3.66087, The log. of 326000 is 5.51322, 
of 79600 4.90091, of 80 1 0000 6.90363. 

27. To find the logarithm ofanf/ number consisting of fovk 
figures^ either with^ or without^ ciphers annexed. 

Look for the three first figures, on the left hand, and foi« 
the fourth figure, at the head of one of the columns. The 
logarithm will be found, opposite the three first figures, and 
in the column which, at the head, is marked with the fourth 
figure.* 

The log. of 6234 is 3.79477, The log. of 783400 is 5.89398, 
of 523 1 3.71858, 6f 628 1 000 6.79803. 

28. To find the logarithm of a number containing mors 
than FOUR significant figures. 

By turning to the tables, it will be seen, that if the differ- 
ences between several numbers be small, in comparison with 
the numbers themselves ; the differences of the logarithms 
will be nearly proportioned to the differences of the num* 
ber^« Thus 

The log. of 1000 is 3.00000, Here the differences in the 
of 1001 3.00043, numbers are, 1, 2, 3, 4, dz^c. 
of 1002 3.00087, and the corresponding dif> 
of 1003 3.00130, ferences in the logarithms, 
of 1004 3.00173, (fee. are 43, 87, 130, 173, ifec. 

Now 43 is nearly half of 87, one third of 130, one fourth 
ofl73,&c. 

Upon this principle, we may find the logarithm of a num- 
ber which is between two other numbers whose logarithms 



* In Taylor's, Huttoo*8 and oUier tables, /our figurM are placed in the left 
hand column* and ihej^h at the top of the page. 
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are given by the tables. Thus the logarithm of 21 71 6 is not 
to be found, in those tables which give the numbers to four 
places of figures only. 

But by the table, the log. of 21720 is 4.33686 

and the log. of 21710 is 4.33666 

The difference of the two numbers is 10 ; and that of the 
logarithms 20^ 

Also, the difference between 21710, and the proposed num- 
ber 21716 is 6. 

if, then, a difference of 10 in the numbers 
make a difference of 20 in the logarithms : 

A difference of 6 in the numbers, will 
make a difference of 12 in the logarithms. 

That is, 10 : 20: :6 : 12. 

If, therefore, 12 be added to 4.33666, the log. of 21710 ; 
The sum will be 4.33678, the log. of 21716. 

We have, then, this 

RULE. 

To find the logarithm of a number consisting of more than 
four figures ; 

Take out the logarithm of two numbers, one greater, and 
the other less, than the number proposed : Find the differ- 
ence of the two numbers, and the difference of their loga- 
rithms : Take also the difference between the least of the 
two numbers, and the proposed number. Then say. 
As the difference of the two numbers. 
To the difference of their logarithms ; 
So is the difference between the least of the two 

numbers, and the proposed number, 
Tl'o the proportional part to be added to 
the least of the two logarithms. 
It will generally be expedient to make x\ie four first figures^ 
in the least of the two numbers, the same as in the proposed 
number, substituting ciphers, for the remaining figures ; and 
to make the greater number the same as the less, with the 
addition of a unit to the last significant figure. Thus, 

For 36843, take 36840, and 36850, 

For 792674, 792600, 792700^ 

For 6537825, 6537000, 6538000, ifcc. 
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The first term of the proportion will then be 10, or 100, 
or 1 000, &c. 

Ex. 1 . Required the logarithm of 363573. 

The logarithm of 363600 is 5.55943 

of 363500 5.55931 



The differences are 100, and 13. 

Then 100 : 13: :73 : 8.64, or 9 nearly. 
And the log. 5.55931+9=5.55940, the log. required. 

Ex. 3. The log. of 78364 is 4.89356 

3. The log. of 143543 is 5.15698 

4. The log. of 1 139535 is 6.05390. 

By a little practice, such a facility, in abridging these cal- 
culations, may be acquired, that the logarithms may be taken 
out, in a very short time. When great accuracy is not re- 
quired, it will be easy to make an allowance sufficiently near, 
without formally stating a proportion. In the larger tables, 
the proportional parts which are to be added to the loga- 
rithms, are already prepared, and placed in the margin. 

39. To find the logarithm of a decimal fraction. 

The logarithm of a decimal is the same as that of a whole 
number, excepting the index. (Art. 14.) To find then the 
logarithm of a decimal, take out that of a whole number con- 
sisting of the same figures ; observing to make the negative 
index equal to the distance of the first significant figure of 
the fraction from the place of units. (Art. II.) 

The log. of 0.07643, is 1^88326, or 8.88336, (Art. 13.) 
of 0.00359, 3^4 1 330, or 7.4 1 330, 

of 0.0006378, 4.79783, or 6.79783. 

30. To find the logarithm of a mixed decimal number. 

Find the logarithm, in the same manner as if all the fig- 
ures were integers ; and then prefix the index which belongs 
to the integral fnri^ according to art. 8. 

The logarithm of 36.34 is 1.43063. 

The index here is 1 , because 1 is the index of the loga- 
rithm of every number greater than 10, and less than 100. 
(Art. 7.) 
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The log. of 2.36 is 0.37291, The log. of 364.2 is 2.56134, 
of 27.8 1.44404, of 69.42 1.84148. 

31. To find the logarithm of a vulgar fraction. 

From the nature of a vulgar fraction, the numerator may 
be considered as a dividend^ and the denominator as a divisor; 
in other words, the value of the fraction is equal to the quo- 
tient, of the numerator divided by the denominator. (Alg. 
135.) But in logarithms, division is performed by subtrac- 
tion ; that is, the difference of the logarithms of two num- 
bers, is the logarithm o( the quotient of those numbers. (Art. 
1.) To find then the logarithm of a vulgar fraction, subtract 
the logarithm of the denominator from that of the numerator: 
The difference will be the logarithm of the fraction. Or the 
logarithm may be found, by first reducing the vulgar fraction 
to a decimal. If the numerator is less than the denominator, 
the index of the logarithm must be negative^ because the 
value of the fraction is less than a unit. (Art. 9.) 

Required the logarithm of f 4. 

The log. of the numerator is 1.53148 
of the denominator 1.93952 



of the fraction T59 1 96, or 9.59 1 96. 
The logarithm of ^VjV is 2766362, or 8.66362. 

of f/jt 3.04376, or 7.04376. 

32^. If the logarithm of a mixed number is required, reduce 
it to an improper fraction, and then proceed as before. 

The logarithm of 3}= V »s 0.57724. 



33. To find the natural number belonging to any loga- 
rithm. 

In computing by logarithms, it is necessary, in the first 
place, to take from the tables the logarithms of the numbers 
which enter into the calculation ; and, on the other hand, at 
the close of the operation, to find the number belonging to 
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the logarithm obtained in the result. This is evidently done, 
by reversing the methods in the preceding articles. 

Where great accuracy is not required, look in the tables for 
the logarithm which is nearest to the given one ; and directly 
opposite, on the left hand, will be found the three first fig- 
ures, and at the top, over the logarithm, \\\e fourth figure, of 
the number required. This number, by pointing off deci- 
mals, or by adding ciphers, if necessary, must be made to 
correspond with the index of the given logarithm, according 
to arts. 8 and H. * 

The natural number belonging 

to 3.86493 is 7327, to2.62672 is 42.24, 
to 2.90140 796.9, to 2.89115 0.07783. 

Id the last example, the index requires that the first signi- 
ficant figure should be in the second place from units, and 
therefore a cipher must be prefixed. In other instances, it is 
necessary to annex ciphers on the rights so as to make the 
number of figures exceed the index by 1. 

r 

The natural number belonging 

to 6.71567 is 5196000, to 3^65677 is 0.004537, 
to 4.67062 46840, to 4.59802 0.0003963. 

34. When great accuracy is required, and the given loga- 
rithm is not exactly, or very nearly, found in the tables, it 
will be necessary to reverse the rule in art. 28. 

Take from the tables two logarithms, one the next greater, 
the other the next less than the given logarithm. Find the 
difierence of the two logarithms, and the difference of their 
natural numbers ; also the difference between the least of the 
two logarithms, and the given logarithm. Then say. 

As the difference of the two logarithms. 
To the difference of their numbers ; 
So is the difierence between the given 

logarithm and the least of the other two, 
To the proportional part to be added to 

the least of the two numbers. 
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Required the number belonging to the logarithm 2.67325. 

Next great, log. 2.67330. Its numb. 47 1 .3. Given log. 2.67325. 
Nextless 2.67321. Its numb. 471.2. Next less 2.67321. 



Differences 9 0.1 



Then 9 : 0. 1 : : 4 : 0.044, which is to be added 
to the number 471.2 



The number required is 47 1.244. 

The natural number belonging 

to 4.37627 is 23783.45, to 2-73698 is 54.57357, 

to 3.69479 4952.08, to 1.09214 0.123635. 



35. Correction of the tables, — The tables of logarithms 
have been so carefully and so repeatedly calculated, by the 
ablest computers, that there is no room left to question their 
general correctness. They are not, however, exempt from 
the common imperfections of the press. But an error of 
this kind is easily corrected, by comparing the logarithm 
with any two others to whose 9um or difference it ought to be 
equal. (Art. 1.) 

Thus 48=24X2=16X3=12X4=8X6. Therefore, the 
logarithm of 48 is equal to the sum of the logarithms of 24 
and 2, of 16 and 3, &c. 

And 3=1= y = V = y = V 1 &C- Therefore, the loga- 
rithm of 3 is equal to the difference of the logarithms of 6 uid 
2, of 12 and 4, &c. 



IT 

I 
t 
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SECTION III. 



METHODS OF CALCULATING BY LOGARITHMS. 



Art. 36. The arithmetical operations for which loga- 
rithms were originally contrived, and on which their great 
utility depends, are chieifly multiplication, division, involution, 
evolution, and finding^ the term required in single and com- 

f>ound proportion. The principle on which all these calcu- 
ations are conducted, is this ; 

If the logarithms of two numbers be added^ the sum will be 
the logarithm of the product of the numbers ; and 

If the logarithm of one number be subtracted from that of 
another J the DirrsRENCE will be the logarithm of the quotient 
of one of the numbers divided by the other. 

In proof of this, we have only to call to mind, that loga- 
rithms, are the exponents of a series of powers and roots, 
(Arts. 2, 5.) And it has been shown^ that powers and roots 
are multiplied by adding their exponents ; and divided^ by 
subtracting their exponents. (Alg. 233, 237, 280, 286.) 

MULTIPLICATION fiY LOGARITHMS. 

37. ADD THE LOGARITHMS OP THE FACTORS : THE SUM 
WILL BE THE LOGARITHM OF THE PRODUCT. 

In making the addition, 1 is to be carried, for every 10, 
from the decimal part of the logarithm, to the index. (Art. 7.) 

Numbeni. LogariUims. Numbers. Logarithms. 

Mult. 36.2 (Art 30.) 1.55871. Mult. 640 2.80618 

Into 7.84 0.89432. Into 2.3 16 0.36474 



Prod. 283.8 2.45303 Prod. 1482 3.17092 



The logarithms of the two factors are taken from the ta- 
bles. The product is obtained, by finding, in the tables, the 
natural number belonging to the sum. (Art. 33.) 

3 
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Mult. 89.24 1.95056 Mult. 134. ?.12710 

Into 3.687 0.56667 Into 25.6 1.40824 



Prod. 329. 2.51723 Prod. 3430 3.53534 



38. When any or all of the indices of the logarithms are 
negcUive^xhey are to be added according to the rules for the 
addition of positive and negative quantities in algebra. But 
it must be kept in mind, that the decimal part of the loga- 
rithm is positive, (Art. 10.) Therefore, that which is car- 
ried from the decimal part to the index, must be considered 
positive also. 

Mull. 62.84 JL79824 Mult. 0.0294 JI46835 

Into 0.682 1.83373 Into 0.8372 1.92283 



Prod. 42.86 1 .63202 Prod. 0.0246 2.391 1 8 



In each of these examples, +1 is to be carried from the 
decimal part of the logarithm. This added to — 1 , the lower 
index, makes it ; so that there is nothing to be added to 
the upper index. 

If any perplexity is occasioned, by the addition of positive 
and negative quantities, it may be avoided, by borrowing 10 
to the index. (Art. 1 2.) 

Mult. 62.84 1.79824 Mult. 0.0294 8.46835 

Into 0.682 9.8337B Into 0.8372 9.92283 



Prod. 42.86 1.63202 Prod. 0.0246 8.39118 



Here 10 is added to the negative indices, and afterwards 
rejected from the index of the sum of the logarithms. 

Multiply 26.83 M4862 1.42862 
Into 0.00069 4.83885 or 6.83885 



Product 0.01851 2.26747 8.26747 
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Here +1 carried to —4 makes it — 3, which added to the 
upper index +1^ gives —2 for th6 index of the sum. 



Multiply .00845 
Into 1068. 



3.92686 or 7.92686 
3.02857 3.02857 



Product 9.0246 



0.95543 



0.95543 



The product of 0.0362 into 25.38 is 0.91 88 

of 0.00467 into 348.1 is 1.626 
of 0.0861 into 0.00843 is 0.0007258 

39. Any number of factors may be multiplied together, by 
adding their logarithms. If there are several positive, and 
several negative indices, these are to be reduced to one, as 
in algebra, by taking the diiSerence between the sum of those 
which are negative, and the som of those which are positive, 
increased by what is carried from the decimal part of the 
logarithms. (Alg. 78.) 



Multiply 6832 


3.83455 


3.83455 


Into 0.00863 


3.93601 or 


7.93601 


And 0.651 


1.81358 


9.81358 


And 0.0231 


2.36361 or 


8.3636 1 


And 62.87 


1.79844 


1.79844 


Prod. 55.74 


1.74619 


1.74619 



Ex. 2. The prod, of 36.4X7.82X68.91 X 0.3846 is 7544. 

3. The prod, of 0.00629 X 2.647 X 0.082 X 278.8 X 0.00063 

is 0.0002398. 



40. Negative quantities are multiplied, by means of loga- 
rithms, in the same manner as those which are positive. (Art. 
16.) But, after the operation is ended, the proper sign must 
be applied to the natural number expressing the product, ac- 
cording to the rules for the multiplication of positive and 
negative quantities in algebra. The negative index of a log- 
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arithm^ must not be confounded with the sign which denotes 
that the natural number is negative. That which the index 
of the logarithm is intended to show, is not whether the nat- 
ural number is positive or negative^ but whether it is greater 
or less than a unit. (Art. 16.) 

Mult +36.42 1.56134 Mult. -2.681 0.42830 
Into -^67.31 . 1.82808 Into +37.24 1.57101 



Prod. -2451 3.38942 Prod. -99.84 1.99931 



In these examples, the logarithms are taken from the ta- 
bles, and added, in the same manner, as if both factors were 
positive. But after the product is found, the negative sign 
IS prefixed to it, because + is multiplied into — . (Alg. 105.) 

Mult. 0.263 1741996 Mult. 0.065 2^81291 

Into 0.00894 3.95134 Into 0.693 1.84073 



Prod. 0.002351 3.37130 Prod. 0.04504 2.65364 



Here, the indices of the logarithms are negative, but the 
product is positive, because the factors are both positive. 

Mult -62.59 JI.79650 Mult. -68.3 2:^3442 
Into -0.00863 3.93601 Into -0.0096 3^98227 



Prod. +0.5402 1.73251 Prod. +0.6557 1.81669 



DIVISION BY LOGARITHMS. 
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41. From the logarithm of the DIVIDEND, SUB- 
TRACT THE logarithm OP THE DIVISOR ; THE DIF- 

FERENCE WILL be the logarithm op the QUOTIENT. 
(Art. 36.) 



Numbers. 

Divide 6238 
By 2982 



Logarithms. 
3.79505 
3.47451 



Quot. 2.092 0.32054 



Nambers. Logarithms. 
Divide 896.3 2.95245 
By . 9.847 0.99330 



Quot. 91.02 1.95915 



42. The decimal part of the logarithm may be subtracted 
as in common arithmetic. But for the indices^ when either of 
them is negative, or the lower one is greater than the upper 
one, it will be necessary to make use of the general rule for 
subtVaction in algebra ; that is, to change the signs of the 
subtrahend, and then proceed as in addition. (Alg.82.) When 
1 is carried from the decimal, part, this is to be considered 
affirmative, and applied to the index, before the sign is 
changed. 



Divide 0.8697 
By 95.65 



1.93937 or 
1.99410 



Quot. 0.008816 3.94527 



9.93937 
1.99410 

7.94527 



In this example, the upper logarithm being less than the 
lower one, it is necessary to borrow 10, as in other cases of 
subtraction ; and therefore to carry I to the lower index, 
which then becomes +2. This changed to —2, and added 
to — 1 above it, makes the index of the difference of the log- 
arithms — 3. 



Divide 29.76 
By 6254 



1.47363 
.3.79616 



K47363 
3.79616 



Quot. 0.00476 3.67747 or 7.67747 
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Here, 1 carried to the lower index, makes it +4. This 
changed to —4, and added to 1 above it, gives —3 for the 
index of the diflference of the logarithms. 



Divide 6.832 
By .0362 



083455 
2.55871 



Divide 0.00634 
By 62.18 



Quot. 1 88.73 2.27584 Quot. 0.000 1 02 



3.80209 
1.79365 

4700844 



The quotient of 0.0985 divided by 0.007241, is 13.6. 
The quotient of 0.0621 divided by 3.68, is 0.01687. 

43. To divide negative quantities, proceed in the same 
manner as if they were positive, (Art. 40.) and prefix to the 
quotient, the sign which is required by the rules for division 
in algebra. 



Divide +3642 
By - 23.68 



3.56134 
1.37438 



Divide -0.657 K^81757 
By +0.0793 2^89927 



Quot —153.8 2.18696 .Quot. —8.285 0.91830 



In these examples, the sign of the divisor being different 
from that of the dividend, the sign of the quotient must be 
negative. (Alg. 123.) 



Divide -0.364 
By —2.56 



1.56110 Divide -68.5 1^83569 
0,40824 By +0.094 2797313 



Quot. +0.1422 1.15286 Quot. -728.7 2.86256 



INVOLUTION BY LOGARITHMS. 



44. Involving a quantity is multiplying it into itself. By 
means of logarithms, multiplication is performed by addition. 
If, then, the logarithm of any quantity be added to itself^ the 
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logarithm of a power of that quantity will be obtained. But 
adding a logarithm, or any other quantity, to itself, is muhu 
plication. The involution of quantities, by means of loga- 
rithms, is therefore performed, by multiplying the logarithms. 

Thus the logarithm 

of 100 is 2 

of lOOX 100, that is, of lOO' is 2+2 =2X2. 

of 100X100X100, IOT' is 2+2+2 =2X3. 

of 100X100X100X100, "ioo* is 2+2+2+2 =2X4. 

On the same principle, the logarithm of 100" is 2 Xn. 
And the logarithm of j:", is (log. x) Xn. Hence, 

45. To involve a quantity by logarithms. MULTIPLY 

THE LOGARITHM OF THE QUANTITY, BY THE INDEX OF THE 
POWER REQUIRED. 

The reason of the rule is also evident, from the considera- 
tion, that logarithms are the exponents of powers and roots, 
and a power or root is involved, by multiplying its index into 
the index of the power required. (Alg. 220, 288.) 

Ex. I. What is the cube of 6.296 ? 
Root 6.296, its log. 0.79906 
Index of the power * 3 

Power 249.6 2.39718 



2. Required the 4th power of 21.32 
Root 21.32 log. 1.32879 

Index 4 



Power 206614 5.31516 



3. Required the 6th power of 1 .689 
Root 1.689 log. 0.22763 

Index 6 



Power 23.215 1.36578 
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4. Hequired the 144th power of 1.003 
Root 1.003 log. 0.00130 

Index 144 



Power 1.539 



0.18720 



46. It must be observed, as in the case of multiplication, 
(Art. 38.) that what is carried from the decimal part of the 
logarithm is positive^ whether the index itself is positive or 
negative. Or, if 10 be added to a negative index, to render 
it positive, (Art 12.) this will be multiplied, as well as the 
other figures, so that the logarithm of the square, will be 20 
too great ; of the cube, 30 too great, &c. 



Ex. 1. Required the cube of 0.0649. 

Root 0.0649 . log. 2^81224 

Index 3 



Power 0.0002733 



4.43672 



or 8.81224 
3 

6.43672 



2. Required the 4th power of 0.1234 

Root 0.1234 log. T09132 

Index 4 



Power 0.00023 19 



4.36528 



or 9.09132 
4 

6.36528 



3. Required the 6th power of 0.9977 

Root 0.99T7 log. 1799900 or 9.99900 

Index 6 .6 



Power 0.9863 


K99400 


9.99400 


4. Required the cube of 
Root 0.08762^ log. 

Index 


0.08762 

2.94260 or 
3 


8.94260 
3 

* 


Power 0.0006727 


4.82780 


6.82780 
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5. The 7tb power of 0.9061 .is 0.5015. 

6. The 5th power of 0.9344 is 0.7133. 



f. 
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47. Evolution is the opposite of involution. Therefore, as 
quantities are involved, by the muUiplicaiian of logarithms, 
roots are extracted by the division of logarithms ; that is, 

To extract the root of a quantity by logarithms, DIVIDE 

THE LOGARITHM OF THE QUANTITY, BY THE NUMBER EXPRESS- 
ING THE ROOT REQUIRED. 

The reason of the rule is evident also, from the fact, that 
logarithms, are the exponents of powers and roots, and evo- 
lution is performed, by dividing the exponent, by the number 
expressing the root required. (Alg. 257.) 

1. Required the square root of 648.3. 

Numben. Logarithins. 

Power 648.3 2)2.81178 

Root 25.46 1.40589 

3. Required the cube root of 897.1. 

Power 697.1 3)2.95284 

Root 9.645 0.98428 

In the first of these examples, the logarithm of the given 
number is divided by 2 ; in the other, by 3. 

3. Required the 10th root of 694*8. 

Power 6948 10)3.84186 

Root 2.422 0.38418 

4. Required the 100th root of 983. 

Power 983 100)2.99255 
Root 1.071 0.02992 

The division is performed here, as in other cases of deci- 
mals, by removing the decimal point to the left. 

4 
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6. What is the ten thousandth root of 49680000 ? 

Power 49680000 1 0000)7.696 1 8 
Root 1.00179 0.00077 

We have, here, an example of the great rapidity with which 
arithmetical operations are performed by logaritnms. 

48. If the index of the logarithm is negative^ and isnol du 
visAle by the given divisor, without a remainder, a diificalty 
will occur, unless the index be altered. 

Suppose the cube root of 0.0000893 is required. The 

logarithm of this is 5.95036, If we divide the index by 3, 
the quotient will be —1, with r-2 remainder. This remain- 
der, if it were positive, might, as in other cases of division, 
be prefixed to the next figure. But the remainder is nega" 
live, while the decimal part of the logarithm is positive ; so 
that, when the former is prefixed to the latter, it will make 
neither -f 2.9iior— 2.9, but — 24-.9. This embarrassing in- 
termixture of positives and negatives may be avoided, by 
adding to the index another negative number, to make it ex- 
actly divisible bv the divisor. Thus, if to the index —5 there 
be added — 1 , the sum — 6 will be divisible by 3. But this 
addition of a negative number must be compensated^ by the 
addition of an equal positive number, which mav be prefixed 
to the decimal part of the logarithm. The division may then 
be continued, without difi[iculty, through the whole. 

Thus, if the logarithm 5795036 be altered toT-f 1.95036 

it may be divided by. 3, and the quotient will be 2765012. 
We have then this rule,. 

49. Add to the index^ if necessary, such a negatwe nvmk^ 
as will make it exactly divisible by the divisor^ and prefix an 
equal positive number to the decimal part of the logarithm, 

1. Required the Ath root of 0^09642. 

Power 0.009642 log. ^ 3.98417 

or T+ 2.984 17 
Root 0.3952 1.59683 

2. Required the 7th root of 0.0004935. 

Power 0,0004935 log.^ T69329 

or 7)7-f-3^6932S 
Root 0.337 K52761 
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50. If, for the sake of performing the division conveniently, 
the negative index be rendered poxtlive, it will be expedient 
to borrow as many tens, as there are units in the number de- 
noting the root. 

What is the fourth root of 0.03698 ? 

Power 0.03698 4)2[56797 ot 4)38.56797 
Root 0.4385 1T64199 9.64199 

Here the index, by borrowing, is made 40 too great, that 
is, +3S instead of —2. When, therefore, it is divided by 4, 
it is still 10 too great, +9 instead of — 1. 

What is the 5th root of 0.008926 T 

Power 0.008926 5)3^95066 or 5)47.95066 
Root 0.38916 lTo9013 9.59013 

51. A power of a root may be found by first muUiplying 
the logarithm of the given quantity into the index of the 

Eower, (Art 45.) and then dividing the product by the num- 
er expressing the root. (Art. 47.) 

(I 
1.. What is the value of (53)''', that is, the 6th power of 

the 7th root of 53 ? 

Given number 53 log. 1.72428 

Multiplying by 6 

Dividing by 7)10.34568 

Power required 30.06 1.47795 

2. What is the 8th power of the 9th root of 654? 
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' 52. In a proportion, when three terms are given, the fourth 
is found, in common arithmetic, by multiplying together the 
second and third, and dividing by the first. But when loga- 
rithms are used, addition takes the place of multiplication, 
and gtdftraction^ of division. 

To find then, by logarithms, the fourth term in M>r<>Ppr- 
tion, ADD the logarithms or the SECOND and THIkI) 
TERMS, and from the sum SUBTRACT the looaritrm or 
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THE FIRST TERM. The remainder will be the logarithm of 
the .term required. 

Ex. 1 . Find a fourth proportional to 7964, 378, and 27960. 



Numbers. 

Second term 378 
Third term 27960 



First term 



7964 



Fourth term ] 327 



Logarithmf. 
2.57749 
4.44654 

7.02403 
3.90113 

3.12290 



2. Find a 4th proportional to 768, 381, and 9780. 

Second term 381 2.58092 

Third term 9780 3.99034 



First' term 



768 



Fourth term 4852 



6.57126 
2.88536 

3.68590 



ARITHMETICAL COMPLEMENT. 



53. When one number is to be subtracted from another, 
it is often convenient, first to subtract it from 10, then to add 
the difference to the other number, and afterwards to reject 
the 10. 

Thus, instead of a— 6, we may put 10— 6+a — 10. 

In the first of these expressions, 6 is subtracted from a. In 
tlie other, 6 is subtracted from 10, the difference is added to 
a, and 10 is afterwards taken from the sura. The two ex- 
pressions are equivalent, because they consist of the same 
terms, with the addition, in one of them, of 10 — 10=0. The 
alteration is, in fact, nothing more than borrowing 10, for 
the sake of convenience, and then rejecting it in the result 

Instead of 10, we may borrow, as occasion requires, 100, 
1000, &c. 

Thu8a-6=100-54-a— 100=1000-6+0— 1000, &c. 

54. The DIFFERENCE between a given number and 10, or 
100, or 1000, 4*c. is called the arithmetical complement 
of that number. 



ARITHMETICAL COMPLEMENT. S9 

The arithmetical complement of a number consisting of 
one integral figure^ either with or without decimals, is found, 
bj subtracting the number from 10. If there are two inte* 
gral figures, they arc subtracted from 100; if three^ from 
1000, &c 

Thus the arithmetical compPt of 3.46 is 10 — 5.46=6.54 

of 34.6 is 1 00 - 34.6 =65.4 
of 346. is 1000— 346. =654. &C. 

According to the rule for subtraction in arithmetic, any 
number is subtracted from 10, 100, 1000, &c. by beginning 
on the right hand, and taking each figure from 10, after in- 
creasing all except the first, by carrying 1. 

Thus, if from 10.00000 

We subtract 7.63125 



The difference, or arithi compPt is 2.36875, which is ob- 
tained, by taking 5 from 10, 3 from 10, 2 from 10, 4 from 10, 
7 from 10, and 8 from 10; we may take it wiihotU being in- 
creased^ fi'om 9. 

Thus 2 from 9 is the same as 3 from 10, 

3 from 9, the same as 4 from 10, &c. Hence, 

55. To obtain the arithmetical complement of a num- 
ber^ subtract the right hand significant figure from 10, and 
each of the other figures from 9. If, however, there are a- 
phers on the right hand of all the significant figures, they are 
to be set down without alteration. 

In taking the arithmetical complement of a logarithm, if 
the index is negative^ it must be added to 9 ; for adding a 
negative quantity is the same as subtracting a positive one. 
(Alg. 81.) The difference between —3 and +9, is not 6, 
but 12. 

The arithmetical complement 

of 6.24897 is 3.75 1 03 of 2770649 is 1 1 .2935 1 

of 2.98643 7.01357 of 3.64200 6.35800 

of 0.62430 9.37570 of 9.35001 0.64999 
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COMPOUND PROPORTIOV. 



56. The principal use of the arithmetical complement, is 
in working proportions by logarithms ; where some of the 
terms are to be added^ and one or more to be subtracted. In 
the Rule of Three or simple proportion, two terms are to be 
added, and from the sum, the first term is to be subtracted. 
But if, instead of the logarithm of the first term, we substi- 
tute its arithmetical complement, this may be added to the 
sum of the other two, or more simply, all three may be ad- 
ded together, by one operation. After the index is diminish- 
ed by 10,the result will be the same as by the common method. 
For subtracting a number is the same, as adding its arith- 
metical complement^ and then rejecting 10, 100, or 1000, 
from the sum. (Art. 53.) 

It will generally be expedient, to place the terms in the 
same order, in which they are arranged in the statement of 
the proportion^ 

1. As 6273 a. c. 6.20252 2. As 253 a. c. 7.59688 
Is to 769.4 2,88615 Is to 672.5 2.82769 

So is 37.61 1.57530 So is 497 2.69636 



To 4.613 



0.66397 



To 1321.1 3.12093 



3. As 46.34 a. c. 8.33404 
la to 892.1 2.95041 

So is 7.638 0.88298 



To 



147 2.16743 



4. As 9.85 a. c. 9.00656 
Is to 643 2.80821 

So is 76.3 1.88252 



To 4981 



3.69729 



COMPOUND PROPORTION. 



57. In compound, as in single .proportion, the term re- 
quired may be found by logarithms, if we substitute addition 
for multiplication, and subtraction for division. 

Ex. 1. If the interest of $365, for 3 years and 9 months, 
be $82.13 ; what will be the interest of $8940, for 2 years 
and 6 months? 

In common arithmetic, the statement of the question is. 
made in this manner. 



And the method of calculation is, to divide the product of 
the third, fourth, and fifth terras, by the product of the two 
first* This, if logarithms are used, will be to subtract the 
sum of the logarithms of the two first terms, from the sum of 
the logarithms of the other three. 

Two first terms J 3^^ ® 0.57403 

Sum of the logarithms 3.1 3632 

Third term 82.13 1.91450 

J? -*u J i!Au * . S 8940 3.95134 

Fourth and fifth terms \ ^^ ^^^^^^ 



Sum of the logs, of the 3d, 4th, and 5th 6.26378 
Do. 1st and 2d 3.136S2 



Term required 1 34 1 3. 1 2746 

58. The calculation will be more simple, if, instead of 
subtracting the logarithms of the two first terms, we add their 
arithmetical complements. But it must be observed, that each 
arithmetical complement increases the index of the logarithm 
by 1 0. If the arithmetical complement be introduced into 
two of the terms, the index of the sum of the logarithms will 
be 20 too great ; if it be in three terms, the index will be 30 
too great, &c. 

^^r. firof ««rr«a 5 ^^^ «• ^- 7.43771 

Two first terms J 3 ^^ ^ ^ ^^^^^^ 

Third term 82.13 1.91450 

v^.^u ^AMU.r. ^ 8940 3.95134 
Fourth and fifth terms \ ^^^ ^^^^^^^ 



Term required 1 34 1 23.1 2746 



The result is the same as before, except that the index of 
the logarithm is 20 too great. 



* See Arithmetic. 
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Ex. 2. If the wages of 53 men for 42 days be 3200 dol- 
lars ; what will be the wages of 87 men for 34 days 1 

53 men ) . ^^^. . J 87 men ) , 
42 days 5 • ^^^" i 34 days 5 * 

• To,^ 4i^* ♦^i.w^o S 53 a. c. 8.27572 
Two first terms J ^^ ^ ^ ^^^^^^, 

Third term 2200 3.34242 

Fourth and fifth terms [H {;JJ?Jf 

Term required 2923.5 3.46589 



59. In the same manner, if the product of any number of 
quantities, is to be divided, by the product of several others ; 
we may add together the logarithms of the quantities to be 
divided, and the Arithmeticafcomplements of the logarithms 
of the divisors. 

Ex. If 29.67 X 346.2 be divided by 69.24 X 7.862 X 497 ; 
what will be the quotient ? 



Numbers to be divided 



29.67 1.47232 

346.2 2.53933 

69.24 a. c. 8.15964 

Divisors ^7.862 a. c. 9.10447 

497 a. c. 7.30364 



Quotient 0.03797 8.5794 



In this way, the calculations in Conjoined Proportion may 
be expeditiously performed. 



COMPOUND INTEREST. 



60. In calculating compound interest, the amount for the 
first year, is made the principal for 'the second year ; the 
amount for the second year, the principal for the third year, 
&c. Now the amount at the end of each year, must be pro- 
portioned to the principal at the beginning of the year. If 
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the principal for the first year be 1 ^ doHar, and if the amount 
of 1 dollar for 1 years=a ; then, (Alg. 377.) 

""a : a'ssthe amount for the 9d year, or the princi- 
pal for the 3d ; 
1 • /, • • J ^* • a^=the amount for the third year, or the prin- 
' *^"^ cipal for the 4th ; 

a' : a*=sthe amount for the 4th year, or the prin- 
cipal for the 5th. 

That is, the amount of 1 dollar for any number of years is 
obtained, by finding the amount for 1 year, and involvmg this 
to a power whose index is equal to the number of years. 
And the amount of any other principal, for the given time, 
is found, by multiplying the amount of 1 dollar, into the 
number of dollars, or the fractional part of a dollar. 

If logarithms are used, the multipKcation required here 
may be performed by addition ; and the involution^ by mul- 
tipiication, (Art. 45.) Hence, 

61. To calculate Compound Interest, Find the amount of 
1 dollar for 1 year ; multiply its logarithm by the number of 
years ; and to the product^ add the logarithm of the principal. 
The sum will be the logarithm of the amount for the given 
time. From the amount subtract the principal, and the re- 
mainder will be the interest. 

If the interest becomes due tialf yearly or quarterly ; find 
the amount of one dollar, for the half year or quarter, and 
multiply the logarithm, by the number of half years or quar- 
ters in the given time. 

If P=the principal, ^ 

a=the amount of 1 dollar for 1 year, 
n=any number of years, and 

A=the amount of the given principal for n years ; then 

A=a"xP. 

Taking the logarithms of both sides of the equation, and 
reducing it, so as to give the value of each of the four quan- 
tities, in terms of the others, we have 
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COXPOUNP INTEREST. 

1. Log. A=nx log.a+ log. P. 

2. Log. P=slog. A — n Xlog. a. 

3. Log. aJ2EJL=}2i:Ii 



n 



4. 



^_log. A -log. P. 

n= — ; — 

log. a. 



Any three of these quantities being given, the fourth may 
be found. 

Ex. 1. What is the amount of 20 dollars, at 6 per cent, 
compound interest, for 100 years? 



Amount of 1 dollar for 1 year 1 .06 
Multiplying by 


log. 0.0253059 
100 


Given principal 20 


2.53059 
1.30103 


Amount required $6786 


3.83162 



2. What is the amount of 1 cent, at 6 per cent, compound 
interest, in 500 years ? 

Amount of 1 dollar for I year 1 .06 log. 0.0253059 
Multiplying by 500 



Given prmcipal 
Amount 



0.01 



$44,973,000;000 



12.65295 
- 2.00000 

10.65295 



More exact answers may be obtained, by using logarithms 
of a greater number of decimal places. 

3. What is the amount of 1000 dollars, at 6 per cent, com- 
pound interest, for 10 years? Ans. 1790.80. 

4. What principal, at 4 per cent, interest, will amount to 
1643 dollars in 21 vearS ? An^, 721, 
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5. What prineipal, at 6 per cefiti will amount to 303 dol- 
lars in 4 years ? ' Ana* 160. 

6. At what rate of interest, will 400 dollars amount to 
569 1^ in 9 years ? Ans. 4 per cent; 

7. In bow many years wiU 500 dollars amount to 900^ 
at 5 per cent, compound interest? « Ans. 12 years. 

8. In what time will 10,000 dollars amount to 16^388^ at 
6 per cent, compound interest? Ans< 10 yeara< 

9. At what rate of interest^ will 11,106 dolliu^ amount to 
30,000 in 1 5 years ? . Ans. 4 per cent. 

'JO. What principal, at 6 per cent compound interest, 
will amount to 3188 dollars in 8 years ? Ans. $3000. 

11. What will be the amount of 1300 dollars, at 6 per 
cent, compound interest, in 10 years, if the interest ia con- 
verted into principal every half year ? 

Ans. 3167.3 dollars. 

13. In what time will a sum of money double^ at 6 per 
cent, compound interest ? Ans. 1 1 .9 years. 

13. What is the amount of 5000 dollars, at 6 per cent, 
compound interest, for 38 j years ? Ans. 35,943 dollars. 



.^ I . , 



INCREASE or POrCLATION. 



61. 6. The natural increase of population in a cduntry, 
may be calculated in the same manner as compound interest ; 
on the supposition, that the yearly rate of increase is regu- 
larly proportioned to the actual number of inhabitants. 
From the population at the beginning of the year, the rate of 
increase being given, may be computed the whole increase 
during the year. This (idded to the number at the begin- 
ning, will give the amount, on which the increase of the 
second year is to be calculated, in the same manner as the 
first yearns interest on a sum of money, added to the sum it- 
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BfdlU l^nres the amount on which the interest for the second 
year 19 to be calculated. 

If P»the population at the beginning of the year, 

ass 1 + the fraction which expresses the rate of increase^ 
n=any number of years ; and 

A«=th0 amount of the population at the end of n years ; 
then, as in the preceding article, 

Assa*xP, and 

1 . Log. A=sn X log. a+log. P. 
3. Log. P«log.A— iixiog. a. 

3. Log. aJog-A-log-P. 

n 

log. a 

Ex. 1. The population of the United States in 1830 was 
9,635,000. Supposing the yearly rate of increase to be j^th 
part of the whole, what will be the population in 1830 ? 

Here P=9,635,000. n=10. a=l+^=||. 

And log. A=10 Xlog. f f +log. (9,625,000,) 
Therefore, A= 13,860,000, the population in 1830. 

# 

3. If the number of inhabitants in a country be five mil- 
lions, at the beginning of a century ; and if the yearly rate 
of increase be ^^^ ; what will be the number, at the end of 
the century? Ans. 133,730,000. 

3. If the population of a country, at the end of a century, 
is found to be 45,860,000 ; and if the yearly rate of increase 
has been ^1^ ; what was the population, at the commence- 
ment of the century ? Ans. 30 millions. 

4. The population of the United States in 1810 was 
7,340,000 ; in 1 830, 9,635,000. What was the annual rate 
of increase between these two periods, supposing the in- 
crease each year to be proportioned to the population at the 
beginning of the year ? 
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Here log. g- 'ofr ^625.000- log. 7.240.000 

Therefore, a= 1.029; and tHti^*"* ^-^ P®' ^^^^ ^ ^^® 
rate of increase. 

5. In how many years, will the population of a country 
advance from two millions to five millions ; supposing the 
yearly rate of increase to be ^ jf ^ 7 Ans, 47| years. 

6. If the population of a country, at a given time, be seven 
millions ; and if the yearly rate of increase be ^'^th ; what 
will be the population at the end of 35 years ? 

7. The population of the United States in 1800 was 
5,306,000. What was it in 1780, supposing the yearly rate 
of increase to be -Jj 7 

8. In what time, will the population of a country advance 
from four millions to seven millions, if the ratio of increase 

m 
m 

9. What must be the rate of increase, that the population 
of a place may change from nine thousand to fifteen thou- 
sand, ip 12 years? 

If the population of a country is not afiected by immigra- 
tion or emigration, the rate of increase will be equal to the 
difierence between the ratio of the births^ and the ratio of the 
<fea^A«, when ^compared with the whole population. 

Ex. 10. If the population of a country, at any given time, 
be ten millions ; and the ratio of the annual number of births 
to the whole population be ^\^ and the ratio of deaths ^V* 
what will be the number of inhabitants, at the end of 60 
years 7 

Here the yearly rate of increase=5,V""TJ==7Tl^• 
And the population, at the end of 60 years =3 1,750,000. 

The rate of increase or decrease from immigration or em- 
igrcUion^ will be equal to the difierence between the ratio of 
immigration and the ratio of emigration ; and if this difier- 
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ence be added to, or subtracted from, the difference betweon 
the ratio of the births and that of the deaths, the whole rate 
of increase will be obtained. 

Ex. 11. If in a country, the ratio of births be ^^^f 

the ratio of deaths ^\^ 

the ratio of immigration jVi 
the ratio of emigration j\ ; 

and if the population this year be 10 millions, what will it 

be 20 years hence ? 

• 

The rate of the natural increase =>= j\ ^ ^i^ sa ^|^ • • 
That of increase from immigration =jV^tt=7tt i 
The sum of the two is ^f t « 

And the population at the end of 20 yearSf is 13|61 1,000. 

1 2. If the ratio of the births be j\i 

of the deaths, ^Vi 

of immigration, ^V* 

of emigration, jVi 

in what time will three millions increase to four and a half 
millions ? 

If the period in which the population will double be given ; 
the numbers for several successive periods, will evidently 
be in a geometrical progression, of which the ratio is 2 ; and 
as the number of periods will be one less than the number of 
terms ; 

If P= the first term, 

A=:the last term, 

n=the number of periods ; 
Then will A=^Px2», (Alg. 439.) 
Or log. A=log. P+w X log. 2. 

Ex. 1. If the descendants of a single pair double once in 
25 years, what will be their number, at the end of one thou- 
sand years ? 

The number of periods here is 40. 
And A=2 X 2* <> =2,1 99,200,000,000. 
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3. If the descendants of Noah, beginning with his three 
sons and their wives, doubled once in 20 years for 300 years, 
whai was theirnumber, at the end of this time ? 

Ans, 196,608. 

3. The population of the United States in 1 820 being 
9,635,000 ; wnat must it be in the year 2020, supposing it to 
double once in 25 years ? Ans. 2,464,000,000. 

4. Supposing the descendants of the first human pair to 
double once in 50 years, for 1650 years, to the time of the 
deluge, what was the population of the world, at that time ? 



EXPONENTIAL EQUATIONS. 



62. An Exponential equation is one in which the letter 
expressing the unknown quantity is an exponent. 

Thus a* =6, and x' =60, are exponential equations. These 
are most easily solved by logarithms. As the two members 
of an equation are equal, their logarithms must also be equal. 
If the logarithm of each side be taken, the equation may 
then be reduced, by the rules given in algebra. 

Ex. What is the value o{x in the equation 3* =243 ? 

Taking the logarithms of both sides, log. 3' = log. 243. 
But the logarithm of a power is equal to the logarithm of 
the root, multiplied into the index of the power. (Art 45.) 

Therefore (log. 3) Xx=:log. 243 ; and dividing by log. 3, 

x=!2illl5=?:l?^=5. So that 3* =243. 
log. 3» 0.47712 

• 

63. The preceding is an exponential equation of the sim- 
plest form. Other cases, after the logarithm of each side is 
taken, may be solved by Trial and Error^ in the same man- 
ner as aiiccted equations. (Alg. 503.) For this purpose, 
make two suppositions of the value of the unknown quantity, 
and find their errors ; then say, 



40 EXPONElTTlAL EQUATIONS' 

As the difference of the erron, to the cRf^ 
ference of the assumed numbers ; 

So is the least error, to the correction requh'ed 
in the corresponding assumed number. 

Ex. 1. Find the value of a: in the equation x'^^SB. 
Taking the logarithms of both sides (log. x) X s=log. 356 
Let X be supposed equal to 3.5, or 3.6. 

By the first supposttton. ' By the Kcimd mipporitioiu 

x=3.5, and log. xsbO.54407 s3=3.6, and log. ;r=s0.55630 
Multiplying hy 3.5 Multiplyii^ by 3.6 

(log. x) Xx=1.90424 (log. x) Xa:=2.00268 

log. 256=3.40824 log. 256=2.40824 

Error -0.50400 Error —0.40556 

Difference of the errors . 0.09844 

Then 0.09844 : 0.1 ::0.40556 : 0.4119, the correction. 
This added to 3.6, the second assulned number, makes the 
value of a:=:4.0119. 

To correct this farther, suppose a:=4.01I, or 4.012. 

By the first supposition. By the second supposition. 

ar=4.01 l,and log.x=0.60325 ar=4.012,and log. a: =0.603 36 
Multiplying by. 4.01 1 Multiplying by 4.012 

(log. *) Xa:»2.41963 (log. a?) Xar=2.42068 

log. 256=2.40824 log. 256=2.40834 

Error +0.01139 Error +0.01244 

Difference of the errors 0.00105 

Then 0.00105 : 0.001 : :0.01139 : 0.011 very nearly. 
Subtracting this correction from the first assumed number 
4.011, we have the yakie of x=4, which satisfies the condi- 
tions of the proposed equation ; for 4^=256. 

2. Reduce the equation 4a:'=100a;'. Ans.4;=5;i 

3. Reduce the equation x'^^dx. 
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64. The exponent of a power may be itself a power, as in 
the equation 

c 

^ a* =6 ; 

where at is the exponent of the power m*, which is the expo- 
nent of the power a* • 

Ex. 4. Find the value of x, in the equation 9 ' =1 000. 

3- X(log. 9)=log. 1000. Therefore 3'=^^' ^^^=^3.14. 

log. 9 

Then as 3' =^3.1 4. a:(log. 3)=log. 3.1 4. 
Therefore ar= J?iLHl=:iitiit| = 1.04. 

log. 3 *TTT¥T¥ 

' In cases like'this, where the factors, divisors, &c. are loga- 
rithms, the calculation may be facilitated, by taking the log- 
arithms of the logtxrithms. Thus the value of the fraction 
Ittt If f ^ ii^ost easily found, by subtracting the logarithm of 
the logarithm which constitutes the denominator, from the 
logariUim of that which forms the numerator. 

5. Find the value of x, in the equation - ^ "** =fii. 

c 

Ana. T.- ^og(««-<Q-'Qg'^- 

log. a. 
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SECTION IV. 

DIFfCRENT SYSTEMS OF LOGARITHMS, AND COMPUTATION OF i 

TDE TABLES. 

65. For the common purposes of numerical computation, 
Briggs^ system of logarithms has a decided advantage over 
every other. But the theory of logarithms is an important 
instrument of investigation, in the higher departments of 
mathematical science. In its numerous applications, there 
IS frequent occasion to compare the common system with 
others ; especially with that which was adopted, by the cele- 
brated inventor of logarithms. Lord Napier. - In conducting 
these investigations, it is oflen expedient to express the loga- 
rithm of a number, in the form of a series. 

If a*=N, then x is the logarithm of N. (Art. 2.) 
To find the value of :r, in a series, let the quantities a and 
N be put into the form of a binomial, by making a=l+&i 
and N=l+n. Then (14-6)'==l+ii, and extracting the 
root y of both sides, we have 

(14.6)i=(l4.n)i 
By the binomial theorem 

(,",i=,H.l(„+l(I-.)(|)+l(l-,)(l-.) 

+ &c. 

As these expressions will be the same, whatever be the 
value of y, let y be taken indefinitely great ; then - and - 

y y 

being indefinitely small, in comparison with the numbers — 1, 
— 2, &c. with which they are connected, may be cancelled 

from the factors /--iV/.-sVifec. /i--lWi-2V&c. 
,A„. «e., ,...i„g , +f6!f (^) +€(t) -f (^),^e. 

=>\^-Ht)-;{t)-j{t)'- 



(2-3) 
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Rejecting 1 from each side of the equation, multiplying by 
y, (Alg. 159.) and dividing by the compound factor mto 
which X is multiplied, we have 

^=Log.N=r^f+^f-^^:^^t&g: A 

Or, as n=N — 1, and 6=a — 1, 

Loir N- (^""^>^^^^^^)'+^(^"^)'^^^^-')'+^^ ' 
(a-l)-i(a-l)«+i(a-l)=-i(a-l)*+&c. 

Which is a general expression, for the logarithm of any 
number N, in any system in which the base is a. The nu- 
merator is expressed iii terms of N only ; and the denomi- 
nator in terms of a only : So that, whatever be the number, 
the denominator will remain the same, unless the base is 
changed. The reciprocal of this constant denominator, viz. 
I 

(a-l)-i(a-l)« + K«~U'-K«-l)*+&c. 
is called the Modulus of the system of which a is the base* 
If this be denoted by M, then 

Log.N=Mx((N-l)-i(N-l)«+|(N-l)^-|(N-l)* 



-f &c. J 



66. The foundation of Napier's system of Logarithms is 
laid, by making the modulus equal to unity. From this con- 
dition the base is determined. Taking the equation above 
marked A. and making the denominator equal to 1 , we have 
ar=?i — in»+^»'- J»* + Jn* — &c. 

By reverting this equation* 



x^ , x^ , X* . X' 



n=^x+lL.+1:^ +J^—+^ +&C. 

2 2.3 2.3.4 2.3.4.5 

Or, as by the notation, n+l=N=a*, 

2 2.3 2.3.4 2.3.4.5 
If then X be taker ?qual to 1, we have 

a=14-l -h-^-— +-i~+— i — + &c. 
2 2.3 2.3.4 2.3.4.5 

Adding the first fit *i en terms, we have 

2.7182818284 
Which is the base of Napier's system, correct to ten places 
of decimals. 

* <$ee note D. 
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Napier^s logarithms are also called hyperbolic logarithms, 
from certain relations which they have to the spaces between 
the asymptotes and the curve of an hyperbola ; although 
these relations are not, in fact, peculiar to Napier^s system. 

67. The logarithms ofdifferent systems are compared with 
each other, by means of the modulus. As in the series 

(a-l)-i(a-l)«+x(a-l)»-i(«-l)*+&c. 

which expresses the logarithm of N, the denominator only is 
affected by a change of the base a ; and as the value of frac- 
tions, whose numerators are given, are reciprocally as their 
denominators : ( Alg. 360. cor. 2.) 

The logarithm of a given number^ in one system^ 
Is to the logarithm of the same number in another system} 
As the modulus of one system^ 
To the modulus of the other. 

So that, if the modulus of each of the systems be given, 
and the logarithm of any number be calculated in one of 
the systems ; the logarithm of the same number in the other 
system may be calculated by a simple proportion. Thus if 
M be the modulus in Briggs^ system, and M' the modulus in 
Napier^s ; I the logarithm of a number in the former, and V 
the logarithm of the same number in the latter ; then, 

M:M'::Z:Z', 

Or, as M'=l, 

M:i::Z:Z' 

Therefore, 1=1' X M ; that is, the common logarithm of a 
number, is equal to Napier^s logarithm of the same, multi- 
plied into the modulus of the common system. 

To find this modulus, let a be the base of Briggs^ system, 
and 6 the base of Napier^s ; and let La denote the common 
logarithm of a, and I'. a denote Napier^s logarithm of a. 

Then M : 1 : :Z.a : l\a. Therefore M^h^ 

l\a 

But in the common system, a=:lO, and Z.a=l. 

So that, M=~ — , that is, the modulus of Briggs^ system, 

is equal to 1 divided by Napier^s logarithm of 10. 
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Again M: lllle ll\e 

But as e denotes Napier^s base, P.es= 1. 
So that M=Le, that is, th^ modulus of the common sys- 
tem, is equal to the common logarithm of Napier^s base. 

Therefore, either of the expressions, l.e, or - — may be 

used, to convert the logarithms of one of the systems into 
those of the other. 

The ratio of the logarithms of two numbers to each other ^ 
is the same in one system as in ctnother. If N and n be the 
two numbers ; 

Then, Z.N : Z'.N>:M : M' 

Z.n:r.nxM:M' 
Therefore, Z.N : Inl'.V.fi I I'm. 

COMPUTATION OF LOGARITHMS. 

68. The logarithms of most numbers can be calculated by 
approximation only, by finding the sum of a sufficient number 
of terms, in the series which expresses the value of the loga- 
rithms. According to art. 65. 

Log. N=Mx((N-l)-4(N-l)«+J(N--l)3,&c.) 
Or, putting as before, n=N - 1, 

Log. (l+7i)=M(n-in«+in'-|ii*+in«-&c.) 

But this series will not converge, when n is a whole num- 
ber, greater than unity. To convert it into another which 
will converge, lei (l—n) be expanded in the same manner 
as (1 4-^,)) r^^^* ^^*) ^^^ formula will be the same, except 
that the odd powers of n will be negative instead of positive. 

We shall then have, 

Log. (1 +n)=M {n-in^+^n^ - Jn*+iii« -&c.) 
Log. (l-n)=M(-n-|n* — in> — Jn*— }n«— &c.) 

Subtracting the one from the other the even powers of n 
disappear, and we have 

M(2n+|n3+|fifi + |n^+&c.) 

or 
2M {n+in^+in' +^n'^ +&C.) 



^^' 
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But thiS) which is the difference of the logarithms of (1 +n) 
and (1 — n) is the logarithm of the quotient of the one divided 
by the other. (Art. 36.) 

That is, Log. Li?=2M(n+4n»+i»«+in''+&c.) 

1 -n 

Now put 71 = 



1+ ^ ' 



Then, 



l+n_^_r--l_2:— 1__ t 



1— n j__J_ z-2 z— 2 
z-1 z-1 



Therefore, substituting -_ for --I— , and for n, 

we have 

Log. -i-=2M/'_! + ! +-_! +<fec.^ 

^ z-2 V(^-l) 3(z-l)5^5(z-l)« / 

Or, (Art. 36.) 
Log.z-log.(z-2)=2M/'-J — + 1 +-yJ. + 

Therefore, 

Log.z=i log.(z-.2)+ 2M {— — + ! +-— ! 

\(z-l) 3{z-^iy 5{z-\y 

This series may be applied to the computation of any 
number greater than 2. 

To find the logarithm of 2, let z=4,. 
Then (z— l)=3, and the preceding series, after transpos- 
ing log. (z— 2) becomes 

Log. 4-log. 2=2M('i+-i— + J_+-i_,&c.^ 
* ^ V3 3.3= 5.3* 7.3^ / 

But as 4 is the square of 2 ; log. 4=2 log. 2. (Alg. 44.) So 
that log. 4 —log. 2=slog. 2. We have then 
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Log.2=2M /l+J_+-L+JL+_L+,&c.\ 
\3 3.3' 5;3* 7;3'' 9.3» / 

When the logarithms of the prime numbers are computed, 
the logarithms of all other numbers may be found, by sim- 
ply adding the logarithms of the factors of which the num- 
bers are composed. (Art 36.) 

69. In Napier^s system, where M=l, the logarithms may 
be computed, as in the following table. 

NAPIER^S OR HYPERBOLIC LOGARITHMS. 

^^^•'^'(^Si^+Sir+T:^''^-) =0.693147 

^°«- '=' [l+sk^+^+TjT^'^ ) ''•'''''' 

Log. 4=2 log. 2. =1.386294 

Log. 5=log. 3+2 (^+ J^+-l_+__L,,&c.) =1.609438 
Log. 6=log. 3+log. 2. =1.791759 

Log. 7=log. 5+2 J^+^+^+:^^&c ) =1.955900 

Log. 8=log. 4+log. 2. =2.079441 

Log. 9=2 log. 3. =2.197224 

Log. 10=log. 5+log. 2. =2.302585 

&c. &c. &c. 

70. To compute the logarithms of the common system, it will 
be necessary to find the value of the modulus. This is equal 
to 1 divided by Napier's logarithm of 10, (Art. 67.) that is, 

1 



2.302585=.43429448. 



This number substituted for M, or twice the number, viz. 
.86858896 substituted for 2 M, in the series in art. 68. will 
enable us to calculate the common logarithm of any number. 
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COMMON OR BRIOOS^ LOGARITHMS. 

Log. 2=3.86858896 /!+— L+-L+-L-&c.\ =0.301030 
® \3 3.3' ^5.3* 7.3'' / 

Log.3=.86858896 /i+-L.+—L + JL^fec. \ =0.477121 

Log. 4=2 log. 2. =0.602060 

Log. 5=log. 10— log. 2=1 —log. 2. =0.698970 

Log..6=log. 3+log. 2. =0.778151 

• Log. 7 =.86858896 / 1+-J_+-L- + JL&c. \ 
^ \6 3.63 5.6« '^7.6T ) 

+log. 5. =0.845098 

Log. 8=3 log. 2. =0.903090 

Log. 9=2 log. 3. =0.954243 

Log. 10 =1.000000 
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TRIGONOMETRY, 



SECTION I. 



SINES, TANGENTS, SECANTS, &C. 



Art. 71. Trigonometry treats of the relations of the 
sides and angles of triangles. Its first object is, to deter- 
mine the length of the sides, and the quantity of the an- 
gles. In addition to this, from its principles are derived 
many interesting methods of investigation in the higher 
branches of analysis, particularly in physical astronomy. 
Scarcely any department of mathematics is more important, 
or more extensive in its applications. By trigonometry, the 
mariner traces his path on the ocean ; the geograj^her deter- 
mines the latitude and longitude of places, the dimensions 
and positions of countries, the altitude of mountains, the 
courses of rivers, dLC. and the astronomer calculates the dis- 
tances and magnitudes of the heavenly bodies, predicts the 
eclipses of the sun and mooir, and measures the progress of 
light from the stars. 

72. Trigonometry is either plane or spherical. The for- 
mer treats of triangles bounded by riglu lines ; the latter, of 
triangles bounded by arcs of circles. 

Divisions of the Circle. 

73. In a triangle there are two classes of quantities which 
are the subjects of inquiry, the sides and the angles. For 
the purpose of measuring the latter, a circle is introduced. 

The periphery of every circle, whether great or small, is 
supposed to be divided into 360 equal parts called degrees^ 
each degree into 60 minutes^ each minute into 60 seconds^ 

7 
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each second into 60 thirda^ &c. marked with the characters 
°, ', ", '", &c. Thus, 32° 24' 1 3" 22'" is 32 degrees 24 minutes 
13 seconds 22 thirds.* 

A degree, then, is not a magnitude of a given length ; but 
a certain portion of the whole circumference of any circle. 
It is evident, that the 360th part of a large circle is greater, 
than the same part of a small one. On the other hand, the 
number of degrees, in a small circle, is the same as in a large 
one. 

The fourth part of a circle is called a quadrant^ and con- 
tains 90 degrees. 

74. To measure an angle, a circle is so described that its 
center shall be the angular point, and its periphery shalt cut 
the two lines which include the angle. The arc between the 
two lines is considered a measure of the angle^ because, by 
Euc. 33. 6, angles at the center of a given circle, have the 
same ratio to each other, as the arcs on which they stand. 
Thus the arc AB, (Fig. 2.) is a measure of the angle ACB. 

It is immaterial what is the size of the circle, provided it 
cuts the lines which include the angle. Thus the angle 
ACD (Fig. 4.) is measured by either of the arcs AG, ag. 
For ACD is to ACH, as AG to AH, or as ag to ah. . (JEuc. 
33. 6.) 

75. In the circle ADGH, (Fig. 2.) let the two diameters 
AG and DH be perpendicular to each other. The angles 
ACD, DCG, GCH, and HCA will be right angles ; and the 
periphery of the circle will be divided into four equal parts, 
each containing 90 degrees. As a right angle is subtended 
by an arc of 90% the angle itself is said to contain 90*^. Hence, 
in two right angles, there are 1 80°, in four right ancles 360° ; 
and in any other angle, as many degrees, as in the arc by 
which it is subtended. 

76. The sum of the three angles of any triangle being 
equal to two right angles, (Euc. 32. 1.) is equal to 180°. 
Hence, there can never be more than one obtuse angle in a 
triangle. For the sum of two obtuse angles is more than 
180°. 

77. The COMPLEMENT of ou arc or an angle^ is the differ- 
wee between the arc or angle and 90 degrees. 

The complement of the arc AB (Fi^. 2.) is DB ; and the 
complement of the angle ACB is DCB. The complement 
of the arc BDG is also DB. 
I l l '''* ■' ■ ■ • . , 

* See note £. 
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The complement of 10** is 80% of 60^ is 30% 

of 20° is 70% of 1 20° is 30°, 
of50°is40% of 1 70° is 80% &c: 

Hence, an acute angle and its complement are always equal 
to 90°. The angles ACB and DCB are together equal to a 
right angle. The two acute angles of a right angled trian- 
gle are equal to 90° : therefore each is the complement of 
the other. 

78. The SUPPLEMENT of an arc or anjangle is the difference 
between the arc or angle and 1 80 degrees. 

The supplement of the arc BDG (Fig. 2.) is AB ; and the 
supplement of the angle BCG is BCA. 

The supplement of 10° is 1 70% of 120° is 60°, 

of 80° is 100°, of 150° is 30°, &c, 

Hence an angle and its supplement are always equal to 
1 80^ The angles BCA and BCG are together equal to two 
right angles. 

79. Cor. As the three angles of a plane triangle are equal 
to two right angles, that is, to 180° (Euc. 32. K) the sum of 
any two of them is the supplement of the other. So that the 
third angle may be founds by subtracting the sum of the other 
two from 180°. Or the sum of any two may be found, by 
subtracting the third from 1 80°. 

80* A straight line drawn from the center of a circle to 
any part of the periphery, is called a radius of the circle. 
In many calculations, it is convenient to consider the radius, 
whatever be its length, as a uniL (Alg. 510.) To this must 
be referred the numbers expressing the lengths of other lines. 
Thus 20 will be twenty times the radius, and 0.75, three 
fourths of the radius. 

Definitions of Sines^ Tangents^ Secants^ 4*^. 

81. To facilitate the calculations in trigonometry, there 
are drawn, within and about the circle, a number of straight 
lines, called Sines^ Tangents^ Secants^ ^c With these the 
learner should make himself perfectly familiar. 

82. The Sine of an arc is a straight line drawn from one 
end of the arc^ perpendicular to a diameter which peases 
through the other end*, 
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Thus BG (Fig. 3.) is the sine of the arc AG. For BG is 
a line drawn from ihc end G of the arc, perpendicular to the 
diameter AM which passes through the other end A of the 
arc. 

Cor. The sine is half the chord of double the arc. The 
sine BG is half PG, which is the chord of the arc PAG, 
double the arc AG. 

83. The VERSED sine of an arc is that part of the diameter 
which is between the sine and the arc. 

Thus BA is the versed sine of the arc AG. 

84. The TANGENT of an arc^ is a straight line drawn per- 
pendicular from the extremity of the diameter which passes 
through one end of the arc^ and extended till it meets a line 
drawn from the center through the other end. 

Thus AD (Fig. 3.) is the tangent of the arc AG. 

85. The SECANT of an arc^ is a straight line drawn from 
the center^ through one end of the arc^ and extended to the tan- 
gent which is drawn from the other end. 

Thus CD (Fig. 3.) is the secant of the arc AG. 

86. In Trigonometry, the terms tangent and secant have a 
more limited meaning, than in Geometry. In both, indeed, 
the tangent touches the circle, and the secant cuts it. But in 
Geometry, these lines are of no determinate length ; whereas, 
in Trigonometry, they extend from the diameter to the point 
in which they intersect each other. 

87. The lines just defined are sines, tangents and secants 
oi arcs. BG (Fig. 3.) is the sine of the arc AG, But this 
arc subtends the angle GC A. BG is then the sine of the arc 
which subtends the angle GCA. This is more concisely ex- 
pressed, by saying that BG is the sine of the angle GCA. 
And universally, the sine, tangent, and secant of an arc, are 
said to be the sine, tangent, and secant of the angle which 
stands at the center of the circle, and is subtended by the arc. 
Whenever, therefore, the sine, tangent, or secant of an an- 
gle is spoken of; we are to suppose a circle to be drawn 
whose center is the angular point ; and that the lines men- 
tioned belong to that arc of the periphery which subtends 
the angle. 

88. The sine^ and tangent of an acute angle, are ojyposite 
to the angle. But the secant is one of the lines which include 
the angle. Thus the sine BG, and the tangent AD (Fig. 3.) 
are opposite to the angle DCA. But thp secant CD is one 
of the lines which include the angle. 
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B9. The sine complement or cosine o/* an angle^ is the sine 
of the COMPLEMENT of thot angle, liius, if the diameter 
HO (Fig. 3.) be perpendicular to MA, the angle HCG is the 
complement of ACG ; (Art. 77.) and LG, or its equal CB, 
is the sine of HCG. (Art 82.) It is, therefore, the cosine of 
OCA. On the other hand GB is the sine of GCA, and the 
cosine of GCH. 

So also the cotangent of an angle is the tangent of the com- 
plement of the angle. Thus HF is the cotangent of GCA. 
And the cosecant of an angle is the secant of the complement 
of the angle. Thus CF is the cosecant of GCA. 

Hence, as in a right angled triangle, one of the acute an- 
gles is the complement of the other ; (Art 77.) the sine, tan- 
gent, and secant of one of these angles, are the cosine, co- 
tangent, and cosecant of the other. 

90. The sine, tangent, and secant of the supplement of an 
angle, are each equal to the sine, tangent, and secant of the 
angle itself. It will be seen, by applying the definition (Art. 
62.) to the figure, that the sine of the obtuse angle GCM is 
BG, which is also the sine of the acute angle GCA. It should 
be observed, however, that the sine of an acute angle is op- 
posite to it; while the sine of an obtuse angle /a!Z« without 
the angle, and is opposite to its supplement Thus BG, the 
sine of the angle MCG, is not opposite to MCG, but to its 
supplement ACG. 

The tangent of the obtuse angle MCG is MT, or its equal 
AD, which is also the tangent of ACG. And the secant of 
MCG is CD, which is also the secant of ACG. 

91. But the versed sine of an angle is not the same^ as that 
of its supplement. The versed sine of an acute angle is equal 
to the difference between the cosine and radius. But the 
versed sine of an obtuse angle is equal to the sum of the co- 
sine and radius. Thus the versed sine of ACG is AB=AC 

-BC. (Art 83.) But the versed sine of MCG is MB=MC 

+BC. 

Relations of Sines^ Tangents^ Secants^ 4^. to each other. 

92. The relations of the sine, tangent, secant, cosine, &c. 
to each other, are easily derived from the proportions of the 
sides of similar triangles. (Euc. 4. 6.) In the quadrant ACH, 
(Fig. 3.) these lines form three similar triangles, viz. ACD, 
BCG or LCG, and HCF. For, in each of these, there is one 
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right angle, because the sines and tangents are, by definition, 
perpendicular to AC ; as the cosine and cotangent are to 
CH. The lines CH, B6, and AD are parallel, because CA 
makes a right angle with each. (Euc. 27. 1.) ' For the same 
reason, CA, LG, and HF are parallel. The alternate angles 
GCL, BGC, and the opposite angle CDA are equal ; (Eut, 
29. 1.) as are also the angles GCB, LGC, and HFC. The 
triangles ACD, BCG, and HCF are therefore similar. 

It should also be observed, that the line BC, between the 
sine and the center of the circle, is parallel and equal to the 
cosine ; and that LC, between the cosine and center, is par- 
allel and equal to the sine ; (Euc. 34. 1.) so that one may be 
taken for the other, in any calculation. 

93. From these similar triang^es, are derived the following 
proportions ; in which R is put for radius, 

sin for sine, cos for cosine, 

tan for tangent, cot for cotangent, 

sec for secant) cosec for cosecant. 

By comparing the triangles CBG and CAD, 

1. AC : BC: : AD : BG, that is, R : cos: :tan : sin. 

2. CG : CD: :BG : AD R : sec: : sin : tan. 

3. CB : CA: :CG : CD cos : R : : R : sec. 

Therefore R' 3=cos X sec. 

By comparing the triangles CLG and CHF, 

4. CH : CL: :HF : LG, that is, R : sin: : cot : COS. 

5. CG : CF: :LG : HF R : cosec: :co8 : cot. 

6. CL J CH: :CG : CF sin : R: :R : cosec 

Therefore R* =sin X cosec. 

By comparing the triangles CAD and CHF, 

7. CH : AD: :CF : CD, that is, R : tan : : cosec ; sec. 

8. CA : HF: :CD : CF R : cot::sec : cosec. 

9. AD : AC: :CH : HF tan : R: :R : cot. 

Therefore R« =tan X cot. 

It will not be necessary for the learner to commit these 
proportions to memory* But he ought to make himself so 
familiar with the manner of stating them from the figure, as 
to be able to Acplain them, whenever they are referred to. 
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d4« Other relations of the sine^ taDgent, &c. may be deri- 
ved from the proposition, that the square of the hypothenuse 
is equal to the sum of the squares of the perpendicular sides. 
(Euc*47. 1.) • 

In the fight angled triangles CB6, CAD, and CHF, 
(Fig. 3.) 



1. CG'=CB"4-BG%that is, R«^c6s•^-sin^* 

2. CD*=CA'+AD' 8ec«=:R«+tan% 

3. CP=CH"+HF" cosec»=R»+cot'. 

And, extracting the root of both sides, ( Alg. S96.) 

RsV'cos'+sin'raV'sec* — tan*=v^cosec^ —cot* 
Hence, if R=:l,(Alg. 510.) 

Sin=Vl — cos* Sec=\^14-tan» 

Coa=^y/l —sin* Cosec=v^l+cot* 

95. The sine of 90"" ^ 

The chord of S0°> care, in any circle, each equal to 
And the tangent of 45** j 
the rac2tti«, and therefore equal to each other. 

Demonstration, 

1. In the quadrant ACH, (Fig. 5.) the arc AH is 90^ The 
sine of this, according to the definition, (Art. 82.) is CH, the 
radius of the circle. 

2. Let AS be an arc of 60^ Then the angle ACS, be- 
ing measured by -this arc, will also contain 60^ ; (Art. 75.) 
and the triangle ACS will be equilateral. For the sum of 
the three angles is equal to 180^ (Art. 76.) From this, 
taking the angle -ACS, which is 60^, the sum of the remain- 
ing two is 120^ But these two are equals because they are 
subtended by the equal sides, CA and CS, both radii of the 
circle. Each, therefore, is equal to half 120°, that is to 60°. 



*.Sine' is here pat for the square of the rine, cos* for the square of the 
cosine; &c. 4 
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All the angles being equal, the sides are equal, and therefore 
AS, the chord of 60°, is equal to CS the radius. 

3. Let AR be an arc of 45^ AD will be its tangent, and 
the angle ACD subtended by the arc, will contain 45^ The 
an^le UAD is a right angle, because the tangent is, by defi- 
nition, perpendicular to the radius AC. (Art. 84.) Subtract- 
ing ACD, which is 45°, from 90°, (Art. 77.) the other acute 
angle ADC will be 45° also. Therefore the two legs of the 
triangle ACD are equal, because they are subtended by equal 
angles ; (Euc. 6. 1.) that is, AD the tangent of 45°, is equal 
to AC the radius. 

Cor. The cotangent of 45° is also equal to radius. For 
the complemept of45° is itself 45°. Thus HD, the cotan- 
gent of ACD, (Fig. 5.) is equal to AC the radius. 

96. The sine of 30° is equal to half radius. For the sine 
of 30° is equal to half the chord of 60°. (Art. 82. cor.) But 
by the preceding article, the chord of 60° is equal to radius. 
Its half, therefore, which is the sine of 30° is equal to half 
radius. 

Cor. 1. The cosine of 60® is equal to half radius. For the 
cosine of 60° is the sine of 30°. (Art. 89.) 

Cor. 2. The cosine of 30°=|v'3. For 

Cos^30°=R»-sin»30°=l— i=l. 

Therefore, 

Cos 30°=v^|=iv^3. 

96. 6. The sine of 45° =4- For 

R9 = l=8in3 45°+cos« 45«=2sin« 45° 

1 



Therefore, Sin 45°*=^^= 



^/2- 



97. The chord of any arc is a mean proportional^ between 
the diameter of the circle, and the versed sine of the arc. 

Let ADB (Fig. 6.) be an arc, of which AB is the chord, 
BF the sine, and AF the versed sine. The angle ABH is a 
right angle, (Euc. 31. 3.) and the triangles ABn and ABF 
are similar. (Euc. 8. 6.) Therefore, 

• AH : AB::AB : AF. 
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That is, the diameter is to the chord, as the chord to the 
versed sine. 

In Fig. 6th, let the arc AD=a, and ADB=2a. Draw BP 
perpendicular to AH. This will divide the right angled tri- 
angle ABH into two similar triangles. (Euc. 8. 6.) The an- 
ijles ACD and AHB are equal. (Euc. 20. 3.) Therefore the 
bur triangles ACG, AHB, FHB, and FAB ar^ similar ; and 
the line BH is twice CG, because BH : CG: :HA : CA. 

The sides of the four triangles are, 

AG=sina, CG3=cosa, HF=vers. sup. 2a, 
Afi=2sina, BH=2cosa, AC == the radius, 
BF=sin 2a, AF=vers 2a, AH = the diameter. 

A variety of proportions may be stated, between the ho- 
mologous sides of these triangles : For instance. 

By comparing the triangles ACG and ABF, 

AC : AG: :AB : AF, that is, R : sin a: :2sin a : vers 2a 
AC : CGr.'AB : BF R : cosa: :2sin a : sin 2a 

AG : CG: :AF : BF Sina : cosa: :vers2a : sin 2a 

Therefore, 

RXvers2a=2sin*a 
R X sin 2a =2sin a X cos a 
Sin a X sin 2a=: vers 2a X cos a 

By comparing the triangles ACG and BFH, 

AC : CG::BH : HF,thatis,R : cosa::2cosa : vers. sup. 2a 
AG : CG: :BF : HF Sin a : cosa: :sin 2a : vers. sup. 2a 

Therefore, 

R X vers. sup. 2a==2cos*a 
Sin a X vers. sup. 2a=cos a X sin 2a 
&c. - &c. 

That is, the product of radius into the versed sine of the 
supplement of twice a given arc, is equal to twice the square 
of the cosine of the arc. 

And the product of the sine of an arc, into the versed sine 
of the supplement of twice the arc, is eqiiai to the product of 
the cosine of the arc, into the sine of twice the arc, &c. &c. 

8 
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SECTION II. 



THE TRIGONOMETRICAL TABLES. 



Art. 98. To facilitate the operations in trigonometry, the 
sine, tangent, secant, &c. have been calculated for every 
degree and minute, and in some instances, for every second, 
of a quadrant, and arranged in tables. These constitute 
what is called the Trigonometrical Canon.* It is not ne- 
cessary to extend these tables beyond 90°; .because the 
sines, tangents, and secants, are of the same magnitude, in 
one of the quadrants of a circle, as in the others. Thus the 
sine of 30° is equal to that of 150°. (Art. 90.) 

99. And in any instance, if vi^e have occasion for the sine, 
tangent, or secant of an obtuse anglcy we may obtain it,1by 
looking for its equal, the sine, tangent, or secant of the sup- 
plementary acute angle. 

100. The tables are calculated for a circle whose radius 
is supposed to be a unit. ' In may be an inch, a yard, a mile, 
or any other denomination of length. But the sines^ tan- 
gents^ &c. must always be understood to be of the same de- 
nomination as the radius. 

101. All the sines ^ except that of 90°, are less than the ra- 
dius^ (Art. 82, and Fig. 3.) and are expressed in the tables by 
decimals. 

Thus the sine of 20° is 0.34202, of 60° is 0.86603, 

of 40° is 0.64279, of 89° is 0.99985, <tc. 

When the tables are intended to be very exact, the deci- 
mal is carried to a greater number of places. 

The tangents of all angles less than 45° are also less than 
radius. (Art. 95.) But the tangents of angles greater than 
45°, are greater than radius, and are expressed by a whole 
number and a decimal. It is evident that all the secants also 



* For the etmstruetian of the Canon, see Section VIII. 
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must be greater than radius, as they extend from the center, 
to a point without the circle. 

102. The numbers in the table here spoken of, are called 
natural sines, tangents, &c. They express the lengths of the 
several lines which have been defined in arts. 82, 83, Slc. 
By means of them, the angles and sides of triangles may be 
accurately determined. But the calculations must be made 
by the tedious processes of multiplication and division. To 
avoid thijs inconvenience, another set of tables has been pro- 
vided, in which are inserted the logarithms of the natural 
sines, tangents, &c. By the use of these, addition and sub- 
traction are made to perform the office of multiplication and 
division. On this account, the tables of logarithmic, or as 
they are sometimes called, artificial sines, tangents, &c. are 
much more valuable, for practical purpose, than the natural 
sines, &c. Still it must be remembered, that the former are 
derived from the latter. The artificial sine of an angle, is 
the logarithm of the natural sine of that angle. The artificial 
tangent is the logarithm of the natural tangent, &c. 

109. One circumstance, however, is to be attended to, in 
comparing the two sets of tables. The radius to which the 
na^tiroZ sines, &c. are calculated, is unity. (Art. 100.) The 
secants, and a part of the tangents are, therefore, greater than 
a unit ; while the sines, and another part of the tangents, are 
less than a unit. When the logarithms of these are taken, 
some of the indices will be positivcj and others negative^ (Art. 
9.) and the throwing of them together in the same table, if it 
does not lead to error, will at least be attended with incon- 
venience. To remedy this, 10 is added to each of the indi- 
ces. (Art. 12.) They are then all positive. Thus the natural 

sine of 20° is 0.34202. The logarithm of this isT.53405. 
But the index, by the addition of 10, becomes 10 — 1=9. 
The logarithmic sine in the tables is therefore 9.53405.* 

Directions far taking Slnes^ Cosines^ 4^0, from the tables. 

104. The cosine^ cotangent^ and cosecant of an angle, are 
the sine, tangent, and secant of the complement of the angle. 
(Art. 89.) As the complement of an angle is the difference 
between the angle and 90^, and as 45 is tlie half of 90 ; if 
any given angle within the quadrant is greater than 45°, its 



* Or the tables may be supposed to be calculated to the radius 10000000000, 
whose logarithm is 10. 
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complement is less ; and, on the other hand, if the angle is 
less than 45°, its complement is greater. Hence, every co- 
sine, cotangent, and cosecant of an angle greater than 45^, 
has its equal, among the sines, tangents,. and secants of an- 
gles less than 45°, and v. v. 

Now, to bring the trigonometrical tables within a small 
compass, the same column is made to answer for the sines of 
a number of angles above 45°, and for the cosines of an equal 
number below 45°. 

Thus 9.23967 is the log. sine of 10°, and the cosine of 80°, 
9.53405 the sine of 20°, and the cosine of 70°, &c. 

The tangents and secants are arranged in a similar man- 
ner. Hence, 

165. To find the Sine^ Cosine^ Tangent ^ 4"^. of any num- 
ber of degrees and minutes. 

If the given angle is less than 45°, look for the degrees at 
the top of the table, and the minutes on the lef ; then, oppo- 
site to the minutes, and under the word sine at the head of 
the column, will be found the sine ; under the word tangent, 
will be found the tangent, <&c« 

The log. sin of 43° 25' is 9.83715 The tan of 17° 20' is 9.49430 
of 17° 20' 9.47411 of 8° 46' 9.18812 

The cos of 1 7° 20' 9.97982 The cot of 1 7° 20' 1 0,50570 
of 8° 46' 9.99490 of 8° 46' 10.81188 

' The first figure is the index ; and the other figures are the 
decimal part of the logarithm. 

106. If the given angle is between 45° and 90° ; look for 
the degrees at the bottom of the table, and the minutes on 
the right ; then, opposite to the minutes, and over the word 
sine at the foot of the column, will be found the sine ; over- 
the word tangent, will be found the tangent, &c. 

Particular care must be taken, when the angle is less than 
45°, to look for the title of the column, at the top^ and for the 
minutes on the left ; but when the angle is between 45° and 
90°, to look for ihe title of the column, at the bottom and for 
the minutes, on the right. 

The log. sine of 81° 21' is 9.99503 
The cosine of 72° 10' 9.48607 
The tangent of 54° 40' 10.14941 
The cotangent of G.r 22' 9.70026 
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107. If the given angle is greater than 90°, look for the 
sine, tangent, &c. of its supplement. (Art 98, 99.) 

The log. sine of 96° 44' is 9.99699 i . 

The cosine of 1 7 1 ° 1 6' 9.99494 ^' 

The tangent of 130° 26' 10.06952 v, '/ 
The cotangent of 156f 22' 10.35894 

108. To find the sine^ cosine^ tangent^ ^. of any nunAer 
of degrees^ minutes^ and seconds. 

In the common tables, the. sine, tangent, &c. are ffiven 
only to every minute of a degree.* But they may be found 
to seconds^ by taking proportional parts of the difference of 
the numbers as they stand in the tables. For, within a single 
minute, the variations in the sine, tangent, &c. are nearly pro- 
portional to the variations in the angle. Hence, 

To find the sine, tangent, &c. to seconds : Take out the 
number corresponding to the given degree and minute ; and 
also that corresponding to the nex( greater minute, and find 
their difference. Then state this proportion ; 

As 60, to the given number of seconds ; 

So is the difference found, to the correction for the seconds. 

' This correction, in the case of sines, tangents, and secants, 

is to be added to the number answering to the given degree 

and minute ; but for cosines, cotangents, and cosecants, the 

correction is to be subtracted ; 

For, as the sines increase^ the cosines decrease. 

Ex. 1. What is the logarithmic sine of 14° 43' 10" ? 

The sine of 14° 43' is 9.40490 
of 14° 44' 9.40538 



Difference 48 



Here it is evident, that the sine of the required angle is 
greater than that of 14° 43', but less than that of 14° 44'. 
And as the difference corresponding to a whole minute or 

* In the very valuable tables of Michael Taylor, the sines and tangents are 
given to eotry second. 
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60" is 48 ; the difTerence for 10'' must be a proportional part 
of 48. That is, 

60" : 10":: 48 : 8 

the correction to be added to the sine of 14^ 43'. 

Therefore the sine of 14"" 43' 10" is 9.40498. 

2. What is the logarithmic cosine of SS^ 16' 45" ? 

The cosine of 32° 16' is 9.92715 
of 32° 1 7' 9.92707 



Difference 8 



Then 60" : 45" : : 8 : 6 the correction to be subtracted 
from the cosine of 32° 1 6'. 
Therefore the cosine of 32° 16' 45" is 9.92709. 

The tangent of 24° 15' 18" is 9.65376 

The cotangent of 31° 50' 5" is 10.20700 

The sine of 58° 14' 32" is 9.92956 

The cosine of bS"" 10' 26" is 9.75670 

If the given number of seconds be any even part of 60, 
^ h h h ^^' ^^6 correction may be found, by taking a like 
part of the difference of the numbers in the tables, without 
stating a proportion in form. 
>, 109. To find the degrees and minutes belonging to any 
given siney tangent^ t^c. 

This is reversing the method of finding the sine, tangent, 
&c. (Art. 105, 6, 7.) 

Look in the column of the same name, for the sine, tan- 
gent, &c. which is nearest to the given one ; and if the title 
be at the head of the column, take the degrees at the top of 
the table, and the minutes on the left ; but if the title be at 
the /oof of the column, take the degrees at the bottom^ and 
the minutes on the right. 

Ex. 1. What is the number of degrees and minutes belong- 
ing to the logarithmic sine 9.62863 ? 

The nearest sine in the tables is 9.62865. The title of 
sine is at the head of the column in which these numbers arc 
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found. The degrees at thie lop of the page are 25^ and the 
minutes on the left are 10. The angle required is, therefore 
25° 10'. 

The angle belonging to 

the sine 9.87993 is 49'' 20' the cos 9.97351 is 19^' 48' 
the tan 9.97955 43^39' the cotan 9.75791 60^12' 
the sec 10.65396 77'' 11' the cosec 10.49066 18''51' 



ff 



1 10. To find the degrees^ minutes^ and seconds belangin^ 
to any given sine^ tangent^ ^. 

This is reversing the method of finding the sine, tangent, 
&c. to seconds. (Art. 108.) 

First find the difference between the sine, tangent, &c. 
next greater than the given one, and that which is next less ; 
then the difference between this less number and the given 
one ; then 

As the difference first found, is to the other difference ; 

So are 60 seconds, to the number of seconds, which, in the 
case of sines, tangents, and secants, are to be added to the 
degrees and minutes belonging to the least of the two num- 
bers taken fit>m the tables ; but for cosines, cotangents, and 
cosecants, are to be subtracted. 

Ex.1. What are the decrees, minutes, and seconds, be- 
longing to the logarithmic sme 9.40498 ? 

Sine next greater 14'' 44' 9.40538 Given sine 9.40498 
Next less 1 4'' 43' 9.40490 Next less 9.40490 



Difference 48 Difference 8 



Then 48 : 8: :60" : lO", which added to 14° 43', gives 
14<* 43' 10" for the answer. 

2. What is the angle belonging to the cosine 9.09773 ? 

Cosine next greater 82° 48' 9.09807 Given cosine 9.09773 
Next less 82° 49' 9.09707 Next less 9.09707 



Difference 100 Difference 66 
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Then 100 : 66:: 60' : 40", which subtracted from 82^ 
49', gives 82° 48' 20" for the answer. 

It must be observed here, as in all other cases, that of the 
two angles, the less has the greater cosine. 

The angle belonging to 

the sin 9.20621 is 9° 15' 6" the tan 10.43434 is 69° 48',16" 
the cos 9.98157 16° 34' 30" the cot 10.33554 24° 47' 16" 

Method of Supplying the Secants and Cosecants. 

111. In some trigonometrical tables, the secants and co« 
secants are not inserted. But they may be easily obtained 
from the sines and cosines. For, by art. 93, proportion 3d, 

cosXsec^sR*. 

That is, the product of the cosine and secant, is equal to 
the square of radius. But, in logarithms, addition takes the 
place of multiplication; and, in the tables of logarithmic 
sines, tangents, &c. the radius is 10. (Art. 103.) Therefore, 
in these tables, 

cos+sec=20. Or sec=20 — cos. 

Again, by art 93, proportion 6, 

sinXcosec=R'. 
Therefore, in the tables, 
8in+cosec=20. Or cosec=20— sin. Hence, 

112. To obtain the secant^ subtract the cosine from 20 ; 
and to obtain the cosecant^ subtract the sine from 20. 

These subtractions are most easily performed, by taking 
the right hand figure from 10, and the others from 9, as in 
finding the arithmetical complement of a logarithm ; (Art. 
55.) observing however, to add 10 to the index of the secant 
or cosecant. In fact, the secant is the arithmetical comple- 
ment of the cosine, with 10 added to the index. 

For the secant =20 - cos. 

And the arith. comp. of cos s=10»cos. (Art 54.) 

So also the cosecant is the arithmetical complement of the 
sine, with 10 added to the index. The tables of secants and 
cosecants are, therefore, of use, in furnishing the iirithmetical 
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complement of the sine and cosine, in the following simple 
manner : 

I f 3. For the arithmetical complement of the sine^ subtract 
10 from the index of the cosecant ; and for the arithmetical 
complement of the cosine^ subtract 10 from the index of the 
secant 

By this, we may save the trouble of taking each of the fig- 
ures from 9. 
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SECTION JIL 



SOLUTIONS OF RIGHT ANGLED TRIANGLES. 



Art. 114. In a triangle, there are siic partSy three sides, 
and three angles. In every trigonometrical calculation, it is 
necessary that some of these should be known, to enable us 
to find the others. The number of parts which must begiven^ 
is THREE, one of which must be a side. 

Tf only two parts be given, they will be either two sides, a 
side and an angle, or two anglea; neither of which will limit 
the triangle to a particular form and size. 

If two sides only be given, they may make any angle with 
each other; and may, therefore, be the sides of a thousand 
different triangles. Thus the two lines a and b (Fig. 7.) may 
belong either to the triangle ABC, or ABC, or ABC". So 
that it will be impossible, from knowing two of the sides of a 
triangle, to determine the other parts. 

Or, if a side and an angle only be given, the triangle will 
be indeterminate. Thus, if the side AB (Fig. 8.) and the 
angle at A be given ; they may be parts either of the triangle 
ABC, or ABC, or ABC. 

Lastly, if two angles^ or even- if all the angles be given, 
they will not determine the lerigth of the sides. For the trian- 
gles ABC, A'B'C, A"B"C', (Fig. 9.) and a hundred others 
which might be drawn, with sides parallel to these, will all 
have the same angles. So that one of the parts given must 
always be a side. If this and any other two parts, either 
sides or angles, be known, the other three may be found, as 
will be shown, in this and the following section. 

1 15. Triangles are either right angled or oblique angled. 
The calculations of the former are the most simple, and those 
which we have the most frequent occasion to make. A great 
portion of the problems in the mensuration of heights and dis- 
tances, in surveying, navigation and astronomy, are solved by 
rectangular trigonometry. Any triangle whatever may be 
divided into two right angled triangles, by drawing a perpen- 
dicular from one of the angles to the opposite side. 
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116. One of the six parts in a ri^lit angled triangle, is al- 
ways given, Viz. the right angle. This is a constant quantity; 
while the other angles and the sides are variable. It is also 
to be observed, that, if one of the acute angles is given, the 
other is known of course. For one is the complenaent of the 
other. (Art. 76, 77.) So that, in a right angled triangle^ 
subtracting one of the acute angles from 90° gives the other i 
There remain, then, only /bur parts, one of the acute angles^ 
and the three sides to be sought by calculation; If any two 
of these be given, with the right angle, the others may be 
found. 

117. To illustrate the method of calculation, let a case be 
Supposed in which a right angled triangle CAD (Fig. 10.) 
hds one of its sides equal to the radiiisi to which the trigo- 
nometrical tables are adapted. 

Ill the first place, let the base of the triangle be equal to the 
tabular radius. Then, if a circle be described, with this rtl- 
dius, about the angle C as a center, DA will be the tangent^ 
and DC the secant of that angle. (Art. 84, 85.) So .that the 
radius, the tangent, and the secant of the angle at C, consti- 
tute the three sides of the triangle. The tangent ^ taken from 
the tables of natural sines, tangents, &c. will be the length of 
tho perpendicular ^ and the secant will be the length of the 
hypothenuse. If the tables used be logarithmic, they will give 
the logarithms of the lengths of the two sides. 

In the same manner^ any right angled triangle whatevcl*, 
whose base is equal to the radius of the tables, will have its 
other two sides found among the tangents and secants. Thus^ 
if the quadrant AH (Fig. 1 1.) be divided into portions of ld° 
each ; then, in the triangle 

CAD, AD will be the tan, and CD thesecofl5^ 
In CAD', AD' will be the tan, and CD' the sec of 30% 
In CAD", AD" will be the tan, and CD" the sec of 45% &c. 

. 118. In the next place, let the hypothenuse of a right an- 
gled triangle CBF (Fig. 12.) be equal to the radius of the ta- 
Dies. Then, if a circle be described, with the given radius, 
and about the anp^le C as a center ; BF will be the sine^ and 
EC the cosine of that angle. (Art. 82. 89.) Therefore the 
sine of the angle at C, taken from the tables^ will be the length 
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of the perpendicular^ and the cosine will b^ the length of the 
bcue. 

And any right angled triangle whatever, whose hypothe* 
ntise is equal to the tabular radius, will have its other two 
sides found among the sines and cosines. ~ Thus if the quad- 
rant AH (Fig. 13.) be divided into portions of 15^ each, in 
the pointy F, F', F'',&c. ; then, in the triangle, 

CBF, FB will be the sin, and CB the cos, of 15% 
In CB'F', F'B' will be the sin, and CB' the cos, of 30°, 
In CB"F", F"B" will be the sin, and CB"the cos, of 45%&c. 

119. By merely turning to the tables^ then, we may find 
the parts of any right angled triangle which has one pf its 
sides equal to the radius of the tables. But for determining 
the parts of triangles which have not any of their sides equal 
to the tabular radius, the following proportion is used : 

As the radius of one circle^ 
To the radius of any other ; 
So is a <iR6, tangent^ or secant^ in one^ 
To the sine^ tangent^ or secant^ of the same number of 
degrees^ in the other. 

In the two concentric circles AHM, ahm^ (Fig. 4.) the arcs 
AG and ag contain the same number of degrees. (Art. 74.) 
The sines of these arcs are BG and 6^, the tangents AD and 
* od, and the secants CD and Cd. The four triangles, CAD, 
CBG, Cady and Cbg^ are similar. For each of them, from 
the nature of sines and tangents, contains one right angle ; 
the angle at C is common to them all ; and the other acute 
angle in each is the complement of that at C. (Art. 77.) We 
have, then, the following proportions. (£uc. 4. 6.) 

I. CG:Cg::BG:bg. 

That is, one radius is to the other, as one sine to the other. 

2. CA : Ca: : DA : da. 

That is, one radius is to the other, as one tangent to the other. 

3. CA :Ca::CD : Cd. 

That is, one radius is to the other, as one secant to the other. 

Cor. BG : bg: :DA : da: :CD : Cd. 
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That is, as the sine in one circle, to the sine in the other ; 
so is the tangent in one, to the tangent in the other ; and so 
is the secant in one, to the secant in the other. 

This is a general principle, which ma^ be applied to most 
trigonometrical calculations. If one of the sides of the pro- 
posed triangle be made radius, each of the other sides will 
be tiie sine, tangent, or secant, of an arc described by this ra- 
dius. Proportions are then stated, between these lines, and 
the tabular radius, sine, tangent, &c. 

1 20. A line is daid to be mtide radius, when a circle is de- 
scribed, or supposed to be described, whose semi-diameter is 
equal to the line, and whose center is at one end of it 

1^1. In any right angled triangle, if the hypothbnusb be 
made radius, one of the legs will be a sine of its opposite em' 
gle, askd the other leg a cosine of the same angle. 

Thus, if to the triangle ABC (Fig. 14.) a circle be applied, 
whose radius is AC, and whose center is A, then BC will be 
the sine, and B A the cosine, of the angle at A. (Art 83, 89.^ 

If, while the same line is radius, the other end C be aiacle 
the center, then B A will be the sine, and BC the cosine, of the 
angle at C. 

122. If either of the legs be made radius, the other leg will 
he a tangent of its opposite angle, and the hypothenuse will 
be a SECANT of the same angle ; that is, of the angle between 
the secant and the radius. 

Thus, if the base AB (Fig. 15.) be made radius, the center 
being at A, BC will be the tangent, and AC the secant, of 
the angle at A. (Art 84, 86.) 

But, if the perpendicular BC (Fig. 16.) be made radius, 
with the center at C, then AB will be the tangent, and AC 
the secant, of the angle at C. 

123. As the side which is the sine, tangent, or secant of 
one of the acute angles, is the cosine, cotangent, or cosecant 
of the other ; (Art. 89.) the perpendicular BC (Fig. 14.) is 
the sine of the angle A, and the cosine of the angle C ; while 
the base AB is the sine of the angle C, and the cosine of the 
angle A. 

If the base is made radius, as in Fig. 1 5, the perpendicular 
BC is the tangent of the angle A, and the cotangent of the an- 
gle C ; while the hypothenuse is the secant of the angle A, 
and the cosecant of ^he angle C. 

If the perpendicular is made radius, as in Fig. 16, the base 
AB is the tangent of the angle C, aad the cotangent of the 
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angle A \ while the Jiypothenuse is the secant of the angle C, 
and the cosecant of the angle A. 

1 24. Whenever a right angled triangle is proposed, whose 
sides or angles are required ; a similar triangle may be formed, 
from the sines, tangents^ &c. of the tables. (Art. 117, 118.) 
The parts required are then found, by stating proportions be- 
tween the similar sides of the two triangles. If the triangle 
proposed be ABC, (Fig. 17.) another, a6c, may be formed, 
having the same angles with the first, but difiering from it in 
the length of its sides, so as to correspond with the numbers 
in the tables. If similar sides be made radius in both, the re- 
maining similar sides will be lines o(the same name; that is^ 
if the perpendicular in one of the triangles be a sine^ the per- 
pendicular in the other will be a sine ; if the base in one oe a 
cosine^ the base in the other will be a cosine, &c. 

If the Jiypothenuse in each triangle be made radius, as in 
Fig. 1 4, the perpendicular he will be the tabular sine of the 
angle at a ; and the perpendicular BC will be a sine of the 
equal angle A, in a circle of which AC is radius. 

If the base in each triangle be made radius, as in Fig. 15, 
then the perpendicular be will be the tabular tangent of the 
an^le at a ; and BC will be a tangent of the equal angle A, in 
a circle of which AB is radius, dLC. 

135. From the relations of the similar sides of these trian* 
gles, are derived the two following theorems^ which are suffi- 
cient for calculating the parts of any right angled triangle 
whatever, when the requisite data are furnished. One is used, 
when a side is to be found ; the other, when an angle is to be 
found. 

Theorem I. 

] 36. *When a side is required ; 

As THE TABULAR SINE, TANGENT, &C. OF THE 
SAME NAME WITH THE GIVEN SIDE, 

To THE GIVEN SIDE; 

So IS THE TABULAR SINE, TANGENT, &C. OF THE 
SAME NAME WITH THE REQUIRED SIDE, 

To THE REQUIRED SIDE. 

It will be readily seen, that this is nothing more than a 
statement, in general terms, of the proportions between the 
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similar sides of two triangles, one proposed for solution, and 
the other formed from the numbers in the tables. 

Thus if the hypothenase be given^ and the base or perpen- 
dicular be required ; then, in Fig. 1 4, where aq is the tabular 
radius, be the tabular sine of a, or its equal A, and ab the tab- 
ular sine of C ; (Art. 124.) 

ac : AC6: :c : BC, that is, R : AC: :sin A : BC. 
ac : AC: :ab : AB, R : AC: rsin C : AB^ 

In Fig. 15, where ab is the tabular radius, ac the tabular 
secant of A, and be the tabular tangent of A ; 

ac : AC: :6c : BC, that is, sec A : AC: :tan A : BC, 
oc : AC: :a6 : AB, sec A : AC: :R : AB. 

In Fig. 16, where be is the tabular radius, ac the tabular 
secant of C, and ab the tabular tangent of C ; 

oc : AC : :5c : BC, that is, sec C : ACl :R : BC. 
oc : AC : \ab : AB, sec C : AC: : tan C : AB. 

Theorem II. 
1 27. When an angle is required ; 

As THE GIVEN BIDS MADE RADIUS, 
To THE TABULAR RADIUS ; 
So IS ANOTHER GIVEN SIDE, 

To THE TABULAR SINE, TANGENT, &C. OF THE 
SAltE NAME. 

Thus if the side made radius, and one other side be given, 
then, in Fig. 1 4, 

AC : ac: :BC ; 6c, that is, AC : R: :BC : sin A. 
AC : ac: :AB lab AC : R: :AB : sin C. 

In Fig. 15, 

AB : ab: :BC : 6c, that is, AB : R: :BC : tan A. 
AB : a6: : AC X ac AB : R: : AC : sec A. 

* . 

In Fig. 1 6, 

BC : 6c: : AB : «6, that is, BC : R: : AB : tan C. 
BC : 6c: : AC \ac BC : R: : AC : sec C. 



» 
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It will be observed, that in these theorems, angles are not 
introduced, though thev are among the quantities which are 
either given or required, in the calculation of triangles. But 
the tabular sines, tangents, &c. may be considered the rep- 
resentatives of angles, as one may be found from the other, 
by merely turning to the tables. 

128. In the theorem for finding a «uf«, the first term of 
the proportion is a tabular number. But, in the theorem for 
finding an angle^ the first term is a side. Hence, in applying 
the proportions to particular cases, this rule is to be observed ; 

To find a side, begin with a tabular number^ 
To find an angle, begin wiih a side. 

Radius is to be reckoned among the tabular numbers. 
. 129. In the theorem for finding an angle^ the first term is 
a side made radius. As in every proportion, the three first 
terms must be given, to enable us to find the fourth, it is evi- 
dent, that where this theorem is applied, the side made radi- 
us must be a giticn one. But, in the theorem for finding a 
sidcy it is not necessary that either of the terms should be ra- 
dius. Hence, 

130. To find a side, any side may be made radius. 

To find an angle, a given side must be made radius. 

It will generally be expedient, in both cases, to make radi- 
us one of the terms in the proportion ; because, in the tables 
of natural sines, tangents, &c. radius is 1, and in the loga- 
rithmic tables it is 10. (Art. 103.) 

131. The proportions in Trigonometiy are of the same 
nature as other simple proportions. The fourth term is found, 
therefore, as in the Rule of Three in Arithmetic, by multiply- 
ing together the second and third terms^ and dividing their pro- 
duct by the first term. This is the mode of calculation, when 
the tables of natural sines, tangents, &c. are used. But the 
operation by logarithms is so much more expeditious, that it 
has almost entirely superseded the other method. In loga- 
rithmic calculations, addition takes the place of multiplica- 
tion ; and subtraction the place of division. 

The logarithms expressing the lengths of the sides of a tri- 
angle, are to be taken fi'om the tables of common logarithms. 
The logarithms of the sineSj tangents^ &c. are found in the ta- 
bles of artificial sines, &c. The calculation is then made by 
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adding the second and third terms^ and subtracting the Jk'st. 
(Art. 620 

132. The logarithmic radius 10, or, as it is written in the 
tables, 10.00000, is so easily added and subtracted, that the 
three terms of which it is one, may be considered as, in ef- 
fect, reduced to two. Thus, if the tabular radius is in the 

Jirst term, we have only to add the other two terms, and 
then take 10 from the index ; for this is subtracting the ifirst 
term. If radius occurs in the second term, the first is to be 
subtracted from the third, after its index is increased by 10. 
In the same manner, if radius is in the third term, the first is 
to be subtracted from the second. * 

1 33. Every species of right anded triangles may be sol- 
ved upon the principle, that the siaes of similar triangles are 
proportional, according to the two theorems mentioned above. 
There will be some advantages, however, in giving the exanl- 
ples in distinct classes. 

There must be giiFen, in a right angled triangle, two of the 
parts, besides the right angle. (Art. 1 16.) These may be ; 

1. The hypothenuse and an angle; or 

2. The hypothenuse and a leg ; or 

3. A leg and an angle; or 

4. The two legs. 

Case L 

Ex. 1 . If the hypothenuse AC (Fi^. 1 7.*) be 45 miles, and 
the angle at A 32"^ 20', what is the length of the base AB, 
and the perpendicular BC ? 

In this case, as sides only are required, any side may be 
made radius. (Art. 130.) 

If the hypothenuse be made radius, as in Fig. 14, BC will 
be the sine of A, and AB the sine of C, or the cosine of A. 
(Art 121.) And if abc be a similar triangle, whose hypoth- 
enuse is equal to the tabular radius, be will be the tabular 
sine of A, and ab the tabular sine of C. (Art. 124.) 



* The parts which are giioen are distingaiabed by a mark acroBS the line, or 
at the-opening of the angle, and the parts reqtrired, by a cipher. 

10 
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To find ihe perpendicular^ then, by Theorem I, we have 
this proportion ; 

ac : AC: :6c ; BC. 

Or R: AC::SinA:BC. 

Whenever the terms Radius, Sine, Tangent, &c. occur in 
a proportion like this, the tabular Radius, i^c. is to be under- 
stood, as in Arts. 1 26, 1 27. 

The numerical calculation, to find the length of BC, may 
be made, either by na/uraZ sines, or by logarithms. See Art. 
131. 

By natural Sines, 

1 : 45::0.53484 : 24.068=BC. 

Computation by Logarithms. 



As Radius 


•^ *^ 


10.00000 


To the hypothenuse 


45 


1.65321 


So is the Sine of A 


a2°20' 


9.72823 



To the perpendicular 24.068 1.38144 



Here the logarithms of the second and third terms are ad- 
ded, and from the sum, the first term 10 is subtracted. (Art. 
132.) The remainder is the logarithm of 24.068=80. 

Subtracting the angle at A from 90°, we have the angle at 
.0=57° 40'. (Art. 116.) Then to find the base AB ; 

ac : A0::a6 : AB 
Or R : AO: :SinO : AB=:38.023. 

Both the sides required are now found, by making the hy- 
pothenuse radius. The results here obtained may be verifi- 
ed, by making either of the other sides radius. 

If the baze be made radius, as in Fig. 15, the perpendicu- 
lar will be the tangent J and the hypothenuse the secant of the 
angle at A. (Art. 122.) Then, 

Sec A : AO::R: AB 
R: AB::TanA : BO 
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By making the arithmetical calculations, in these two pro- 

Kortions, the values of AB and BC will be found the same as 
efore. 

If the perpendicular be made radius, as in Fig, 16, AB will 
be the tangent, and AC the secant of the angle at C. Then, 

SecC : AC::R:BC 
R:BC::TaiiC : AB 

Ex. 2. If the hypothenuse of a right angled triangle be 
250 rods, and the angle at the base 46^ 30' ; what is the 
length of the base and perpendicufar ? 

Ans. The base is 1724 1 rods, and the perpendic. 131.35. 

Case II. 

Ex. 1. If the hypothenuse (Fi^. 18.) be 35 leagues, and 
the base 26 ; what is the length ofthe perpendicular, and the 
quantity of each of the acute angles? 

To find the angles it is necessary that one of the^it^en sides 
be made radius. (Art. 130.) 

If the hypothenuse be radius, the base and perpendicular 
will be sines of their opposite angles. Then, 

AC : R::AB : SinC=47^58'i 

And to find i\\Q perpendicular by Theorem I ; 

R : AC::Sin A : BC=23.43 

If the base be radius, the perpendicular will be tangent^ 
and the hypothenuse secant of the angle at A. Then, 

AB : R::AC f Sec A 
R: AB;:TanA : BC 

In this example, where the hypothenuse and base are giv- 
en, the angles can not be found by making the perpendicular 
radius. For to find an angle, a given side must be made ra- 
dius. (Art. 130.) 
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136. Ex. 3. If the bypothenuse (Fig. 19.) be 54 miles, 
and the perpendicular 48 miles, what are the angles, and the 
base ? 

Making the hypotJientue radius. 

AC : R::BC : Sin A 
R: AC::SinC:AB 

The numerical calculation will give A=s63^ 44' and AB 
=24.74. 

Making the perpendicular radius. 

BC :R::AC :SecC 
R:,BC::TanC : AB 

The angles cannot be found by making the boBe radius, 
when its length is not given. 

Cask III. 

1 0T r«;«^« S The angles, ) . ^^ , C The hypothenuse, 

137. Given J ^^^ ^^% j^^ J to find J ^^^ ^^*;^^^^ ,^; 

Ex. 1. If the base (Fig. 20.) be 60, and the angle at the 
base 47^ 12', what is the length of the bypothenuse and the 
perpendicular ? 

In this case, as sides only are required, any side may be ra- 
dius. 

Making the hypothenuse radius. 

SinC : AB::R: AC=88.31 
R : AC::SinA : BC=64.8 

Making the hose radius. 

R : AB::SecA : AC 
R: AB::Tan A :BC 

Making the perpendicular radius. 
TanC : AB::R : BC 

R:BC::SecC : AC 
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138. Ex. 2. If the perpendicular (Fig. 21.) be 74, and the 
angle C 61^ 27', what is the length of the base and the hy- 
potenuse 7 

Making the hypothmu$e radius. 

SinA:BC::R:AC 

R:AC::dnC:AB 

Making the base radius. 

TanA:BC::R: AB 
R : AB-.secA : AC 

Making the perpendicular radius. 

R:BC::secC : AC 

R:BC::tanC : AB 

The hypothenuse is 154.83 and the base 136. 

Case IV. 

ton r** ? The base, and ) ». ^^j < The hypothenuse, 
139. Given { Perpendicular J *<> '^"'^ { And tfee angles. 

Ex. 1. If the base (Fig. 22.) be 284, and the perpendicular 
1 92, wha^t are the angles, and the hypothenuse ? 

In this case, one of the legs must be made radius, to find 
an angle ; because the hypothenuse is not given. 

Making the base radius. 

AB : R: :BC : tan A=34^ 4' 
R : AB: rsec A : AC=:342.84 

Making the perpendicular radius. 

BC : R::AB : tanC 
R:BC::secC : AC 

fix. 2. If the base be 640, and the perpendicular 480, what 
are the angles and hypothenuse 7 

Ans. The hypothenuse is 800, and the angle at the base 
36° 52' 12". 
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Examplei far practice. 

1. Given the hypothenuse 68, and the angle at the base 

39^ 17' ; to find the base and perpendicular. 

2. Given the hypothenuse 850, and the base 594, to£nd 

the angles, and the perpendicular. 

3. Given the hypothenuse 78, and perpendicular 57, to find 

the base, and the angles. 

4. Given the base 723, and the angle at the base 64^ 18', 

to find the hypothenuse and perpendicular. 

5. Given the perpendicular 632, apd the angle at the base 

81° 36', to find the hypothenuse and the base. 

6. Given the base 32, and the perpendicular 24, to find 

the hypothenuse, and the angles. 

140. The preceding solutions are all efiected, by means of 
the! tabular sines, tangents, and secants. But, when any two 
sides of a right angled triangle are given, the third side may 
be found, without the aid of the trigonometrical tables, by 
the prop'osition, that the square of the hypothenuse is equal to 
the sum of the squares of the two perpermicular sides. (Euc. 
47.1.) 

If the legs be given, extracting the square root of the sum 
of their squares, will give the hypotl}enuse. Or, if the hypo- 
thenuse and one leg be given, extracting the square root of 
the difference of the squares, will give the other leg. 

Let A=the hypothenuse ) 

p=:the perpendicular > of a right angled triangle. 
6= the base ) 

Then A« =6«'+p«, or (Alg. 296.)A=v^6»+p« 

By trans. i* ^A» — p«, or 6=\/Aa— p« 

And p*=A«— 6«,or p=\/A»— 6» • 

Ex. 1. If the base is 32, and the perpendicular 24, what 
is the hypothenuse ? Ans. 40. 

2. If the hypothenuse is 100, and the base 80, what is the 
perpendicular ? Ans. 60. 

3. If the hypothenuse is 300, and the perpendicular 220, 
what is the base ? 



Ans. 300* —220^ =41600, the root of which is 204 nearly. 
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141. It is generally most convenient to find the difierence 
or the 8(}uares by logarithms. But this is not to be done by 
subtraction. For subtraction, in logarithms, performs the of- 
fice of division. (Art. 41.^ If we subtract the logarithm of 
b* from the logarithm of A', we shall have the logarithm, 
not of the difference of the squares, but of their quotient. 
There is, however, an indirect, though very simple method, 
by which the difierence of the squares mav be obtained by 
logarithms. It depends on the principle, tnat the difference 
of the sauares of two quantities is equal to the product of the 
sum ana difference of the quantities. (Atg. 235.) Thus, 

as will be seen at once, by performing the multiplication. 
The two factors may be multiplied by adding their loga- 
rithms. Hence, 

1 42. To obtain the difference of the squares of two quanti- 
ties^ add the logarithm of the sum of the qtumtittes^ to the log' 
arithm of their difference. After the logarithm of the difier- 
ence of the squares is found ; the square root of this differ- 
ence is obtained, by dividing the logarithm by 2. (Art. 47.) 

Ex. 1. If the hypothenuse be 75 inches, and the base 45, 
what is the length of the perpendicular T 

Sum of the given sides 1 20 log. 2.079 1 8 

Difiference of do. 30 1.47712 



Dividing by 2)3.55630 

Side required 60 1.778 ^5 



2. If the hypothenuse is 135, and the perpendicular 108, 
what is the length of the base ? Ans. 8 1 . 
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SECTION IV. 



SOLUTIONS or OBLIQUE ANGLED TRIANGLES. 



Art. 143. The sides and angles of oblique angled trian- 
gles may be calculated by the following theorems. 

Theorem I. 

In any plane triangle, the sines of the angles are as 

THEIR opposite SIDES. 

Let the angles be denoted by the letters A, B, C, and their 
opposite sides by a, 6, c, as in Fig. 23 and 24. From one of 
the angles, let the lineo be drawn perpendicular to the op- 
posite side. This will tall either within or without the tri- 
angle. 

1. Let it fall toithin as in Fig. 23. Then, in the right an* 
gled triangles ACD and BCD, according to art 126, 

R:&::sinA:p 

R:a::sinB:p 

Here, the two extremes are the same in both proportions. 
The other four terms are, therefore, reciprocally proportion- 
al : (Alg. 387.*) that is, 

a : &::sinA : sinB. 

2. Let the perpendicular p fall without the triangle, as in 
Fig. 24. Then, in the right angled triangles ACD and BCD ; 

R : 5::sinA tp 
R : airsinB :p 

Therefore as before, 

a : 6::sin A : sinB. 



• Euclid 28. 6. 
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Sin A is here put both fpr the sine of DAC, and for that 
of BAG. For, as one of these angles is the suppletnent of 
the other, they have the same sine. (Art. 90.) 

The sines which are mentioned here, and which are used 
in calculation, are tabular sines. But the proportion will be 
the same, if the sines be adapted to any other radius, (Art. 
119.) 

Theorem II. 
1 44. In a plane triangle. 

As THE SUM OF ANY TWO OF THE SIDES, 

To THEIR DIFFERENCE ; 

So IS THE TANGENT OF HALF THE SUM OF THE 

OPPOSITE ANGLES ; 
To THE TANGENT OF HALF THEIR DIFFERENCE. 

Thus the sum of AB and AC (Fig. 25.) is to their differ- 
ence ; as the tangent of half the- sum of the angles ACB and 
ABC, to the tangent of half their difference. 

Demonstration. 

Extend CA to G, making AG equal to AB ; then CG is 
the mm of the two sides AB and AC. On AB set off AD 
equal to AC ; then BD is the difference of the sides AB and AC. 

The sum of the two angles ACB and ABC, is equal to the 
sum of ACD and ADC ; because each of these sums is the 
supplement of CAD. (Art. 79.) But as AC^AD by con- 
struction, the angle ADC=ACD. (Euc. 6. J.) Therefore 
ACD is half the sum of ACB and ABC. As AB^AG, the 
angle AGB=ABG or DBE. Also GCE or ACD=ADC= 
BDE. (Euc. 15. 1.) Therefore, in the triangles GCE and 
DBE, the two remaining angles DEB and CEG are equal ; 
(Art. 79.) So that CE is perpendicular to BG. (Euc, Def. 
10. 1.) If then CE is made radius, GE is the tangent of GCE. 
(Art 84.) that is, the tangent of half the sum of the angles op- 
posite to AB and AC. 

Iffrom the greater of the two angles ACB and ABC, there 
be taken ACD their half sum; the remaining angle ECB 
will be their half difference. ( Alg. 34 1 .) The tangent of this 
angle, CE being radius, is EB, that is, the tangent of half 
the difference of the angles opposite to AB and AC. We have 
then, 

11 
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CQsstbe sum of the sides AB. and AC ; 

DBsstheir differenee; 

GE=the tangent of half the sum of the opposite angles ; 

EB^the tangent of half th^ir diJBTerence. 

But by similar triangles, 

CG : DB : GE ': EB. Q. E. D, 

Theorem HI. 

145. If upon the longest side of a triangle^ a perpendicu- 
lar be drawn from the opposite angle; 

As THE LONGEST SIDE, 
To THE SUM or THE TWO OTHERS ;. 
So IS THE DIFFERENCE OF THE LATTER,^ 
To THE DIFFERENCE OF THE SEOM^INTS MADE BY 
THE PERPENDICULAR. 

In the triangle ABC, (Fig. 26.) if a perpendicular be drawn 
from C upon AB; 

AB : CB+CA::CB-CA : BP-PA.* 

Demonstration. 

Desjcribe a circle on the center C, and with the radius BC. 
Through A and C, draw the diameter LD, and extend BA 
to H. Then by Euc. 35, 3, 

ABxAH=ALxAD 

Therefore, 

AB:AD::AL: AH 

But AD=CD+CA=CB+CA 

And AL=CL-CA=CB-CA 

And AH=HP-PA=BP-PA (Euc. 3. 3.) 

If then, for the three last terms in the proportion, we sub- 
stitute their equals, we have, ' 

AB : CB+CA::CB-CA : PB-PA. 

146. It is to be observed, that the greater segment is next 
the greater side. If BC is greater than AC, (Fig. 26.) PB is 

* See note F. 
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greater than AP. With the radius AC, describe the arc AN. 
The segment NP=AP. (Euc. 3. 3.) But BP is greater than 
NP. 

147. The two segments are to each other, as the tangents 
of the opposite angles, or the cotangents of the adjacent an- 
les. For, in the right angled triangles ACP and BCP, 
Fig. 26.) if CP be made radius, (Art 126.) 

R:PC::TanACP: AP * 
R : PC : Tan BCP : BP 

Therefore, by equality of ratios, (Alg. 384.*) 
Tan ACP : AP: :Tan BCP : BP 

« 

That is, the segments are as the tangents of the^opposite 
angles. And the tangents of these arc the cotangents of the 
adjacent angles A and B. (Art. 89.) 

Cor. The greater segment is opposite to the greater an- 
gle. And of the angles at the base, the less is next the 
greater side. If BP is greater than AP, the angle BCP is 
greater than ACP ; and B is less than A. (Art. 77.) 



148. To enable us to find the sides and angles of an. ob- 
lique angled triangle, three of^hem must he given, (Art. 1 1 4.) 

These may be, either 

1 . Two angles and a, side, or 

2. Two sides and an angle opposite one of them, or 

3. Two sides and the included angle, or 

4. The three sides. 

The two first of these cases are solved by theorem 1, (Art 
143.) the third by theorcni II, (Art 144.) and the fourth by 
theorem III, (Art 145.) 

149. In making the calculations, it must be kept in mind, 
that the greater side is always opposite to the greater angle, 
(Euc. 18, 19. 1.) that there can be only one obtuse angle in a 
triangle, (Art. 76.) and therefore, that the angles opposite to 
the two least sides must be acute.' 



• Euc. 11. 6. 
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Case I. 

150. Given, 
Two angles, and ? *-. « j 5 '^^^ remaining angle, and 
A side, S I The other two sides. 

• 

The third angle is found by merely subtracting the suin of 
the two which are given from 1 80°. (Art. 79.) 

The sides are found, by stating, according to theorem I, 
the following proportion ; 

As the sine of the angle opposite the^iWn side, 
To the length of the given side ; 
So is the sine of the angle opposite the required side^ 
To the length of the required side. 

As a side is to be found, it is necessary to begin with a tab- 
ular number, 

Ex. 1. In the triangle ABC (Fig. 27.) the side 6 is given 
32 rods, the angle A 56"" 20', and the angle C 49"" 10', to find 
the angle B, and the sides a and c. 

The sum of^the two given angles 56° 20'+49° 10'=105° 
30' ; which subtracted from 1 80°, leaves 74° 30^ the angle B. 

Then, 



si"»^»-Si,"c;° 



Calculation by logarithms. 

As the sine of B 74° 30' 
To the side b 32 

So is the sine of A 56°20' 



a. c. 



0.01609 
1.50515 
9.92027 



To the side a 


27.64 

74° 30' a 

32 

49° 10' 

25.13 


1 .44 1 51 


As the sine of B 

To the side 6 

So is the sine of C 


. c. 0.01609 
1.50515 
9.87887 


To the side c 


1.40011 
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The arithmetical complement used in the first term here, 
may be foand, in the usual way, or by taking out the cosecant 
of the given angle, and rejecting 10 from the index. (Art. 1 1 3.) 

Ex. 2. Given the side b 71, the angle A 107'' 6' and the 
angle C 27° 40' ; to find the angle B, and the sides a and c. 
The angle B is 45^ 14'. Then 



SinB:6::|SinA:a=95.58 



Sin C : c= 46.43 



When one of the given angles is obtuse^ as in this example, 
the sine of its supplement is to be taken from the tables.*^ (Art. 
99.) 



Case II. 

151. Given 

wo sides, an( 

An opposite anj 



Two sides, and ) . /. « ( "I^he remaining side, and 

igle, 5 *^ °''^ ^ The other two angles. 



One of the required angles is found, by beginning with a 
side, and, according to theorem I, stating the proposition, 

As the side opposite the given angle, 
To the sine of that angle ; ' 

So is the side opposite the required angle, 
To the sine of that angle. 

The third angle is found, by subtracting the sum of the oth- 
er two from 180° ; and the remaining side is found, by the 
proportion in the preceding article. 

152. In this second case, if the side opposite to the given 
angle be shorter than the other given side, the solution will 
be ambiguous.' Two different triangles may be formed, each 
of which will satisfy the conditions of the problem. 

Let the side 6, (Fig. 28.) the angle A, and the length of 
the side opposite this angle be given. With the latter lor ra- 
dius, (if it be shorter than &,) describe an arc, cutting the line 
AH in the points B and B'. The lines BC and B'C will be 
equal. So that, with the same data, there may be formed 
two different triangles, ABC and AB'C. 
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There will be the same ambiguity in the numerical calcu- 
lation. The answer found by the proportion will be the sine 
of an angle. But this may be the sine, either of the acute 
angle AB'C, or of the obtuse angle ABC. For, BC being 
equal to B'C, the angle CB'B is^ equal to CBB'. Therefore 
ABC, which is the supplement of CBB' is also the supplement 
of CB^B. . But the sine of an angle is the same, as the sine 
of its supplement. (Art. 90.) The result of the calculation 
will, therefore be ambiguous. In practice however, there 
will generally be some circumstances which will determine 
whether the angle required is acute or obtuse. 

If the side opposite the given angle be longer than the 
other given side, the angle which is subtended by the latter, 
will necessarily be acute. For there can be but one obtuse 
angle in a triangle, and this is always subtended by the long- 
est side. (Art. 149.) 

If the given angle be obtuse, the other two will, of course, 
be acute. There can, therefore, be no ambiguity in the so- 
lution. 

Ex. 1, Given the angle A, (Fig. 28.) 35° 20', the oppo- 
site side a 50, and the side 6 70 ; to find the remaining side, 
and the other two angles. 

To find the angle opposite to 6, (Art. 151.) 

a t sin A::& : sinB 

The calculation here gives the acute angle AB'C 54° 3' 50", 
and the obtuse angle ABC 125° 56' 10". If the latter be 
added to the angle at A 35° 20', the sum will be 161° 16' 10", 
the supplement of which 1 8° 43' 50" is the angle ACB. 
Then in the triangle ABC, to find the side c=AB, 

Sin A : a: :sin C : c=27.76 

If the acute angle AB'C 54° 3' 50" be added to the angle 
at A 35° 20', the sum will be 89° 23' 50", the supplement of 
which 90° 36' 10" is the angle ACB'. Then, in the triangle 
ABC, 

SinA : CB'::sinC : AB'=86.45 

Ex. 2. Given the angle at A 63° 35' (Fig. 29.) the side 
6 64, and the side a 72 ; to find the side c, and the angles B 
and C. 
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a : Sin A: :6 : sin B=52° 46' 25" 
Sin A :a::sinC : c=72.05 

The sum of the angles A and B is 116'' 20' 25", the sup- 
plement of which 63° 39' 35" is the angle C. 

In this example the solution is not ambiguous^ because the 
side opposite the given angle is longer than the other given 
side. 

Ex. 3. In a triangle of which the angles are A, B, and C, 
and the opposite sides a, fr» and c^ as before ; if the angle A 
be 121° 40', the opposite side a 68 rods, and the side b 47 
rods ; what are the angles B and C, and what is the length of 
the side c ? Ans. B is 36° 2' 4", C 22° 1 7' 56", and c 30.3. 

In this example also, the solution is not ambiguous, because 
the given angle is obtuse. 

Case III. 

153. Given 
Two sides, and ) , ^^^ ( '^^^ remaining side, and 



I *^ fln^ 5 '^^^ remaining side, ar 
gle, 5 ^^ ""'^ I The other two angles. 



The included an 

In this case, the angles are found by theorem II. (Art. 
144.) The required side may be found by theorem I. 

In making the solutions, it will be necessary to observe, 
that by subtracting the given angle from 1 80°, the sum of the 
other two angles is found ; (Art. 79.) and, that adding half 
the difference of two quantities to their half sum gives the 
greater quantity, and subtracting the hcdf difference from the 
half sum gives the less, (Alg. 341.) The letter proposition 
may be geometrically demonstrated thus ; 

Let AE (Fig. 32.) be the greater of two magnitudes, and 
BE the less. Bisect AB in D, and make AC equal to BE. 
Then 

AB is the sum of the two mieignitudes ; 

CE their difference ; 

DA or DB half their sum ; 

DE or DC haif their difference ; 
But DA+DE=AE i\iQ greattr magnitude; 
And DB--DE=BE the less. 

Ex. 1. In the triangle ABC (Fig. ^30.) the angle A is giv- 
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en 26'' 14' the side 6 39, and the side c 53 ; to find the an 
gles B and C, and the side a. 

The sum of the sides b and c is 534-39=s92, 
And their difference 53— 39»14. 

The sum of the angles B and C=180°-26° 14'«153° 46' 
And half the sum of B and C is 76'' 53' 

Then, by theorem II, 

(b+c) : (6-c)::tdni(B+C) : tani(B^C) 

To and from the half sum 

Adding and subtracting the half difference 

We have the greater angle 

And the less angle 

As the greater of the two given sides is c, the greater an- 
gle is C, and the less angle B. (Art. 149.) 

To find the side a, by theorem I, 
SinB : &::sin A : 0=24.94. 

Ex. 2. Given the angle ATlOl"" 30', the side 6 76, and the 
side c 109 ; to find the angles B and C, and the side a. 

B is 30° 57y, C 47° 32^, and a 144.8. 

Case IV. 

154. Given the three sides, to find the angles. 

In this case, the solutions may be made, by drawing a per- 
pendicular to the longest side, from the opposite angle. This 
will divide the given triangle into two right angled triangles. 
The two segments may be found by theorem III. (Art. 145.) 
There will then be given, in each of the right angled trian- 
gles, the hypothenuse and one of the legs, from which the 
angles may be determined, by rectangular trigonometry. 
(Art. 135.) 

Ex. 1. In the triangle ABC (Fig. 31.) the side AB is 39, 
AC 35, and BC 27. What are the angles ? 

Let a perpendicular be drawn from C, dividing the long- 
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est side AB into the two segments AP and BP. Then by 
theorem III, 

AB : AC+BC::AC-BC : AP-BP 

As the longest side 39 a, c. 8.40894 

To the sum of the two'others 62 1 .79239 

So is the difference of the latter 8 0.90309 



To thedificrence of the segments 12.72 1.10442 

The greater of the two segments is AP, because it is next 
the side AC, which is greater than BC. (Art. 146.) 

To and from half the sum of the segments 19.5 

Adding and subtracting half their difference, (Art. 153.) 6.36 

We have the greater segment AP 25.86 

And the less BP 13.14 



Then, in each of the right angled triangles APC and BPC, 
we have given the hypothenuse and base; and by art. 135, 

. AC : R: : AP : cos A=42^ 21' 57" 

BC : R: :BP : cos B=60'' 52' 42" 

And subtracting the sum of the angles A and B from ISO'', 
we have the remaming angle ACB=76° 45' 21". 

Ex. 2. If the three sides of a triangle are 78, 96, and 104 ; 
what are the angles ? 

Ans. 45° 41' 48", 61° 43' 27", and 72° 34' 45". 

Examples for Practice, 

1. Given the angle A 54° 30', the angle B 63° 10', and the 

side a 164 rods ; to find the angle C, and the sides b andc. 

2. Given the angle A 45° 6', the opposite side a 93, and the 

side 6 108 ; to find the angles B and C, and the side c. 

3. Given the angle A 67° 24', the opposite side a 62, and the 

side 6 46 ; to find the angles B and C, and the side c. 

4. Given the angle A 127° 42', the opposite side a 381, and 

the side 6 1 84 ; to find the angles B and C, and the side c. 

12 
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5. Given the side 6 58, the side c 67, and the included, angle 

Assde'' ; to find the angles B and C, and the side a. 

6. Given the three sides, 631 , 268, and 546 ; to find the angles. 

155. The three theorems demonstrated in this section, have 
been here applied to oblique ait^J^^l triangles only. But they 
are equally applicable to right angled triangles. 

Thus, in the triangle ABC, (Fig. 17.) according to theo- 
rem I, (Art. 143.) 

SinB : ACirsinA : BC 

This is the same proportion as one stated in art. 1 34, ex- 
cept that, in the first term here, the sine o/* B is substituted 
for radius. But, as B is a right angle, its sine is equal to ra- 
dius. (Art. 95.) 

Again, in the triangle ABC, (Fig.21 .) by the same theorem ; 

Sin A :BC::sinC : AB 

This is also one of the proportions in rectangular trigo- 
nometry, when the hypothenuse is made radius. 

The other two theorems might be applied to the solution 
of right angled triangles. But, when x>ne of the angles is 
known to be a right angle, the methods explained in the pre- 
ceding section, are much more simple in practice.* 

* For tbe appUcation of Trigonometry to the Mensuration of Heights and 
Distances, see Navigation and Surveying. 
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SECTION V. 



GEOMETRICAL CONSTRUCTION OF TRIANGLES, BY THE PLANE 

SCALE. 



Art. 156. To facilitate the construction of geometrical 
figures, a number of graduated lines are put upon the com- 
mon two feet scale ; one side of which is called the Plane 
Scale^ and the other side, Gunter'*8 Scale. The most im- 
portant of these are the scales of equal parts^ and the line of 
chords. In forming a given triangle, or any other right 
lined figure, the parts which must be made to agree with the 
conditions proposed, are the lines^ and the angles. For the 
former, a scale of equal parts is used ; for the latter, a line 
of chords. 

157. The line on the upper side of the plane scale, is di- 
vided into inches and tenths of an inch. Beneath this, on the 
left hand, are two diagonal scales of equal parts,* divided into 
inches and half inches, by perpendicular lines. On the larger 
scale, one of the inches is divided into tenths, by lines which 
pass obliquely across, so as to intersect the parallel lines which 
run from right to left. The use of the oblique lines is to 
measure hundredths of an inch, by inclining more and more 
to the right, as they cross each of the parallels. 

To take off, for instance, an extent of 3 inches, 4 tenths, 
and 6 hundredths ; 

Place one foot of the compasses at the intersection of the 
perpendicular line marked 3 with the parallel line marked 6, 
and the other foot at the intersection of the latter with the 
oblique line marked 4. 

The other diagonal scale is of the same nature. The di- 
visions are smaller, and are numbered from left to right. 

158. In geometrical constructions, what is often required, 
is to make a figure, not equal to a given one, but only similar. 
Now figures are similar which have equal angles, and the 



* These lines are not represented in the plate, as ihe learner is supiKMcd to 
have the scale before him. 
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sides about the equal angles proportional. (Euc. Def. 1. 6.) 
Thus a land surveyor, in plotting a field, makes the several 
lines in his plan to have the same proportion to each other, 
as the sides of the field. For this purpose, a scale of equal 
parts may be used, of any dimensions whatever. If the sides 
of the field are % 5, 7, and 10 rods^ and the lines in the plan 
are 2, 5, 7, and 10 inches^ and if the angles are the same in 
each, the figures are similar. One is a copy of the other, 
upon a smaller scale. 

So any two right lined figures arc similar, if the angles are 
the same in both, and if the number of smaller parts in each 
side of one, is equal to the number of larger parts in the cor- 
responding sides of the other. The several divisions on the 
scale of equal parts may, therefore, be considered as repre- 
senting any measures of length, as feet, rods, miles, &c. All 
that is necessary is, that the scale be not changed^ in the con- 
struction of the same figure ; and that the several divisions 
and subdivisions be properly proportioned to each other. If 
the larger divisions, on the diagonal scale, are units, the small- 
er ones are tenths and hundredths. If the larger are tens, 
the smaller are units and tenths. 

159. In laying down an angle^ of a given number of de- 
grees, it is necessary to measure it. Now the proper measure 
of An angle is an arc of a circle. (Art. 74.) And the measure 
of an arc, where the radius is given, is its chord. For the 
chord is the distance, in a straight line, from one end of the 
arc to the other. Thus the chord AB (Fig. 33.) is a meas- 
ure of the arc ADB, and of the angle ACB. 

To form the line of chords^ a circle is described, and the 
lengths of its chords determined for every degree of the quad- 
rant. These measures are put on the plane scale, on the line 
marked CHO. 

160. The chord of 60° is equal to radius. (Art. 95.) In 
laying down or measuring an angle, therefore, an arc must 
be drawn, with a radius which is equal to the extent from 
to 60 on the line of chords. There are generally on the scale, 
two lines of chords. Either of these may be used ; but the 
angle must be measured by the same line from which the 
radius is taken. 

161. To make an angle, then, of a given number of de- 
grees ; From one end of a straight line as a center, and v^ith 
a radius equal to the chord of 60° on the line of chords, de- 
scribe an arc of a circle cutting the straight line. From the 
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point of intersection, extend the chord of the given number 
of degrees, applyioff the other extremity to the arc; and 
through the place o? meeting, draw the other line from the 
angular point. 

If the given angle is obtuse^ take from the scale the chor4 
of half the number of degrees, and apply it twice to the arc. 
Or make use of the chords of any two arcs whose turn is equal 
to the given number of degrees. 

A right angle may be constructed, by drawing a perpen- 
dicular without using the line of chords. 

Ex. 1. To make an angle of 32 degrees. (Fig. 33.) With 
the point C, in the line CH, for a center, and with the chord 
of 60^ for radius, describe the arc ADF. Extend the chord 
of S^"* from A to B ; and through B, draw the line BC. 
Then is ACB an angle of 32 degrees. 

2. To make an angle of 140 degrees. (Fig. 34.) On the 
line CH, with the chord of 60°, describe the arc ADF; and 
extend the chord of 70^ from A to D, and from D to B. The 
arc ADB=70«X2=140.° 

On the other hand ; 

1 62. To measure an angle ; On the angular point as a cen- 
ter, and with the chord of 60° for radius, describe an arc to 
cut the two lines which include the angle. The distance be- 
tween the points of intersection, applied to the line of chords, 
will give the measure of the angle in degrees. If the angle 
be obime^ divide the arc into two parts. 

Ex. 1 . To measure the angle ACB. (Fig. 33.) Describe 
the arc ADF cutting the lines CH and CB. The distance 
AB will extend 32° on the line of chords. 

2. To measure the angle ACB. (Fig. 34.) Divide the 
arc ADB into two parts, either equal or unequal, and meas- 
ure each part, by applying its chord to the scale. The sum 
of the two will be 140°. 

1 63. Besides the lines of chords, and of equal parts, on the 
plane scale ; there are also lines of natural sines^ tangents^ and 
secants^ marked Sin. Tan. and Sec. ; of semitangents^ marked 
S. T.; of longitude^ marked Lon. or M. L.; of rhumbs^ marked 
Rhu. or Rum. &c. These are not necessary in trigonomet- 
rical constructions. Some of them are used in Navigation ; 
and some of them, in the projections of the Sphere. 

1 64. In Navigation, the quadrant, instead of being gradua- 
ted in the usual manner, is divided into eight portions, called 
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Rhumbs. The Rhumb line, on the scale, is a line of chords, 
divided into rhumbs and quarter-rhumbs, instead of degrees. 

165. The line of Longitude is intended to show the num- 
ber of geographical miles in a degree of longitude, at different 
•distances from the equator. It is placed over the line of 
chords, witli the numbers in an inverted order: so that the fig- 
ure above shows the length of a degree of longitude, in any 
latitude denoted by the figure below.* Thus at the equator, 
where the latitude is 0, a degree of longitude is 60 geographi- 
cal miles. In latitude 40, it is 46 miles; in latitude 60, 30 
miles, &c. 

166. The graduation on the line of secants begins where 
the line of sines ends. For the greatest sine is only equal to 
radius ; but the secant of the least arc is greater than radius. 

167. The semitangents are the tangents of Aa/f the given 
arcs. Thus the semitangent of 20^ is the tangent of 10°. 
The line of semitangents is used in one of the projections of 
the sphere. 



168. In the construction oitriangles,X\i% sides and angles 
which are given^ are laid down according to the directions in 
Arts. 158, 161. The parts required are then measured, ac- 
cording to Arts. 158, 162. The following problems corres- 
pond with the four cases of oblique angled triangles ; (Art. 
148.) but are equally adapted to right angled triangles. 

1 69. Prob. I. The angles and one side of a triangle being 
given; to find, by construction, the other two sides. 

Draw the given side. From the ends of it, lay off two of 
the given angles. Extend the other sides till they intersect; 
and then measure their lengths on a scale of equal parts. 

Ex. 1. Given the side 6 32 rods, (Fig. 27.) the angle A 
56° 20', and the angle C 49° 10' ; to construct the triangle, 
and find the lengths of the sides a and c. 

Their lengths will be 25 and 27^. 

2. In a right angled triangle, (Fig. 17.)given the hypoth- 
enuse 90, and the angle A 32° 20', to find the base and per- 
pendicular. 

The length of AB will be 76, and of BC 48. 



SoineUmes the line of longitude is placed under the line of chords. 
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3. Given the side AC 68, the angle A 124% and the angle 
C 37° : to construct the triangle. 

1 70. Prob. II. Two sides and an opposite atigle being giv- 
en, to find the remaining side, and tne other two angles. 

Draw one of the given sides ; from one end of it, lay off 
the given angle ; and extend a line indefinitely for the required 
side. From the other end of the first side, with the remain- 
ing given side for radius, describe an arc cutting the indefinite 
line. The point of intersection will be the end of the requir- 
ed side. 

If the side opposite the given angle be less than the other 
given side, the case will be ambiguous. (Art. 152.) 

Ex. 1. Given the angle A 63"" 35' (Fig. £9.) the side b 32, 
and the side a 36. 

The side AB will be 36 nearly, the angle B 52"" 45^', and 
C 63« 39y. 

2. Given the anale A (Fig. 28.) 35° 20', the opposite side 
a 25, and the side o 35. 

DxfiLW the side 6 35, make the angle A 35° 20\ and extend 
AH indefinitely. From C with radius 25, describe an arc 
cutting AH in B and B'. Draw CB and CB', and two trian- 
gles will be formed, ABC, and AB'C, each corresponding 
with the conditions of the problem. 

3. Given the angle A 116°, the opposite side a 38, andthe 
side 6 26 ; to construct the triangle. 

171. Prob. III. Two sides and the included angle being 
given ; to find the other side and angles. 

Draw one of the given sides. From one end of it lay off 
the given angle, and draw the other given side. Then con- 
nect the extremities of this and the first line. 

Ex. 1. Given the angle A (Fig. 30.) 26° 14', the side 6 
78, and the side c 106 ; to find B, C,and a. 

The side a will be 50, the angle B 43° 44', and C 1 10° 2\ 

2. Given A 86°, b 65, and c 83 ; to find B, C, and a. 

172. Prob. IV. The three sides being given; to find the 
angles. 

Draw one of the sides, and from one end of it, with an ex- 
tent equal to the second side, describe an arc. From the 
other end, with an extent equal to the third side, describe a 
second arc cutting the first ; and from the point of intersec- 
tion draw the two sides; (Euc. 22. 1.) 

Ex. 1. Given AB (Fig. 31.) 78, AC 70, and BC, 54; to 
find the angles. 
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The Angles will be A 42° 22', B 60° 5^\ and C 76° 46f . 
2. Given the three sides 58, 39, and 46 ; to find the an- 

173* Any right lined figure whatever, whose sides and an- 
gles are given, may be constructed, by laying down the sides 
from a scale of equal parts, and the angles from a line of 
chords. 

Ex. Given the sides AB (Fig. 35.) =>20^BC=22, Cb=: 
30, DE=12; and the angles B=102°, 0=^.130°, D= 108°, 
to construct the figure. 

Draw the side AB=20, make the angle B=3l02^, draw 
BC=22, make 0=130°, draw CD==30, make D= 108°, 
draw D£=12, and connect E and A. 

The last line EA may be measured on the scale of equal 
parts ; and the angles E and A, by a line of chords. 
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SECTION VI. 

DlCSCRlPTIOK AND USE OF ODNTER^S SCALE. 

Art. 1 74. An expeditious raetbod of solving the prpb- 
lems in trigonometry, and making other logariSimie calcu- 
lations, in a mechanical way, has been contrived by Mr. 
Edmund Gunter. The logarithms of numbers, of sines, tan- 
gents, &c. are represented by lines. By means of these^ 
multiplication, division, the rule of three, involution, evolu- 
tion, &G. may be performed much more rapidly, than in the 
ulual method by figures. 

The logarithmic lines are generally placed on one side only 
of the scale in common use. They are, 

A line of artificial Sines divided into Rhumbs^ and mark- 
ed S. R. 
A line of artificial Tangents^ do. T. R. 
A line of the -logarithms of numbers^ Num. 
A line of artificial Sines^ to every degree^ SIN. 
A line of artificial Tangents^ do. TAN. 
A line of Versed SineSj V. S. 

To these are added a line of equal paris^ and a line of Me- 
ridional Parts^ which are not logarithmic. The latter is used 
in Navigation. 

The Line of Numbers, 

175. Portions of the line of Numbers^ are intended to rep- 
resent the logarithms of the natural series of numbers 2, 3, 4, 
5, &c. 

The logarithms of 10, 100, 1000, &c. are 1,2, 3, &c. 
(Art. 3.) 
If then, the log. of 10 be represented by a line of 1 foot ; 
the log. of 100 will be repres^d by one of 2 feet ; 
the log. of 1000 by one of 3 feet ; 

the lengths of the several lines being proportional to the cor- 
responding logarithms in the tables. Portions of a foot will 
represent the logarithms of numbers between 1 and 10 ; 

13 



98 qunter's scalc, 

and portions of a line 3 feet long, the logarithms of numbers 
between 1 and 100. 

On Gunter^s scale, the line of the logarithms of numbers 
begins at a brass pin on the left, and the divisions are num- 
bered 1, 2, 3, &c. to another pin near the middle. From this 
the numbers aie repeated, 2, 3, 4, &.c. which may be read 
20, 30, 40, &c. The logarithms of numbers between 1 and 
10 are represented by portions of the first half of the line ; 
and the logarithms of numbers between 10 and 100, by por- 
tions greater than half (he Hne, and less than the whole. . 

176. The logarithm of 1, which is 0, is denoted, not by 
any extent of line, but by a point under 1, at the commence- 
ment of the scale. The distances from this point to differ- 
ent parts of the line, represent other logarithms, of which 
thej^^re^ placed over the several divisions are the natural 
numbers. For the intervening logarithms, the intervals be- 
tween the figures, are divided into tenths, and sometimes into 
smaller portions. On the right hand half of the scale, as 
the divisions which are numbered are tens^ the subdivisions 
are units. 

Ex. 1. To take from the scale the logarithm of 3.6 ; set 
one foot of the compasses under 1 at the beginning of the 
scale, and extend the other to the 6th division after the first 
figure 3. 

2. For the logarithm of 47; extend from 1 at the begin- 
ning, to the 7th subdivision after the second figure 4.* 

177. It will be observed, that the divisions and subdivis- 
ions decrease^ from left to right ; as in the tables of loga- 
rithms^ the differences decrease. The difference between 
the logarithms of 10 and 100 is no greater, than the differ- 
ence between the logarithms of 1 and 10. 

178. The line of numbers, as it has been here explained, 
furnishes the logarithms of all numbers between 1 and 100. 

And if the indices of the logarithms be neglected, the same 
scale may answer for all numbers whatever. For the deci- 
mal part of the logarithm of any number is the same, as that 
of the number multiplied or divided by 10, 100, &c. (Art. 
14.) In logarithmic calculations, the use of the indices is to 
determine the distance of the several figures of the natural 
numbers from the place of units. (Art. 11.) But in those 
cases in which the logarithmic line is commonly used, it will 



* If the oompaM88 wiU not reftch the distance Tcquired ; first open them so 
M to tak<^ Qffhaift or <ioy part of the distance, and ihen the remaining part. 
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not generally be difficult to determine the local va^ue of the 
figures in the result. 

179. We may, therefore, consider the point under 1 at the 
leA hand, as representing the logarithm of 1, or 10, or 100 ; 
or ,',, or tJ^, &c. for the decimal part of the logarithm of 
each of these is 0. But if the first 1 is reckoned 10, all the 
succeeding numbers must also be increased in a tenfold ra- 
tio ; so as to rcad,.on the first half of the line, 20, 30, 40,'dLC. 
and on the other half, 300, 300, &.c. 

The whole extent of the losarithmic line, 
is from I to 1 00, or from 0. 1 to 1 0, 

or from 10 to 1000, or from 0.01 to 1, 

or from 100 to 10000, &c. or from 0.00 1 to 0.1, &.c. 

Different values may, on different occasions, be assigned to 
the several numbers and subdivisions marked on this line. 
But for any one calculation, the value must remain the same. 

Ex. Take from the scale oG5, 

As this number is between 10 and 1000, let the 1 at the 
beginning of the scale, be reckoned 10. Then, from this 
point to the second 3 is 300; to the Gth dividing stroke is 
60 ; and half way from this to the next stroke is 5. 

180. Multiplication, division, &c. are performed by the 
line of numbers, on the same principle, as by common loga- 
rithms. Thus, 

To multiply by this linc^ add the logarithms of the two 
factors ; (Art. 37.) that is, take off, with the compasses, that 
length of line which represents the logarithm ofdne of the 
factors, and apply this so as to extend forward from the end 
of that which represents the logarithm of the of'Acr factor. 
The sum of the two will reach to the end of the line repre- 
senting the logarithm of the product. 

Ex. Multiply 9 into 8. The extent from 1 to 8, added to 
that from 1 to 9, will be equal to the extent from 1 to 72 the 
product. 

181. To divide by the logarithmic line, subtract the loga- 
rithm of the divisor from that of the dividend ; (Art. 41.) that 
is, take off the logarithm of the divisor, and this extent set 
back from the end of the logarithm of the dividend, will reach 
to the logarithm of the quotient. 

Ex. Divide 43 by 7. The extent from I to 7, set back 
from 42, will reach to 6 the quotient. 

182. Involution is performed in logarithms, by multiplying 
the logarithm of the quantity into the index of the power 
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(Art. 45.) that is, by repeating the logarithms as many times 

as there are units in the index. To involve a quantity on the 

\ scde, then, take in the compasses the linear logarithm, and 

I double it^ treble tV, &c. according to the index of the proposed 

I power. 

Ex. !• Required the square of 9. Extend the compasses 
; from 1 to 9. Twice this extent will reach to 81 the square. 

2. Required the cube of 4. The extent from 1 to 4, re- 
peated three times^ will reach to 64 the cube of 4. 

1 83. On the other hand, to perform evolution on the scale ; 
take half^ one thirds &c. of the logarithm of the quantity, ac- 
cording to the index of the proposed root 

Ex. 1. Required the square root of 49. JHciZf the extent 
from 1 to 49, will reach from 1 to 7 the root.' 

2. Required 'the cube root of 27. One third the distance 
from 1 to 27, will extend from 1 to 3 the root. 

1 84. The Rule of Three may be performed on the scale 
in the sam<e manner as in logarithms, by adding the two mid 
die terms, and from the sum, subtracting the -first term. (Art 
52.) ^But it is more convenient in practice to begin by sub 
trading the first term from one of the others. If four quan 
tities are proportional, the quotient of the first divided by tlie 

^ second, is equal to the quotient of the third divided by the 

fourth. (Alg. 364.) 

Thus if a : 5: :c : rf, then ?=^^nd ?=*. (Alg. 380.) 

b d c d 

But in logarithms, s7i&/raofton takes the place of division ; 
so that, 

log; a --log. 6= log. c — log. d. Orlog.a— log.c=log.5 — log.^/. 

Hence, 

185. On the scale, the difference between the first and se- 
cond terms of a proportion^ ts equal to the difference between 
the third ana fourth. Or, the dinerence between the first and 
third terms, is equal to the diflferenc^ between the second 
and fourth. 

The difference between the two terms is taken, by extend- 
ing the compasses from one to the other. If the second 
term be greater than the first ; the fourth must be greater 
than the third; if less, less. (Alg. 395.*) Therefore if the 
compasses extend forward from left to rights that is, from a 

• Eue. 14* 5. 
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less number to a greater, from the first term to the second ; 
they must also extend forward from the third to the fourth. 
But if they extend backward^ from the first term to the se- 
cond f they must extend the same way, from the third to the 
fourth. 

Ex. 1. In the proportion 3 : 8: : 12 : 32, the extent from 
3 to 8, will reach from 1 2 to 32 ; Or, the extent from 3 to 
12, will reach from 8 to 32. 

2. If 54 yards of cloth cost 48 dollars, what* will 1 8 yards 

cost? 64 : 48:: 18 : i6 

The extent from 54 to 48, will reach hctckwards from 18 
to 16. 

3. If 63 gallons of wine cost 81 dollars, what will 35 gal« 
ions cost ? 63 : 81 : : 35 : 45 

The extent from 63 to 81, will reach from 35 to 45. 

The Line of Sines. 

] 86. The line on Gunter^s scale marked SIN. is a line of 
logarithmic sines, made to correspond with the line of nnm< 
bers. The whole extent of the line of numbers, (Art. 179.) 

is from 1 to 100, whose logs, are 0.00000 and 2.00000, 
or from 10 to 1000, whose logs, are 1.00000 and 3.00000, 
or from 100 to 10000, whose logs, are 2.00000 4.00000, 

the difference of the indices of the two extreme logarithms 

being in each case 2. 

Now the logarithmic sine of O'' 34' 22'' 41'" is 8.00000 
And the sine of 90° (Art. 95.) is 10.00000 

Here also the difference of the indices is 2. If then the 

Eoint directly beneath one extremity of the line of numbers, 
e marked for the sine of 0° 34' 22" 41'"; and the point be- 
neath the other extremity, for the sine of 90° ; the interval 
may furnish the intermediate sines ; the divisions on it being 
made to correspond with the decimal part of the logarithmic 
sines in the tables,* 



* To repreient the tines let$ than M 22" 41'", the scale mutt be extended 
en the left indefinitely. For, at the sine of an arc approaches to 0, its loga- 
rithm, which is negstrre, Increases without limit. (Art. 16.) 
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The first dividing stroke in the line of Sines' is generally at 
0^ 40', a little farther to the right than the beginning of the 
line of numbers. The next division is at 0° 50' ; then be- 
gins the numbering of the degrees, 1, 2, 3, 4, &c. from left 
to right. 

The Line of Tangents. 

187. The first 45 degrees on this line are numbered from 
left tp right, nearly in the same manner as on the line of 
Sines. 

' The logarithmic tangent of 0° 34' 22" 35'" is 8.00000 
And the tangent of 45^ (Art. 95.) 10.00000 

The difference of the indices being 2, 45 degrees will 
reach to the end of the line. For those above 45<* the scale 
ought to be continued much farther to the right. But as this 
would be inconvenient, the numbering of the degrees, after 
reaching 45, is carried back from right to left. The same 
dividing stroke answers for an arc and its complement^ one 
above and the other below 45°. For, (Art. 93. Propor. 9.) 

tan : R::R : cot. 

In logarithms, therefore, (Art. 184.) 

tan— R=R— cot. 

That is, the difference between the tangent and radius, is 
equal to the difference between radins and the cotangent : in 
other words, one is as much greater than the tangent of 45% 
as the other is less. In taking, then, the tangent of an arc 
greater than 45^, we are to suppose the distance between 45 
and the division marked with a given number of degrees, to 
be added to the whole line, in the same manner as if the line 
were continued out. In working proportions, extending the 
compasses back^ from a less number to a greater, must be 
considered the same as carrying them forward in other cases. 
See art. 185. 

Trigonometrical Proportions on the Scale. 

188. In working proportions in trigonometry by the scale ; 
the extent from the first term to the middle term of the same 
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name^ wiU reach from the other middle term to the fourth term^ 
(Art. 185.) 

In a trigonometrical proportion, two of the terms are the 
lengths of sides of the given triangle ; and the other two are 
tabular sines, tangents, &.c. The former afe to be taken 
from the line of numbers; the latter, from the lines of loga- 
rithmic sines and tangents. If one of the terms is a secant^ 
the calculation cannot be made on the scale, which has com- 
monly no line of secants. It must be kept in mind that ra- 
dius is equal to the sine of 90°, or to the tangent of 45^ 
(Art. 95.) Therefore, whenever radius is a term in the pro- 
portion, one foot of the compasses must be set on the end of 
the line of sines or of tangents. 

189, The following examples are taken from the propor- 
tions which have already been solved by numerical calcu- 
lation. 

Ex. 1 . In Case I, of right angled triangles, ( Artl 1 34. ex. 1.) 

R ; 45::sin32°20' : 24 

Here the third term is a sine ; the first term radius is, there- 
fore, to be considered as the sine of 90^ Then the extent 
from 90° to 32° 20' on the line of sines, will reach from 45 
to 24 on the line of numbers. As the compasses are set back 
from 90° to 32° 20' ; they must also be set back from 45. 
(Art. 185.). 

2. In the same case, if the base be made radius, (page 60.) 

R : 38 :: tan 32° 20' : 24 

Here, as the third term is a tangent^ the first term radius is 
to be considered the tangent of 45°. Then the extent from 
45° to 32° 20' on the line of tangents, will reach from 38 to 
24 on the line of numbers. 

3. If the perpendicular be made radius, (page 60.) 

R: 24::tan57°40': 38 

The extent from 45^ to 57° 40' on the line of tangents, will 
reach from 24 to 38 on the line of numbers. For the tangent 
of 57° 40' on the scale, look for its complement 32° 20'. (Art. 
1 87.) In this example, although the compasses extend back 
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from 45^ to 67° 40' ; yet, as this is from a less number to a 
greater^ they must extend forward on the line of numbers. 
(Arts. 185, lp7.) 

4. In art. 135, 35 : R: :26 : sin 48« 
The extent from 35 to 26 will reach from 90"^ to 48''. 

5. In art. 136, R : 48: : tan 27 J° : 24| 
The extent from 45"" to 271'', will reach from 48 to 24}. 

6. In art 1 50, ex. 1 . Sin 74^ 30' : 32 : : sin 56^* 20' : 27f 

For other examples, see the several cases in Sections III. 
and IV. 

190. Though the solutions in trigonometry may be effect* 
ed by the logarithmic scale, or by geometrical construction, 
as well as by arithmetical computation ; yet the latter method 
is by far the most accurate. The first is valuable principally 
for the expedition with which the calculations are made by iL 
The second is of use, in presenting the form of the triangle 
to the eye. But the accuracy which attends arithmetical op- 
erations, is not to be expected, in taking lines from a scale 
with a pair of compasses.* 

* See note G, 
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SECTION VIL' 



THE FIRST PRINCIPLES OF TRIGONOMETRICAL ANALYSIS. 



Art, 191. In the preceding sections, sines, tangents, and 
secants have been employed in calculating the sides and an* 
gles of triangles. But the use of these lines is not confined 
to this object. Important assistance is derived from them, 
in conducting many of the investigations in the higher 
branches of analysis, particularly in physical astronomy. It 
does not belong to an elementary treatise of trigonometry, 
to prosecute these inquiries to any considerabj^ extent. But 
this is the proper place (ox preparing theformulcB^ the appli- 
cations of which are to be made elsewhere. 

Positive and negative signs tn trigonometry. 

193. Before entering on a particular consideration of the 
algebraic expressions which are produced by combinations of 
the several trigonometrical lines, it will be necessary to attend 
to the positive and negative signs in the different quarters of 
the circle. The sines, tangents, &c. in the tables, are calcu- 
lated for a single quadrant only. But these are made to an- 
swer for the whole circle. For they are of the same length 
in each of the four quadrants. (Art, 90.) Some of them, 
however are positive ; while others are negative. In alge- 
braic processes, this distinction must not be neglected. 

193. For the purpose of tracing the changes of the si^ns, 
in different parts of the circle, let it be supposed that a straight 
line CT (Fig. 36.) is fixed atone end C, while the oth^r end 
is carried round, like a rod moving on a pivot ; so that the 
point S shall describe the circle ABDH. If the two diame- 
ters AD and BH be perpendicular to each other, they will 
divide the circle into quadrants. 



* Euler's Analysis of Infinites* Hutton*s Mathematics, Lacroiz's Differen- 
tial Calculus, Mansfield's Essays, Legendre's, Lacroiz's, Playfair's, CagnoU't, 
and Woodhottse's Trigonometry. 

14 
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1 4. In ihejirst quadrant AB, the sine, cosine, tangent, 
&.C. are considered all positive. In the second quadrant BD, 
the sine P'S' continues positive ; because it is still on the up- 
per side of the diameter AD, from which it is Pleasured. 
But the cosine^ which is measured from BH, becomes nega- 
tive, as soon as it changes from the right to the left of this 
line. (Alg. 507.) In the third quadrant, the sine becomes 
negative, by changing from the upper side to the under side 
of DA. The cosine continues negative, being still on the left 
of BH. In the fourth quadrant, the sine continues negative. 
But the cosine becomes positive, by passing to the right of 
BH. 

195. The signs of the tangents and secants may be derived 
from those of the sines and cosines. The relations of these 
several lines to each other must be such, that a uniform meth- 
od of calculation may extend through the different quad- 
rants. 

In the first quadrant, (Art. 93. Proper. 1.) 

T* . . . rr. RXsin 

R : cos: : tan : sm, that is, Tan= • 

cos 

The sign of the quotient is determined from the signs of 
the divisor and dividend. (Alg. 1 23.) The radius is consid- 
ered as always positive. If then the sine and cosine be both 
positive or both negative, the tangent will be positive. But 
if one of these be positive, while the other is negative, the 
tangent will be negative. 

Now by the preceding article. 

In the 2d quadrant, the sine is positive, and the cosine neg- 
ative. 

The tangent must therefore be negative. 

In the 3d quadrant, the sine and cosine are both negative. 

The tangent must therefore he positive. 

In the 4th quadrant, the sine is negative, and the cosine 
positive. 

The tangent must therefore be negative. 

196. By the 9th, 3d, and 6th proportions in Art 93. 

R> 

1. Tan : R::R : cot, thatisCot=;— • 

tan 
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Therefore, as radius is uniforinly positive, the cotangent 
must have the same sign as the tangent. 

2. Cos : R: :R : sec, that IS, Sec= 

cos 

The «6(:aii^ therefore, must have the same sign as the cosine. 

R« 

3. Sin : R: :R : cosec, that is, Cosecs=^-" 

sm 

The cosecant^ therefore, must have the same sign as the 
sine. 

The versed me, as it is measured from A, in one direction 
only, is invariably positive. 

197. The tangent AT (Fig. 36.) increases, • as the arc ex- 
tends from A towards B. See also Fig. II. Near B the in- 
crease is very rapid ; and when the difference between the 
arc and 90°, is less than any assignable quantity, the tangent 
is greater than any assignable quantity, and is said to be inji- 
nite. (Alg. 447.) If the arc is exactly 90 degrees, it has, 
strictly speaking, no tangent. For a tangent is ^ line drawn 
perpendicular to the diameter which passes through one end 
of the arc, and extended till it meets a line proceeding from 
the center through the other end. (Art. 84.) But if the arc 
is 90 degrees, as AB, (Fig. 36.) the angle ACB is a right an- 

{rle, and therefore AT is parallel to CB ; so that, if these 
ines be extended ever so far, they never can meet. Still, as 
an arc infinitely near to 90^ has a tangent infinitely great, it 
is frequently said, in concise terms, that the tangent of 90° is 
infinite. 

In the second quadrant, the tangent, is, at first, infinitely 
great, and gradually diminishes, till at D it is reduced to 
nothing. In the third quadrant it increases again, becomes 
infinite near H, and is reduced to nothing at A. 

The cotangent is inversely as the tangent. It is therefore 
nothing at B and H, (Fig. 36.) and infinite near A and D. 

198. The secant increases with the tangent, through the 
first quadrant, and becomes infiliite near B ; it then dimin- 
ishes, in the second quadrant, till at D it is equal to the radius 
CD. In the third quadrant it increases again, becomes infi- 
nite near H, after which it diminishes, till it becomes equal 
to radius. 

The cosecant decreases, as the secant increases, and v. v. 
It is therefore equal to radius at B and H, and infinite near 
A and D. 
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1 99* The $ine increases through the first quadrant, till at 
B (Fig. 36.) it is equal to radius. See also Fig. 13. It then 
diminishes, and is reduced to nothing at D. In the third quad- 
rant, it increases again, becomes equal to radius at H, and is 
reduced to nothing at A. 

The cosine decreases through the first quadrant, and is re- 
duced to nothing at B. In the second quadrant, it increases, 
till it becomes equal to radibs at D. It then diminishes again, 
is reduced to nothing at H, and afterwards increases till it be- 
comes equal to radius at A. 

In all these cases, the arc is supposed to begin at A, and to 
extend round in the direction of BDH. 

200. The me and cosine vary from nothing to radius, 
which they never exceed. The secant and cosecant are never 
less than radius*, but may be greater than anv given length. 
The tangent and cotangent have every value from nothing to 
infinity. Each of these lines, afler reaching \i% greatest limit 
begins io decrease; and as soon as it arrives at its least limit, 
begins to increase. Thus the sine begins to decrease, after 
becoming equal to radius, which is its greatest limit. But the 
secant begins to increase afler becoming equal to radius, which 
is its least limit. 

201. The substance of several of the preceding articles is 
comprised in the following tables. The first shows X\iq signs 
of the trigonometrical lines, in each of the quadrants of the 
circle. The other gives the values of these lines, at the ex- 
tremity of each quadrant. 

Quadrant 1st 2d 3d 4th 

Sine and cosecant + » + - - 

Cosine and secant ^ — . ^ 

. Tangent and cotangent ' + -* + ~ 

0° 90° 180** 270° 360° 

Sine r r 

Cosine r r r 

Tangent oc oc 

Cotangent oc « oc 

Secant r 

Cosecant cc 

Here r is put for radius, and « for infinite. 

202. By comparing these two tables, it will be seen, that 
each^of the trigonometrical lines changes from positive to ne- 
gative, or from negative to positive, in that part of the circle 



a r oc r 

r oc r oc 
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in whieh the line is either nothing or infinite. Thus the tan- 
gent changes from positive to negative, in passing from the 
first quadrant to the second, through the place where it is 
infinite. It becoilies positive again, in passing from the 
second quadrant to the third, through the point in which it is 
nothing* 

203. There can be no more than 360 degrees in any cir- 
cle. But a body may have a number of successive revolu- 
,tions in the same circle ; as the earth moves round the sun, 
nearly in the same orbit, year after year. In astronomical 
calculations, it is frequently necessary to add together parts 
of difierent revolutions. The sum may be more than 360°. 
But a body which has made more than a complete revolution 
in a circle, is only brought back to a point which it had pass- 
ed over before. So the sine, tangent, &c. of an arc great- 
er than 360°, is the same as the sine, tangent, &c. of some 
arc less than 360°. If an entire circumference, or a number 
of circumferences be added to any arc, it will terminate in 
the same point as before. So that, if C be put for a whole 
circumference, or 360°, and x be any arc whatever ; 

sin a:=8in (C+x)=:a\n (2C+ar)=sin (3C+a:), &c. 
tana:=tan(C-fa:)=tan(2C-far)=tan(3C-f^)i &c. 

204. It is evident also, that, in a number of successive rev- 
olutions, in the same circle ; 

The first quadrant must coincide with the 5th, 9th, 13th, 1 7th, 
The second, with the 6th, 10th, 14th, 18th, &c. 

The third, with the 7th, 1 1th, 15th, 19th, &c. 

The fourth, with the 8th, 12th, 16th, 20th, &c. 

205. If an arc extending in a certain direction from a given 
point, be considered positive ; an arc extending from the same 
point, in an opposite direction, is to be considered negative. 
(Alg. 507.) Thus, if the arc extending from A to S (Fig. 36.) 
be positive; an arc extending from A to S"' will be negative. 
The latter will not terminate in the same quadrant as the oth- 
er ; and the signs of the tabular lines must be accommodated 
to this circumstance. Thus the sine of AS will be positive, 
while that of AS''' will be negative. (Art. 194.) When a 
greater arc is subtracted from a less, if the latter be positive, 
the remainder must be negative. (Alg. 58, 9.) 

TRIGONOMETRICAL FORMULJE. 

206. From the view which has here been taken of the 
changes in the trigonometrical lines, it will be easy to see, in 
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what parts of the circle each of them increases or decreases. 
But this does not determine their exact values, except at the 
extremities of the several quadrants. In the analytical in- 
vestigations which are carried on by means of these lines, it 
is necessary to calculate the changes produced in them, by a 
given increase or diminution of the arcs to which they be- 
long. In this there would be no difficulty, if the sines, tan- 
gents, &.C. were proportioned to their arcs. But this is far 
from being the case. If an arc is doubled, its sine isnof ex- 
actly doubled. Neither is its tangent or secant. We have 
to inquire, then, in what manner, the sine, tangent, &c. of 
one arc may be obtained, from those of other arcs already 
known. 

The problem on which almost the whole of this branch of 
analysis depends, consists in deriving, from the sines and co- 
sines of two given arcs, expressions for the sine and cosine 
of their sum and difference. For, by addition and subtrac- 
tion, a few arcs may be so combined and varied, as to pro- 
duce others of almost every dimension. And the expres- 
sions for the tangents and secants may be deduced from those 
of the sines and cosines. 

Expressions for the sine and cosine of the sum and differ^ 

ENCE of arcs. 

207. Let a=AH, the greater of the given arcs, 
And6=HL=HD, the less. (Fig. 37.) 

Then a+^=AH+HL=AL, the sum of the two arcs, 
And a— 6=AH — HD=AD, their dj^ercncc. 

Draw the chord DL, and the radius CH, which may be 
represented by R. As DH is, by construction, equal to HL ; 
DQ is equal to QL, and therefore DL is perpendicular to 
CH. (Ef c. 3. 3.) Draw DO, HN, QP, and LM, each per- 
pendicular to AC ; and DS and QB parallel to AC: 

From the definitions of the sine and cosine, (Arts. 82, 9.) 
it is evident, that 

fofAH, that is, sina=HN, 
The sine j^!:?^ . , «!" *=?L' 



i of AL, sin(a+4)=LM, 
(^of AD, sin(a~6)=D0. 
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/of AH> that is, cosa=CN, 

The cosine ) ^^ ^^' ^^^ 6=CCl, 

me cosine K^^f^L, co8{a+6)=CM, 

Cof AD, cos(a-6)=CO. 

The triangle CHN is obviously similar to CQP ; and it is 
also similar to BLQ, because the sides of the one are per- 
pendicular to those of the other, each to each. We have, 
then. 



1. CH : CQ 

2. CH : QL 

3. CH ; CQ 

4. CH : QL 



:HN ; QP, that is, R : cos 6: Isin a : Q;P, 
:CN : BL, R : sin 6::co8a : BL, 

:CN : CP, R : cos6: :cosa : CP, 

:HN : QB, R : sin b: :sin a : QB. 



Converting each of these proportions into an equation ; 

1 Qp-- 8ip g cos 6* « CP=^^® ^ ^^* ^ 

R ' R 

2 PT -, s'"^ cosg . Q.B=®'" ^ ®'° ^ 

R ' ' R 

Then adding the first and second, 

Qp , «T _.sin a cos 6+ sin 6 cos a 

R 

Subtracting the second from the first, 

Qp_gT _sin a cos 6— sin b cos a 

R 

Subtracting the fourth from the third, 

^p _,QB=^^' ^ ^^^ 6— sin a sin 6 

R 

Adding the third and fourth, 

Qp , Qg_cos a cos ft+sin a sin 6 

R 



* In these formulc, (he sien of multiplication is omitted ; sin a cos ft being 
pat for sin a X cos h, that is, £e product of the sine of a into the cosine of b. 
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But it will be. seen, from the figure, that 

QP+BL=BM+BL=LM=8in (a+b) 
aP-BL=QP - aS=DO=sin (a-b) 
CP-QB=CP-PM=CM=co8(a+6) 
CP +QB=CP +SD =CO=co8(a-6) 

208. If then, for the first member of each of the four equa- 
tions above, we substitute its value, we shali have, 

I. .m(/.+h)= 8'" « C08 fe+8in 6 cos o 

R 

II. «;»(.,- fc) ^ 8'" a cos fe -sinfe cosa 

III. co8(a+6)=22ifL£2i^!i2JLi!L? 

TT7 ^ /^ j.\ COS a COS 6+8111 a sin b 
IV. co8(a— 0)= 1— ^ 

4 

Or, multiplying both sides by R, 

R sin (a+&)=sin a cos &+sin b cos a 
R sin (a - 6)=sin a cos 6^sin 6 cos a 
R cos (a+b) =cos a cos 6 — sin a sin b 
R cos (a — 6)=cos a cos 6 +sin a sin b 

That is, the product of radius and the sine of the mm of 
two arcs, is equal to the product of the sine of the first arc 
into the cosine of the second + the product of the sine of the 
second into the cosine of the first. 

The product of radius and the sine of the difference of two 
arcs, is equal to the product of the sine of the first arc into 
the cosine of the second — the product of the sine of the 
second into the cosine of the first. 

The product of radius and the cosine of the sum of two 
arcs, is equal to the product of the cosines of the arcs — the 
product of their sines. 

The product of radius and the cosine of the difference of 
two arcs, is equal to the product of the cosines of the arcs + 
the product of their sines. 

These four equations may be considered as fundamental 
propositions, in what is called the Arithmetic of Sines and Co- 
sines^ or Trigonometrical Analysis. 
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Expressions for the sine and cosine of a double arc. 

209. When the sine and cosine of any arc are given, it in 
easy to derive from the equations in the preceding article, ex- 
pressions for the sine and cosine ofdowle that arc. As the 
two arcs a and 6 itiay be of any dimensions, they may be sup- 
posed to be equoL Substituting, then, a for its equal 6, the 
first and the tnird of the four preceding equations will be- 
come, 

R sin {a+a)=s\n a cos a-f sin a cos a 
R cos(a+a)=cosacosa — sinasin a 

That is, writing sin* a for the square of the sine of a, and 
cos' a for the square of the cosine of a, 

L R sin 2as=2sin a cos a 
II. R cos 2asco8'a— sin'a. 

Expressions for the sine and cosine of half a given arc. 

210. The arc in the preceding equations, not being neces- 
sarily limited to any particular value, may be halfa^ as well 
as a. Substituting then \a for a, we have. 



R sin a=s2sin \a cos \a 
R cosasscos' ^Q — sin' \a 



Putting the sum of the squares of the sine and cosine equal 
to the square of radius, (Art. 94.) and inverting the members 
of the last equation, 

cos*4a-|-Bin*ia==R* 
cos' ^a — sin' |a=R cos a 

If we subtract one of these from the other, the terms con- 
taining cos' \a will disappear ; and if we add them, the terms 
containing sin' {a will disappear : therefore, 

2sin'|a=R' — Rcos a 
2cos'ia=R'+R cos a 

13 
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Dividing by '2, and extracting the root of both sides, 

I. 8inia=V^R» - jRxcos'a 

II. cosia=ViR"+iRxcos a 

Expressions for the sines and cosines o/* multiple arct. 

211. In the same manner, as expressions for the sine and 
cosine of a double arc, are derived from the equations in art 
208 ; expressions for the sines and cosines of other multiple 
arcs mav be obtained, by substituting successively Sa, 3a, 
&c. for S, or for b and a both. Thus,^ 

« 

R sin SasR sin(a+2a)=sin a cos 2a+sin 2a cos a 

f. ^R sin 4a=Rsin(a-]-3a)=sin a cos 3a+sin 3aco8a 

R sin 5iis:Rsin(a4-4a)=:sin a cos 4a-f-8in 4a cos a 

R cos 3aa=^R cos(a+2a)=cos a cos Sa — sin a sin 2a 

II. ^ R cos 4a=R cos(a-f 3a)=cos a cos Sa— sin a sin 3a 

R cos 5as=R cos(a-f4a)=cos a cos 4a— sin a sin 4a 

Expressions for the products of sines and cosines. 

212. Expressions for the products of sines and cosines may 
be obtained, by adding and subtracting the four equations in 
ftrt. 208, viz. 

Rsin(a+&)=:sinacos &+8in 6 cos a 
Rsin(a— b)=ssin acos&— sin 6cosa 
Rcos(a+6)=cosa COS&— sin a sin 6 
Rcos(a — &)scosa cosft+sin a sin b 

Adding the first and second, 

R 8in(a+6)+R sin(a— 6)=2 sin a cos 6 

Subtracting the second from the first, 

R sin(a+6) — R 8in(a— 6)=2sin 6 cos a 

Adding the third and fourth, 

Rcos(a— 6)+R cos(a+&)=2cosacos6 

Subtracting the third ffom the fourth, 

R C08(a— 6) — R cos(a+6)=28in a sin h 
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InTertiog the members of each of these equations, and di- 
viding by 2, we have, 

# 

I. sin a cos &=:|R 8in(a+&)+TR 8in(a-^ 6) 
n. sin 6 cos a=^R 8in(a+6) - ^R Bin(a— 6) 

III. cos a cos6=|Rcos(a— 6)+ jRco8(a+6) 

IV. sin a sin 6=^Rcos(a— 6)— 4Rcos(a-f 6) 

313. If 6 be taken equal to a, then a+b=s2a^ and a-^b^d^ 
the sine of which is 0, (Art. 201.) ; and the term in which this 
is u factor^ is reduced to 0. (Alg. 112.) But the cosine of 
is equal to radius, so that RxcosO=R'. Reducing, then^ 
the preceding equations, 

The first becomes sin a cos a=s|R sin 2a 
The third, cos*a=iR»+iRcos2a 

The fourth, 8in«a=iR» - ^R cos 2a 

214. K s be the xum, and d the difference of two arcs^ 
i(s+d) will be equal to the greater^ and Hs—d) to the less. 
(Art. 153.) Substituting then, in the four equations in art< 
212, 

s for a+6, ii^+d) for a 

d for a— 6, i(« — d) for 6, we have, 

I. sin J(«+d)c6s T(*'~")'=i^ (^'"^ «+sin d) 

II. sin i(« — cncos i(«+d)=|R (sin *— sin d) 
III.cosi(«+a)cos|(«— d)=iR(cosd4-cos«) 
IV. sin i{8+d) sin i(»— d)=|R (cos d— cos ») 

Or, making R=l, 

I. sin (a+5)+sin(a— 5)=2 sin a cos b 

II. sin (a+ft)— "Bin(a— 6)=2 sin 6 cos a 
IIL cos(a— 6)+cos(a+6)=2 cos a cos 6 
IV. cos(a — 6)— cos(a+6)=2 sin a sin 6 

315. If radius be taken equal to 1, the two first equations' 
in art 208, are, 

sin(a+b)=8in a cos ft+sin 6 cos a, 
8in(a— &)=ssin a cos 6 —sin 6 cos a 

Multiplying these into each other, 
8ia(a-H6) X 8in(a— 5)=sin*a cos*5 — sin«5 cos'a 
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But by art. 94, if radius is 1, 

co8^6±=l — sin'6, and co8*a=l — sin'a 

Substituting, then, for cos'b and cos'a, their values, mul- 
tiplying the factors, and reducing the terms, we have, 

sin(a+6) Xsin(a — 6)=sin^a— sin^ft 

Or, because the difference of the squares of two quantities 
is equal to the product of their sum and difference, (Alg. 
235.) 

8in(a+^) Xsin(a— 6)=(sin a+sin 6) X(sin a — sin 6) 

That is, the product of the sine of the sum of two arcs, into 
the sine of their difference ; is equal to the product of the sum 
of their sines, into the difference of their sines. 

Expressions fur the tangents of arcs, 

3!G. Expressions for tlie tangents of arcs may be derived 
from those already obtained for the sines and cosines. By 
art. 93, proportion Ist, 

R : tan::cos : sin 

That is, ?L-=«Jll, and '-|!l=!ill, and tan=?^^ 
tan sm R cos cos 

Thus tan(a+6)=?i!!f?^l). 

cos(a+6) 

If, for sin(a+?)) and cos(a4-fr) we substitute their values, as 
given in art. 208, we shall have,' 

' / , .v_ R(sin a cos b+sin h cos a) 

cos a cos 6 —sin a sin 6^ 

217. Here, the value of the tangent of the sum of two arcs 
is expressed, in terms of the sines and cosines of the arcs. To 
exchange these for terms of the tangents^ let the numerator 
and denominator of the second member of the equation be 
both divided by cos a cos h. This will not alter the value of 
the fraction. (Alg. 140.) 

The numerator^ divided by cos a cos 5, is 

R(sinacos6+sin6cosa) t> /sin a , sin h\ ^ , ^ . 

-_i ! — -i=R I + ] =£taD a+tan 6 

cos a cos Vcosa cos bl 
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And the denamincUor, divided by cos a cos 6, is 
cos a cos b^-sin a sin b sin a sin 6 tan a tanfr 

cos a cos 6 cos a cos 6 R R 

Therefore tan (a+b) ^tana+tan6 

tan a tan 6 

^- R5 

The denominator of the fraction may be cleared of the di^ 
visor R', by multiplying both the numerator and denomina- 
tor into R'. And if we proceed in a similar manner to find 
the tangent of a — b, we shall have, 

^ , , ,v R* (tan a+tan J) 

218. I. tan(a+fc)= p, .^ 4^ i/ 

V r / Rs _ tan a tan 6 

R» (tan a— tan 6) 
IL tan («+fc)= RT+i^^li5T 

If the arcs a and b are equals then substituting i a, a, 2a, 3a^ 
&c. as in Art. 210, 211. 

^ R« (2 tan 4a) 
tan a=tan (i«+i«)=R.« tan «ia 

R« (2 tan a) 
tan 2a=tan («+«)= RTTtiH^ 

R> (tan a+tan 2a) ^ 
tan 3a=tan (a+2a)= j^. „ ^^„ ^ ^^„ ^^ , etc. 

219. If we divide the first of the equations in Art 214, by 
the second ; we shall have, after rejecting iR^ from the nu- 
merator and denominator, (Alg. 140.) 

sin i (s +d) cos j {s ^d) sin g-fsin d 

sin 4 (* — d) cos J («+rf)""8in s—sind 

But the first member of this equation, (Alg. 155,) is equal to 

sin i( s+d) cos g(g —•<?) _ tan j (<+<?) R 

cos4(«+d)^8in 4(«-d)" R ^tani(«-rf)-^^'^^^^-> 

Therefore, 

sin«-f-sinrf tan 4 {s+d) 
sin s^sin d tan 4 (» —rf) 
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230. According to the notation in Art 214, 5 stands for the 
sum of two arcs, and d for their difference. But it is evident 
that arcs may be taken, whose sum shall be equal to any arc 
a, and whose difference shall be equal to any arc 6, provided 
that a be greater than 6. Substituting then, in the preceding 
equation a for «, and b for d, 

sin a+sin 6 tan i (a+b) 

sin a— sin 6 tan i (a — 6) ' 

sin a+sin 6 : sin a— sin 6: :tan i (a+b) : tan s (a— b.)}^ 

That is, The sum of the sines of two arcs or angles^ is to the 
difference of those sines; as the tangentofJudfthe sum of the 
arcs or angles^ to the tangent of hcdf their difference. 

By Art 143, the sides of triangles are as the sines of their 
opposite angles. It follows, therefore, from the preceding 
proposition, (Alg. 389.) that the sum of any two sides of a 
triangle, is to their difference ; as the tangent of half the sum 
of the opposite angles, to the tangent of half their difference. 

This IS the second theorem applied to the solution of ob- 
lique angled triangles, which was geometrically demonstrated 
in Art 144. 

Expressions for the cotangents may be obtained by putting 

-,. . ,, R* R«-tanatad6 ,. 

Thus cot(a+6)=^-^;^^^q:g^^ tana+tan -X- (^ ^iS.) 

R» R» 

Substituting --r- for tan a, and —rr for tan 6, 

R« R« 

R" r-x— ri 

. / .IV cot a coto 

^^^ ^^ — R' R' 

cot a"*" cot 6 

Multiplying both the numerator and denominator by cot a 
cot 6, dividing by R' , and proceeding in the same manner, 
for cot (a— 6) we have, 

cot a c ot ft— R* 
I. oot(a+6)= cot6+cot^ 



TRiaOirOMETillCAL ANALVStS. 119 

II. cot(a-5)=?2l£?2i^±?:! 

' cotft-cota • 

320. 6. By comparing the expressions for the sines, and 
cosines, with those for the tangents and cotangents, a great 
variety of formulae may be obtained. Thus the tangent of 
the sum or the difference of two arcs, may be expressed io 
terms of the cotangent 

Patting radius =1, we have (Arts. 93, 930.) 

T ^ , , tv 1 cot6+cota 

I. tan ia^o)^ ; — r-rr^' ' — r 

^ cot (a+6) cot a cot 6 --1 

TT ^ / r\ I cot 6— cot a 

II. tan (a— 6)== ; — —=» =-— ^ 

cot (a— 6) cot a cot 6+ 1 
By art. 208, 

sin (g+fe)— sin a cos ft+sio ^ cos a 
sin (a— 6) sin a cos 6^sin 6 cos a 

Dividing the last member of the equation, in the first place 
by cos a cos 6, as in art. 21 7^ and then by sin a sin 0, we 
have 

sin (g+h) ^ tan a+t an6_^ cot6+cota 
sin (a— 6) tana— tan 6 cot 6— cot a 

In a similar manner, dividing the expressions for the co- 
sines, in the first place by sin h cos a, and then by sin a cos 6, 
we obtain 

cos (a+6)_cot6--tan a__cota— tanft 
cos (a— 6) cotft+tana cota+tanfr 

Dividing the numerator and denominator of the expres- 
sion for the tangent of a, (Art 218.) by tan \a^ we have 

tana= 



cot |a — tan da 



These formulae may be multiplied almost indefinitely, by 
combining the expressions for the sines, tangents, (&c. The 
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following are put down without demonstrations, for the exer- 
cise of the student. 



tan ia=scolia-~2 cot a. tan ia^. 



tan 3a= 



sma 



sin a 



1 +cosa 
_ 2 tan ia 



cos a 



1 +tan» ia 

_cot ia— tania 
cot ia+tan ia 



sm a= 



1 



cot ia — cot a 



1 ^cosa 



tan" ia=^ 



sina 



1 —cos a 



cos a 



8inc^= 



1 +COS a 

1— tan'ia 
l+tan*ia 

2 



sin a 



cot ia+tan ia 

1 
cot a+tan ia 



Expression for the area of a triangle, in terms of the sides. 

221. Let the sides of the triangle ABC (Fig. 23.) be ex- 
pressed by a, 6, and c, the perpendicular CD by p, the seg- 
ment AD by ^, and the area by S. 

Then a^—b^+C — 2crf, (Euc. 13. 2.) 

Transposing and dividing by 2c ; 

f>'+c'-a'. Therefore d' Jb'+c'-a')\ (Alg. 223.) 

Qg* A/»8 



da 



2c 



4c' 



By Euc. 47. l,p'=rb* -d' =6» _(b»+c'-a')> 

4c* 



Reducing the fraction, (Alg. 150.) and extracting the root 
of both sides. 
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^ 2c * 

This gives the length of the perpendicular^ in terms of the 
sides of the triangle. But the area is equal to the product 
of the base into half the perpendicular height. (Alg. 518.) 
that is, 

* 

Here we have an expression for the area, in terms of the 
sides. But this may oe reduced to a form much better 
adapted to arithmetical computation. It will be seen, that 
the quantities 46 *c", and (6*+c*— a*)* are both iquares; 
and that the whole expression under the radical sign is the 
difference of these squares. But the difference of two squares 
is equal to the product of the sum and difference of their 
roots. (Alg. 235.) Therefore 4ft«c» — (6« +c« - a« )• may be 
resolved into the two factors, 

< 25c+(6«+c« -a*) which is equal to (6+c)«— a* 
(26c— (6* +c* — a») which is equal to a«— (6— c)* 

Each of these also, as will be seen in the expressions on 
the right, is the difference of two squares ; and may, on the 
same principle, be resolved into factors, so that. 



\ 



(6+c)«— a«=(6+c+a)X(6+c-a) 
a» — (6— c)» =(a+6 - c) x (a-6+c) 



Substituting, then, these four factors, in the place of the 
quantity which has been resolved into them, we have, 

S=i\/(6+c+a)x(6+c-a)x(a+6-c)x(a-6+c) 

* The expression for Uie perpendicular is the same, when one of the angles 
is ohtusCi as in Fig. 24. Let AD = d. 



Thena« =6" +c* +2cd. (Euc. 1 2. 2.) And d 



^ — 6^— c«+g^ 
2c 



Therefored^ ^(■6^--c»+a^)^^(6»+c« --a')' (^, ^19.) 



4c» A& 



A J V'46'c«-(6«+c»— aM" u 
And p= — — ii-JZIr — z-i- as above. 

^ 2c 



16 
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Here it will be observed, thai all the three sides, a, b, and 
c, are in each of these factors. 

Let h=i{a+b+c) half the sum of the sides. Then 

S=v'Ax(A-a)X(A-6)x(A-c) 

232. For finding the area of a triangle, then, when the 
three sides are given, we have this general rule ; 

From half the sum of the sides^ subtract each side several- 
ly ; multiply together the half sum and the three remainders ; 
and extract the square root of the product. 
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SECTION VIII. 



COMPUTATION OF THE CANON. 



Art. 233. The trigonometrical canon is a set of tables 
containing the sines, cosines, tangents, &c. to every degree 
and minute of the quadrant In the computation 6( these 
tables, it is common to find, in the first place, the sine and 
cosine of one minute ; and then, by successive additions and 
multiplications, the sines, cosines, &c. of the larger arcs. 
For this purpose, it will be proper to begin with an arc, 
whose sine or cosine is a known portion of the radius. The 
cosine of 60° is equal to haif radius. (Art. 96. Cor.) A formula 
has been given, (Art 210.) by which, when the cosine of an 
arc IS known, the cosine of halfih^i arc may be obtained. 

By successive bisections of 60°, we have the arcs 

16° 

7° 30' 

3°45' 

1° 52' 30" 

0° 56' 15" 

By formula II, art 210, 

cosia=^/iR«+iRxcosa 
If the radius be 1, and if a=?60°, 6=30°, c=15°, &c. ; then 

cos 5=cos ia= Vi + i X i =0.8660254 
cos c=cos i6=^/i+icos 6=0.9659258 
cosrf=cosic=v'J+icos c=0.9914449 
cos e=cos W= v'r+icosd=0.9978589 



4 3 


45 


7 1 


52 30 


3 30 


5% 15 


1 45 


28 7 30 


0' 52" 


44'" 3"" 45'"" 
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Proceeding in this manner, by repeated extractions of the 
square root, we shall find the cosine of 

0° 0' 62" 44'" 3"" 45'"" to be 0.9999999G732 



And the sine (Art. 94.)=Vl -cos»=:0.00025566346 

This, however, does not give the sine o(one minute exact- 
ly; The arc is a little less than a minnte. But the ratio of 
very small arcs to each other, is so nearly equal to the ratio 
of their sines, that one n)ay be taken for the other, without 
sensible error. Now the circumference of a circle is divided 
into 21600 parts, for the arc of T ; and into 24576, for the 
arc of 0° 0' 52" 44'" 3'"' 45""' 

Therefore, 
21600 : 24576: -.0.00025566346 : 0.0002908882, 
which is the sine of 1 minute very nearly.* 

And the cosine =\/l— sin* =0.9999999577. 

224. Having computed the sine and cosine of one minute, 
we may proceed, in a contrary order, to find the sines and 
cosines of larger arcs. 

Making radius al, and adding the two first equations in 
art 208, we have 

8in(a+6)+sin(a— 6)=2sin a cos 6 

Adding the third and fourth, 
cos(a+6)+cos(a— 6)=2cos a cos b 
Transposing 8in(a— 6) and cos(a— 6) 

I. 8in(a+fc)=28in a cos 6— 8in(a— 6) 
II. cos(a+i)=2cosacos6--cos(a— 5) 

If we put 5=1', and a=l', 2', 3', &c. successively, we 
shall have expressions for the sines and cosines of a series of 
arcs increasing regularly by one minute. Thus, 



* See note H. 
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siD(l'+l')=2 sin I'Xcos 1'— 8in0= 0.0005817764, 

sin (2'+l')=2 sin 2'Xcos I'-sin r=0.0008726645, 

sin (3'+ 1')=2 sin 3' Xcos 1 - 'sin 2'=0.001 1635526, 

&c. &c. 

cos(r+l')=2co8 I'Xcos r-cosO =0.9999998308 

cos(2'+l')=2cos2'Xco8l'— cosl'=0.9999996192 

co8(3'+r)=2cos3'X cos r-cos2'=0.9999993230 

&c. &c. 

The constant multiplier here, cos V is 0.9999999577, which 
is equal to J - 0.0000000423. 

225. Calculating, in this manner, the sines and cosines 
from 1 minute up to 30 degrees, we shall have alsTo the sines 
and cosines from 60° to 90°. For the sines of arcs between 
0° and 30°, are the cosines of arcs between 60° and 90°. And 
the cosines of arcs between 0° and 30°, are the sines of arcs 
between 60° and 90°. (Art 104.) 

226. For the interval between 30° and 60°, the sines and 
cosines may be obtained by subtraction merely. As twice 
the sine of 30° is equal to radius (Art. 96.) ; by making a= 
30°, the equation marked I, in Article 224 will become 

sin (30°+6)=cos6— sin (30°— 6.). 

And putting 6=1', 2', 3', &c. successively, 

sin (30° r)=cos 1'- sin (29° 59') 
(30°2')=cos 2'— sin (29° 58') 
(30° 3')==cos 3'- sin (29° 57') 
&c. &c. 

If the sines be calculated from 30^ to 60°, the cosines will 
also be obtained. For the sines of arcs between 30° and 45°, 
are the cosines of arcs between 45° and 60°. And the sines 
of arcs between 45° and 60°, are the cosines of arcs between 
30° and 45°.* (Art 96.) 

227. By the methods which have here been explained, the 
natural sines and cosines are found. 

The logarithms of these, 10 being in each instance added 
to the index, will be the artificial sines and cosines by which 
trigonometrical calculations are commonly made. (Arts. 
102, 3.) 

228. The tangents^ cotangents^ secants^ and cosecants, are 
easily derived from the sines and cosines. By Art. 93, 

* See note I. 
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R : cos: :tan : sin cos : R: :R : sec 

R : sin: :cot : cos sin : R: :R : cosec 

Therefore, 

Rxsin ^^ R» 

The tangent=— -— - The secantea-— 
o cos cos 

RXcos R* 

The cotangent= — r- — The cosecant=-j-: 
^ sm sin 

Or if the computations are made by logarithms^ 

The tangents: 1 0+sin - cos, The secant =20 — cos. 
The cotangent= 10+GOs *-8in, The cosecant =20— sin. 
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PARTICULAR SOLUTIONS OP TRIANGLES.* 

Art. 231. Any triangle whatever moy be solved, by the 
theorems in Sections IIL IV. But there are other methods, 
by which, in certain circumstances, the calculations are ren- 
dered more expeditious, or more accurate results are ob« 
tained. 

The differences in the sines of angles near 90^, and in the 
cosines of angles near 0°, are so small as to {eave an uncer- 
tainty of several seconds in the result. The solutions should 
be varied, so as to avoid finding a very small angle by its co« 
sine, or one near 90^ by its sine. 

The differences in the logarithmic tangents and cotangents 
are least at 4^% and increase towards each extremity of the 
quadrant. In no part of it, however, are they very small. In 
the tables which are carried to 7 places of decimals, the least 
difference for one second is 42. Any angle may be found 
within one second, by its tangent, if tables are used which are 
calculated to seconds. 

But the differences in the logarithmic sines and tangents, 
within a few minutes of the beginning of the quadrant, and in 
cosines and tangents within a Tew minutes of 90°, though they 
are very large, are too unequal to allow of an exact determin- 
ation of their corresponding angles, by taking proportional 
IToris of the differences. Very small angles may be accurate- 
y found, from their sines and tangents, by the rules given in 
a note at the end.t 

232. The following formulae may be applied to right angled 
triangles, to obtain accurate results, by finding the sine or tan- 
gent of hcif an arc, instead of the whole. 

In the triangle ABC (Fig. 20, PI. II.) making AC radius, 

AC : AB::i :CosA. 

By conversion, (Alg. 389, 5.) 
AC : AC-AB::l : l-CosA. 

* SiHi«m*8, Woodhouse'fl^ and Cagnoli's Trigonometry. t See note K. 
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Therefore, 

AC-AB^j -cos A=2sin''iA. (Art. 210.) 
AC . ^ ' 

Again, from the first proportion, adding and subtracting 
terms, (Alg. 389, 7.) 

AC+ AB : AC- AB ! : 1 +cos A : 1 -cos A. 

Therefore, 

AC-AB^l-cosA ^^^^ ^ (Page 120.) 
AC+AB 1+cosA ^ ^ ^ ^ 

Or, 



^AC+AB/ 



233. Sometimes, instead of having two parts of a right an- 
gled triangle given, in addition to the right angle ; we have 
only one of the parts, and the sum or difference of two others. 
In such cases, solutions may be obtained by the following 
proportions. 

By the preceding formulas, and Arts. 140, 141, 

'•""■""^^ 

^ 2. BC>=(AC-AB) (AC+AB) 

Multiplying these together, and extracting the root, we 
have, 

TaniAxBC=AC-AB 

Therefore, 

I. TaniA: l::AC-AB :BC 

That is, the tangent of half of one of the acute angles, is to 
1, as the difference between the hypothenuse and the side at 
the angle, to the other side. 

If, instead of multiplying, we divide the first equation above 
by the second, we have 

Tan jA _ 1 

BC AC+AB 
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Therefore, 

II. 1 : tanjA::AC+AB : BC 

Again, in the triangle ABC, Fig. 20, 

AB : BC : l::tan A 

Therefore, 

AB+BC : AB--BC::i+tanA : 1-tan A 

Or, 

AB+BC : AB -BC : : 1 : ^^^*^^ 

^+ton A 

By art. 218, one of the arcs being A, and the other 45% the 
tangent of which is equal to radius, we have^ 

Tan (45°-A)=-Lzl?!^ 

1 +tan A 

Therefore, 

III. 1 : tan (45°- A): : AB+BC : AB-BC. 

That is, unity is to the tangent of the difference between 
45° and one of the acute angles ; as the sum of the perpen- 
dicular sides is to their difference. 

Ex. 1. In a riffht angled triangle, if the difference of the 
hypothenuse and base be 64 fee^ and the angle at the base 
33f °, what is the length of the perpendicular ? 

Ans. 211. 

2. If the sum of the hypothenuse and base be 1853, and 
the angle at the base 37° ; what is the perpendicular ? 

Ans. 620. 

3. Given the sum of the base and perpendicular 128,4^ and 
the angle at the base 41|°, to find the sides. 

1 : tan(45°— 41 i°):: 128.4 : 8.4, 
the diffei^ence of the base and perpendicular. Ha)f the dif- 
ference added to, and subtracted from, the half sum, gives 
the base 68.4, and the perpendicular 60. 

4. Given the sum of the hypothenuse and perpendiculafr 
83, and the angle at the perpendicular 40°, to find the base. 

5. Given the difference of the hypothenuse and perpendic- 
ular 16.5, and the angle at the perpendicular 37^°, to find 
the base. 

6. Given the difference of the base and perpendicular 35, 
and the angle at the perpendicular 27|°, to find the sidesL 

17 
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234. The following solutions may be applied to the third 
and fourth eases of oblique angled triangles ; in one of which, 
two sides and the included angle are given, and in the other, 
the three sides. See pages 87 and 88< 

Case III. 

In astronomical calculations, it is frequently the case, that 
two sides of a triangle are given by their logarithms. By 
the following proposition, the necessity of finding the corres- 
ponding natural numbers is avoided. 

Theorem A. In any plane, triangle^ of the two sides which 
include a given angle, the less is to the greater ; as radius to 
, the tangent of an angle greater than 45° : 

And radius is to the tangent of the excess of this angle above 
46° ; as the tangent of half the sum of the opposite angles, to 
the tangent of half their d^erence. 

In Iho triawgle ABC, (Fig. 39.) let the sides AC and AB, 
and the angle A be given. Through A draw DH perpen- 
dicular to AC. Make AD and AF each equal to AC, and 
AH equal to AB. And let HG be perpendicular to a line 
drawn from C through F. 

Then AC : AB: :R : tan ACH 
AndR ; tan(ACH-45°): :tani(ACB+B) : tan4(ACB-B) 

Demonstration* 

In the right angled triangle ACD, as the acute angles are 
subtended by the equal sides AC and AD, each is 45°. For 
the same reason, the acute angles in the triangle CAF are 
each 45°. Therefore, the angle DCF is a right angle, the 
angles QFH and 6HF are each 45°, and the line GH is equal 
to GF and parallel to DC. 

In the triangle ACH, if AC be radius, AH whieh is equal 
to AB will be the tangent of ACH. Therefore,^ 

AC : AB : : R : tan ACH. 

In the triangle CGH, if CG be radius, GH which is equaF 
to FG will be the tangent of HCG. Therefore, 

R : tan (ACH-45^)::CG : FG. 
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And, as GH and DC are parallel, (Euc. 2. 6.) 

C(J:FG::DH:FH. 

But DH is, by construction, equal to the stim^ and FH to 
the difference of AC and AB. And by theorem II, (Art. 1 44.) 
the sum of the sides is to their difference ; as the tangent of 
half the sum of the opposite angles, to the tangent of half 
their difference. Therefore, 

R ; tan(ACH-45°)::tani(ACB+B) : tani(ACB^B) 

Ex. In the triangle ABC, (Fig. 30.) given the angle A = 
^G"" 14', the side AC=x39, and the side AB=63. 

AC 39 1.5910646 R 10. 

AB 53 1.7242759 Tan 8° 39' 9" 9.1823381 

R 10. Tan i(B+C)76°53' 10.6326181 



Tan 53° 39' 9" 10.1.3321 13 Tani(B^C)33°8'50" 9.8149562 



The same result is obtained here, as by theorem II, p. 75. 

To find the required side in this third case, by the theo- 
rems in section IV, it is necessary to find, in the first place, 
an angle opposite one of the given sides. But the required 
side may be obtained, in a different way, by the following 
proposition. 

Theorem B. In aplane triangle^ twice the product of any 
two sides^ is to the difference between the sum of the squares of 
those sidesy and the square of the third side^ as radius to the 
cosine of the angle included between the two sides. 

In the triangle ABC, (Fig. 23.) whose sides are a, &, and c« 

26c : 6»+c>-a«::R : cos A 

F6r in the right angled triangle ACD, 6 : d; : R : cos A 
Multiplying by 2c, 26c : 2rfc : : R : cos A 

But, by Euclid 1 3. 2, 2dcs=63 +c^ —a'^ 

Therefore, 26c : 6« +c^ - a« : : R : cos A. 

The demonstration is the same, when the angle A is obtuse^ 
as in the triangle ABC, (Fig. 24.) except that a" is greater 
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than 6'+^' ; (Euc. 12. 2.) so that the cosine of A is neg^-^ 
• tive. See art. 1 94. 

From this theorem are derived expressions, both for the 
gidei of a triangle, and for the cosines of the angles. Coo- 
verting the last proportion into an equation, and proceeding 
in the same manner with the other $ides and angles, we tiaye 
the following expressions \ 



r 



For the angles. 



CosA=Rx 



^ CosB=Rx: 



26c 



For the sides. 
"^ y^j.ji I * 26c cos A\ 



2ac 
CosC=Rx^!±*lf£-' 



-ib^V (a= 



+c»- 



3acco8 B 



) 



R 

// . 1 r. 2a6cc»C\ 



These formulee are useful, in many trigonometrical inves- 
tigations ; but are not well adapted to logarithmic computa- 
tion. 

Case IV. 

When the three tides of a triangle are given, the angles 
may be found, by either of the following theorems ; in which 
41, 6, and c are the sides^ A, B, and C, the opposite angles^ 
^nd A=half the sum of the sides. 



r 



2R 



Sin A=— ^/A(A^a)(A-6XA"-c> 



be 
2R 



Theorem C. ^ ^'" »=- v/A(A-a)(A-6)(A-c) 

^. ^ 2R . . . 



Sin C=i-y\/A(A-£i)(A-6)(A-c) 



V 



The quantities under the radical sign are the same in all 
^he equations. 

In the triangle ACD, (Fig, 23.) 
R : 6 : :sin A : />. Therefore, sin A x6=R Xp. 

But p= ^'~ ^' (^'■^' 22'' P- ^21.) 
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This, by the reductions in page 123, becomes 



P= 



2c 



Substituting this value of p, and reducing, 



2R 



Sin A=T-v^A(A-a)(yi-fr)(A^ 



The arithmetical calculations may be made, by adding the 
logarithms of the factors under the radical sign, dividing the 
sum by 2, and to the quotient, adding the logarithms of radi- 
us and 2, and the arithmetical complements of the logarithms 
of b and c. (Arts. 39, 47, 59.) 

Ex. Given a=134, 6=108, and c=80,to find A, B,and C. 



^X2 



For the angle A. 

h 161 log. 2.2068269 

h—a 27 log. 1.431S688 

h^b 63 log. 1.7242769 

ft^e 01 log. 1.9984860 

2)7.2709566 

•8.6864763 

log: 10.8010800 

18.9366063 
ft 108 a. c. 7.9666762 
c 80 a. c. 8.096910Q 



* For the angle B. 

13.9366063 
a 184 a. c. 7.8728962 
c 80 a.c. 8.0969100 



SinB. 
B=68<'42'9'' 



9.9068105 

'■' * • ^ 



For the angle C. 

18.9866063 
a 184 a. c. 7.8728962 
6 108 a.c. 7.9666762 



Sin A. 9.9999915 

A=89^88^31't 



Sin C. 9.7759767 

Cr=86O39'20» 



fc: 



Theorem D. J 



Sin U=R>/ 
Sin iB=Rv' 



(A-6)(A-c) 

be 
(A ^ a){h^c) 

ac 

(A-a)(A-5) 



Sin iC=Rv'^^ ^ 



By Art. 210, 2Sin«iA=R»-RXcos A. 
Substituting for cos A, its value, as given in psrge f 5?, 



2Sin«iA=R«-R»X 



26c 



* T^ia if the logarithm of the ar^a of the triangle. (Art. 222.) 
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2&C 



ButR«=R«X25^. ^^m^x 



4«4.c»-.a« 



=R>X 



fl«-6«-c« 



Therefore 2Sin«iA=R* X 



26c -*" '^ 26c 
2ic+a*— 5>— c* 



26c 



But26c+a«-6»-c«=a«-(6-c)>=(a+6-c)(a-.6+c) 
(Alg. 236.) / V -r A -r ; 

Putting then A=i (a+6+c), reducing, and extracting ; 



Sin 






Ex. Given a, 6, and c, as before, to find A and B. 



For the angle A. 

h-^b 68 1.7242759 

ft— C 81 1.9084850 

b 108 a. c. 7.9665762 

e 80 «. c. 8.0969100 



For the angle B. 

h—a 27 1.4S136S8 

h-^e 81 1.9064850 

a 184 a. c. 7^28952 

e 80 a^ c. 8.0969100 



SinJA 



2)19.6962471 
9.8481285 



2)19.8096540 
Sin iB 9.6548270 



81" 



B=68^42' 9" 



Thborsm E. J 



Cos iA=R^^^> 

Cos iB=Rv'^fc^^ 

ac 

Cos iC=Rv^ \f^ ^ 



By Art. 210, 2€o8^jAs=:R«+Rxcos A. 

Substituting and reducing, as in the demonstration of the 

last theorem, 

. ^ 26c+6«+c«— a« ^ (6+c+a)(6+c-a) 
2Cos-iA=R> X 25^ =R' X^ ^^ 

Putting A=i (a+6+c), reducing and extracting, 

, _ h{h-a) 
Cos dA=Il\/ \. 

Ex. Given the sides 134, 108, 80; to find B and C. 
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For the angle B. 

h 161 2.2068259 

A — & 63 1.7242769 

a 184 ft. c. 7.8728952 

c 80 a. c. 8.0969100 



For the angle C. 

h 161 2.3068209 

A—c 81 1.9084660 

a 134 a. c. 7.8728952 

h 108 ft. e. 7.9666762 



CoBjB 



2)19.9009070 
9.9504535 



CoslC 



2)19.9547828 
9.9773911 



B«»6S«42'9" 



G»xS6O69'20" 



'Tan iA=Ri/^*zMz£) 

A(A-a) 

Theorem F. < Tan iB^R^^±I^^^ 

Tan iC=Rv^(*;;?K*Z^ 

A(A - e) 

The tangent is equal to the product of radius and the sine, 
divided by the cosine. (Art. 216.) By the last two theorems, 
then. 

Tan }A- ^''" *A _j^,^ /A-fe)(A>-c) . j^^yh(h^a) 
cos ia be • be 

That is, tan iA=R^/^i^W^ 

h{h—a) 

Ex. Given the sides as before, to find A and C. 

For the angle C. 

A— tf 27 1.4^18688 

h^b 63 1.7242759 



For the angle A. 

h—b 68 1.7242759 

A— £ 8i 1.9084860 

A— a 27 ft. c 8.5686362 

h 161 ft. c. 7.7981741 



A— c 81 ft. c. 8.0915160 
h 161 ft. c. 7.7981741 



TftDJlA 



2)19.9946712 
9.9972856 



TanlC 



2)19.0403288 
9.5201644 



Aa>89<' SS' 81" 



C=-860 89^ 20" 



The three last theorems give the angle required, without 
ambiguity. For the *half of any angle must be less than 90^ 

Of these different methods of solution, each has its advan- 
tages in particular cases. It is expedient to find an angle, 
sometimes by its sine, sometimes by its cosine, and some- 
times by its tangent. 

By the first of the four preceding theorems marked C, D, 
E, and F, the calculation is made for the sine of the whole an- 
gle V by the others, for the me, eosinej or tangent, of half the 
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angle. For finding an angle near 90^, each of the three last 
theorems is preferable to the first. In the example above, A 
would have been uncertain to several seconds, by theorem C, 
if the other two angles had not been determined also. 

But for a very small angle, the first method has an advan- 
tage over the others. The third, by which the calculation is 
made for the cosine of half the required angle, is in .this case 
the most defective of the four. The second will not answer 
well for an angle which is almost 180^ For the half o( ibis 
is almost 90^ ; and near 90^^ the differences of the sines are 
very small 
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Note A. Page 1. 

The name Logarithm is from Xo}^, ratio^nnddgiBiMg^nunAer. 
Considering the ratio of a to 1 as a sitmle ratio, that of a' 
to 1 is a duplicate ratio, of a* to 1 ^tripUcaie ratio, &.c« (Alg. 
354.) Here the exponents or logarithms 3, 3, 4, &c. show 
how many times the simple ratio is repeated as a factor^ to 
form the compound ratio. Thus the ratio of 100 to 1, is 
the square of the ratio of 10 tp 1 ; the ratio of 1000 to 1, is 
the cube pf the ratio of 10 to 1, &c. On this account, loga- 
rithms are called the measures of ratios; that is, of the ra- 
tios which different numbers bear to unity. See the Intro- 
duction to Hutton^s Tables, and Mercatpr^s Logarithmo- 
Technia, in Maseres^ Scriptores LogarithmicL 

Note B* p. 4. 

If 1 be added to — .0969 1 « it becomes 1 — .0969 1 , which is 
equal to +-90309. The decimal is here rendered positive, 
by subtracting the figures from 1 • But it is made 1 too great 
This is compensated, by adding — 1 to the integral part of 
the logarithm. So that *-2— .09691 = - 3+.90309. 

In the same manner, the decimal part of any losarithm 
which is wholly negative, may be rendered positive, by sub- 
tracting it frpm 1, and adding — 1 to the index. The sub- 
traction is most easily performed, by taking the right hand 
significant figtire from 10, and each of the other figures from 
9. (Art. 55.) 

On the other hand, if the index of a logarithm be negative, 
while the decimal part is positive ; the whole may be render- 
ed negative, by subtracting the decimal part from 1, and 
— 1 from the index. ^ 
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Note C. p. 7. 



'It is common to define logarithms to be a series of num- 
bers in arithmetical progression, corresponding with another 
series in geometrical progression. This is calculated to per- 
plex the learner, when, upon opening the tables, he finds that 
the natural numbers, as they stand there, instead of being in 
geometrical^ are in arithmetical progression ; and that the log- 
arithms are not in arithmetical progression. 

It is true, that a geometrical series may be obtained, by 
takine out, here and there, a few of the natural numbers ; 
and £at the logarithms of these will form an arithmetical se- 
ries. But the definition is not applicable to the whole of the 
numbers and logarithms, as they stand in the tables. 

The supposition that positive and negative numbers have 
the same series of logarithms, (p. 7.) is attended with some 
theoretical difliculties. But these do not affect the practical 
rules for calculating by logarithms. 



Note D. p. 43. 

To revert a series, of the form 

:rs=:aii+6ii" +cn'-J-dn*+e»* +, &c. 

that IS, to find the value of n, in terms of :r, a$$vme a series, 
with indeterminate co-efl5icients, (Alg. 490. 6.) 

Let ii=Ax+Bx*+Ca:»+Da:V+Ea:«+, &c. 

Finding the powers of this value of n, by multiplying the 
series into itself, and arranging the several terms according 
to the powers of x ; we have 

n«=A3a:«+2ABj:3+2AC) .+2BC ) ,. „ 

+ B«r +2Ad5^'+'*^^- 

A«x»+3A>Ba:« +3A>C^ , , « 

+3AB«r*+'^^- 

n«= A*x« +4A*Bx*4-, &c. 

ii*= * A»ic»4-, (fee. 



n'= 



NOTBS. 



1S9 



Substituting these values, for n and its powers, in the first 
series above, we have 



faAx+dB} ^+aC '] + 



x=^ 



«C* +2ftABU»+ 25AC + 26BC 
^ 4. cA»J + 6B« W*+ 26AD | 



+ 3cA«B +ScA«C >«» 
+ dA* J +3cAB« 

+4rfA'B 
+ cA» 



Transposing 1:, and making the co-efficients of the several 
powers of x each equal to 0, we have 

aA-l=0, 

aB+6A«=0, 

aC+26AB+cA»=0, 

aD+26AC+6B«+3cA>B+rfA*=0, 

aE+26BC+26AD+3cA«C+3cAB«+4iiA«B+«A*=:0. 



And reducing the equations, 



A=l 



a' 
26*— ac 



C = 



a' 



1^ ^_ 5b^—5abc+a»d 



These are the values of the co-efficients A, B, C, Ac. in 

the assumed series 

n= Ax+Bx« +Cx*+Dx^ +E«» +, &c 

Applying these results to the logarithmic series ; (Art 
66. p. 43.) 
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in which 

we have, in the inverted series 
n^Ax+Bx* +Cx*+Dx* +Ex* +, &c 

A=i=l D=. ^ 



« 2.3.4 



2.3 2.3.4.5 

Therefore, 

2 2.3 2.3.4 2.3.4.6 

Note E* p. 60. 

According to the scheme lately introduced into France, of 
dividing the denominations of weights, measures, &c. into 
tenths, hundredths, &c. the fourth part of a circle is divided 
into 100 degrees, a degree into 100 minutes, a minute into 
100 seconds, &c. The whole circle contains 400 of these 
degrees ; a plane triangle 200. If a right angle be taken 
for the measuring unit ; degrees, minutes and seconds, may 
be written as decimal fractions. Thus 36^ 5' 49" is 0.360549. 

ip° =9° 
According to the French division ^ 1(>0'=54' S> EfaglisL 

1000"=324" 

Note FJ p. 82. 

If the perpendicular be drawn from the angle opposite the 
longest side, it will always fall within the triangle ; because 
the other twb angles must, of course, be acute. But if one 
of the angles at the base be obtuse^ the perpendicular will fall 
triihumi iim triahffle, as CP, (Fi|[. 38.) 

In this case, the side on which the perpendicular falls, is 
to the sum of the other two ; as the difference of the latter, 
to the sum of the segiMnts made by the perpendicular. 
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The demonstration is the same, as in the other case, ex- 
cept that AH=BP+PA, instead of BP - PA. 

Thus in the circle BDHL (Fig. 38.) of which C is the cen- 
ter, 

AB X AH= AL X AD ; therefore AB : AD : : AL : : AH. 

But AD=CD+CA=CB+CA 
And AL=CL-CA=CB-CA 
And AH=HP+PA=BP+PA. 

Therefore 
AB : CB+CA: :CB- CA : BP+PA 

When the three sides are given, it may be known whether 
one of the angles is obtuse. For any angle of a triangle is 
obtuse or acute, according as the square of the side subtend- 
ing the angle is greener, or ks8^ than the sum of the squares of 
the sides containing the angle. (Euc. 12, 13. 2.) 

Note G. p. 104. 

Gunter^s Sliding Rule^ is constructed upon the same prin- 
ciple as his scale, with the addition of a slider, which is so 
coDtrived as to answer the purpose of a pair of compasses, in 
working proportions, multiplying, dividing, &c. The lines on 
the Jixed part are the same as on the scale. The slider con- 
tains two lines of numbers, a line of logarithmic sines, and a 
line of loffarithmic tangents. 

To mmtiply by this, bring 1 on the slider, against one of 
the factors on the fixed part ; and against the other factor on 
the slider, will be the product on the fixed part. To divide, 
brins the divisor on the slider, against the dividend on the 
fixed part ; and against 1 on the slider, will be the quotient 
on the fixed part To work ^proportions bring the first term 
on the slider, against one of the middle terms on the fixed 
part; and against the other middle term on the slider, will be 
the fourth term on the fixed part. Or the first term may be 
taken on the fixed part ; and then the fourth term will be 
found on the slider. 

Another instrument frequently used in trigonometrical 
constructions, is 
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THE SECTOR. 

This cousists of two equal scales movable about a point 
as a center. The lines which are drawn on [it are of two 
kinds ; some being parallel to the sides of the instrument, 
and others diverging from the central point, like the radii of 
a circle. The latter are called the double lines, as each is 
repeated upon the two scales. The single lines are of the 
same nature, and have the same use, as those which are put 
upon the common scale; as the lines of equal parts, of chords, 
of latitude, &c. on one face; and the logarithmic lines of 
numbers, of sines, and of tangents, on the other. 

The double lines are 

A line of Xtne^, or equal parts, marked Lin; or L. 

A line of Chords^ Cho. or C. 

A line of natural Sines^ Sin. or S. 

A line of natural Tangents to 45^, Tan. or T. 

A line of tangents above 45% Tan. or T. 

A line of natural Secants^ Sec. or S. 

A line of Polygons^ Pol. or P* 

The double lines of chords^ of «me«,and of tangents to 45°, 
are all of the same radius ; beginning at the central point, 
and terminating near the other extremity of each scale ; 
the chords at 60°, the sines at 90°, and the tangents at 45^ 
(See Art. 95.) The line of lines is also of the same length, 
containing ten equal parts which are numbered, and which 
are again subdivided. The radius of the lines of secants, 
and of tangents above 45°, is about one fourth of the length 
of the other lines. From the end of the radius, which for 
the secants is at 0, and for the tangents at 45°, these lines 
extend to between 70° and 80°. The line of polygons is 
numbered 4, 5, 6, &c. from the extremity of each scale, to- 
wards the center. 

The simple principle on which the utility of these several 
pairs of lines depends is this, that the sides of similar triangles 
are proportional. (Euc. 4. 6.) So that sines, tangents, &c 
are furnished to any radius^ within the extent of the opening 
of the two scales. Let AC and AC (Fig. 40.) be any pair of 
lines on the sector, and AB and AB' equal portions of these 
lines. As AC and AC are equal, the triangle ACC is isos- 
celes, and similar to ABB'. Therefore, 

AB: AC::BB':CC'. 
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Distances measured from the center on either scale, as 
AB and AC, are called lateral distances. And the distances 
between corresponding points of the two scales, as fifi' and 
CC\ are called transverse distances. 

Let AC and CC be radii of two circles. Then if AB be 
the chord, sine, tangent, or secant, of any number of degrees 
in one ; BE' will be the chord, sine, tangent, or secant, of 
the same number of degrees in the other. (Art. 1 1 9.) Thus, 
to find the chord of 30% to a radius of four inches, open the 
sector so as to make the transverse distance from 60 to 60, 
on the lines of chords, four inches ; and the distance from 
30 to 30, on the same lines, will be the chord required. To 
find the sine of 28% make the distance from 90 to 90, on the 
lines of sines, equal to radius ; and the distance from 28 to 
28 will be the sine. To find the tangent of 37°, make the 
distance from 45 to 45, on the lines of tangents, equal to ra- 
dius ; and the distance from 37 to 37 will be the tangent. In 
finding secants^ the distance from to must be made radius. 
(Art. 201.) 

To lay down an angle of 34°, describe a circle, of any con- 
venient radius, open the sector, so that the distance from 60 
to 60 on the lines of chords shall be equal to this radius, and 
to the circle apply a chord equal to the distance from 34 to 
34. (Art 161.^ For an angle above 60°, the chord of half 
the number ot degrees may be taken, and applied twice on 
the arc, as in art. 161. 

The line of polygons contains the chords of arcs of a circle 
which is divided into equal portions. Thus the distances 
from the center of the sector to 4, 5, 6, and 7, are the chords 
of I, ^, I, and 4 of a circle. The distance 6 is the radius. 
(Art. 95.) This line is used to malte a regular polygon, or to 
inscribe one in a given circle. Thus, to make a pentagon 
with the transverse distance from 6 to 6 for radius, describe a 
circle, and the distance from 5 to 5 will be the length of one 
of the sides of a pentagon inscribed in that circle. 

The line of lines is used to divide a line into equal or pro- 
portional parts, to find fourth proportionals, &c. Thus, to 
divide a line into 7 equal parts, make the length of the given 
line the transverse distance from 7 to 7, and the distance 
from 1 to 1 will be one of the parts. To find | of a line, 
make the transverse distance from 5 to 5 equal to the given 
line ; and the distance from 3 to 3 will be | of it. 

In working the proportions in trigonometry on the sector, 
the lengths of the sides of triangles are taken from the line 
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of lines, and the degrees and minutes from the lines of sines, 
tangents, or secants. Thus in art. 135, ex. 1, 

35 : R::26 : sin 48°. 

To find the fourth term of this proportion by the sector, 
make the lateral distance 35 on the line of lines, a transverse 
distance from 90 to 90 on the lines of sines ; then the lateral 
distance 26 on the line of lines, will be the transverse dis- 
tance from 48 to 48 on the lines of sines* 

For a more particular account of the construction and uses 
of the Sector, see Stone^s edition of Bion on Mathematical 
Instruments, Hutton^s Dictionary, and Robertson^s Treatise 
on Mathematical Instruments. 



Note H. p. 124. 

The error in supposing that arcs less than 1 minute are 
proportional to their sines, cannot affect the first ten places 
of decimals. Let AB and AB' (Fig. 41.) each equal 1 min- 
ute. The tangents of these arcs BT and B'T are equal, as 
are also the sines BS and B'S. The arc BAB' is greater 
than BS+B'S, but less than BT+BT. Therefore BA is 
greater than BS, but less than BT : that is, the difference be- 
tween the sine cmd the arc is less than the difference between 
the sine and the tangent. 

Now the sine of 1 minute is 0.000290888216 
And the tangent of 1 minute is 0.000290888204 

The difference is 0.00000000000 1 2 



The difference between the sine and the arc of 1 minute 
IS less than this ; and the error in supposing that the sines 
of r, and of 0' 52" 44'" 3"" 45'"" are proportional to their 
arcs, as in art. 223, is still less. 

Note I. p. 125. 

There are various ways in which sines and cosines may be 
more expeditiously calculated, than by the method which is 
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given here. But as we are already supplied with uccurale 
trigonometrical tables, the computation of the canon is, to 
the great body of our students, a subject of speculation, rath- 
er than of practical utility. Those who wish to enter into a 
minute examination of it, will of course consult the treatises 
in which it is particularly considered. 

There .are also numerous forraul<e of nerificationy which 
are used to detect the errors with which any part of the cal- 
culation is liable to be affected. For these, see Legendre^s 
and Woodhouse^s Trigonometry, Lacroix's Differential Cal- 
culus, aiid particularly Euler^s Analysis of Infinites. 

Note K. p. 127. 

The following rules for finding the sine or tangent of a very 
small arc, and, on the other hand, for finding the arc from its 
sine or tangent, are taken from Dr. Maskclync^s Introduction 
to Taylor^s Logarithms, 

To find the logarithmic sine of a very small arc. 

From the sum of the constant quantity 4.6855749, and the 
logarithm of the given arc reduced to seconds and decimals, 
subtract one third of the arithmetical complement of the log- 
arithmic cosine. 

To find the logarithmic tangent of a very small arc. 

To the sum of the constant quantity 4.6855749, and the 
logarithm of the given arc reduced to seconds and decimals, 
add two thirds of the arithmetical complement of the logarith- 
mic cosine. 

To find a small arc from its logarithmic sine. 

To the sum of the constant quantity 5.3144351, and the 
given logarithmic sine, add one third oi the arithmetical com- 
plement of the logarithmic cosine. The remainder diminish- 
ed by 10, will be the logarithm of the number of seconds in 
the arc. 

To find a small arc from its logarithmic tangent. 

From the sum of the constant quantity 5.3144251, and the 
given logarithmic tangent, subtract two thirds of the arithmet- 
ical complement of the logarithmic cosine. ' The remainder 
diminished by 10, will be the logarithm of the number of sec- 
onds in the arc. 

For the demonstration of these rules, see Woodhouse's 
Trigonometry, p. 189. 
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X TABLE OF 



NATURAL SI1NE8 AND TANGENTS^ 



TO EVERY TtN JIINUTEfl OF ▲ DIORll. 



IF the given angle is l^ss than 45^, look for the titl6 of fhe 
column, at the tap of the page ; and for the degrees and 
minutes, on the left. But if the angle is between 45° and 
90°, look for the title of the column, at the bottom} and for 
the degrees and minutes^ on the rights 
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NATURAL S4NES AND TANGENTS, 



D.M. 

0° 


Sine. 


Tanj^ent. 


Cotangent 


Cosine. 


D. M. 

90^ 


O.OOOOIXM) 


0.0000000 


Infinite. 


1.0000000 


10 


0029089 


0029089 


.343.7T371 


0.9999058 


50 


20 


0058177 


0058178 


171.88540 


9999831 


40 


30 


0087265 


0087269 


114.58865 


9999619 


30 


40 


011^363 


0116361 


85.939791 


9999323 


20 


0°60' 


0146439 


0145454 


68.750087 


9998942 


89° 10 


1° 


0.0174524 


0.0174651 


57.289962 


0.999^477 


89° 


10 


0203608 


0203650 


49.103aSl 


9997927 


50 


20 


0232690 


02:32753 


42.964077 


9997292 


40 


30 


0201769 


0261^59 


38.188459 


909()573 


30 


40 


, 02908't7 


0290970 


34.367771 


9iK)5770 


20 


l°50 


0319922 


0320086 


31.^41577 


9994881 


88° 10 


2° 


0.a3^l8995 


0.0349208 


28.636253 


0.9993908 


88^ 


10 


0378065 


03783:35 


26.431600 


9992851 


50 ; 


20 


0407131 


aior469 


24.541758 


9991709 


401 


30 


0436194 


0436609 


22.903766 


9990482 


30 


40 


0465253 


0465757 


21.470401 


9989171 


20 

1 


2^50 


0494308 

« 


0194913 


20.205653 


9987775 


87^ 10 


3° 0' 


0.0523360 


0.05^078 


19.081137 


0.9986295 


87^ 


10 


055^06 


0553-251 


18.074977 


9984731 


50 


20 


0581448 


058^^434 


17.169337 


i^>83082 


40 


30 


06104a5 


0611626 


16.349855 


9981348 


30 


40 


0639517 


0M()829 


15.604784 


99795.*?0 


20 


3° 60' 


0668544 


0670043 


14.924417 


9977627 


86^ 10 


4^ 


0.0697565 


0.0699*26s 


14..300666 


0.9075041 


86' Oi 


10 


0726580 


0728.505 


13.73t5738 


097:3569 


50 


20 


0755589 


0757755 


13.196883 


9971413 


40 


30 


0784591 


0787017 


12.706205 


9969 ir.] 


30 


.40 


0813587 


0816293 


12.250505 


9966H19 


20 


4^50' 


0^2576 


08455a3 


11.826167 


99(>4440 


85" 10 


5« 0' 


0.0871557 


0.0874887 


11.430052 


0.9961947 


85^ 


10 


0900532 


0901206 


11.059431 


9959370 


50 


20 


0929499 


0033540 


10.711913 


9956708 


10 


30 


0958458 


0962890 


10.385397 


99.53962 


30 


40 


0987408 


0992257 


10.078031 


9951132 


20 


5° 60' 


1016351 


1021641 


9.7881732 


9948217 


84-^ 10 
D. M. 


D.M. 


Cosine. 


Cotangent. 


Tangent. 


8ine. 
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D. M. 


Sine. 1 


Tangent. 


Cotangent. 


Cosine. 


D. M. 


6° a 0,1045286 


0.1051042 


9.5143645 


0.9945219 


84° 0' 


10 


1074210 


1080462 


9.2553035 


9M2136 


50 


20 


1103126 


1109899 


9.0098261 


9938969 


40 


30 


1132032 


1139356 


8.7768874 


9935719 


30 


40 


1160929 


1168832 


8.5555468 


1^32384 


20 


6^50 


1189816 


1198329 


8.3449558 


9928065 


83^10 


70 0' 


0.1218693 


0.1227846 


8.1443464 


0.9925462 


83° 0* 


10 


1^17560 


1257:384 


7.9530224 


9921874 


50 


20 


1276416 


1286943 


7.7703506 


9918204 


40 


30 


1305262 


1316525 


7.5957541 


9914449 


30 


40 


1334096 


1346129 


7.4287064 


9910610 


20 


TbO' 


1362919 


1375757 


7.2687255 


9906687 


82° 10 


8° 0' 


0.1391731 


0.1404085 


7.1153697 


0.9902681 


82° 0' 


10 


1420531 


1435084 


6.9682335 


9898590 


50 


20 


1449319 


1464784 


6.826^437 


9894416 


40 


30 


1478094 


1404510 


6.6911562 


9890159 


30 


40 


1506857 


15$W262 


6.560553b 


9885817 


20 


8^50' 


1535607 


1554040 


6.4348428 


9881392 


81° 10 


90 0' 


0.1564345 


0.15a3844 


6.3137515 


0.9876883 


81° 


10 


1593069 


1613677 


6.1070279 


9872291 


50 


20 


1621779 


1643537 


6.08^143S1 


9867615 


40 


30 


1650476 


1673426 


5.9757(V44 


9862856 


30 


40 


1679159 


1703^44 


5.8708042 


9858013 


20 


9^ 50 


1707828 


1733292 


5.7693688 


9853087 


80° 10 


10« 0' 


0.1736482 


0.1763270 


5.6712818 


0.9848078 


80° 0' 


10 


1765121 


1793279 


5.5763786 


9842985 


50 


20 


17^3746 


18-2;3319 


5.4845052 


9837808 


40 


30 


1822355 


1853300 


5.3955172 


9832549 


30 


40 


1850949 


1883^195 


5.3092793 


9827206 


20 


10^50 


1879528 


1913632 


5.2250647 


9821781 


79° 10' 


11*^ 


0.1908090 


0.1943803 


5.U15540 


0.9816272 


79° 


10 


]936()36 


1974(K)8 


5X)65K352 


9810680 


50 


20 


19(i5T66 


200121S 


4.980 1027 


0805005 


40 


30 


1993679 


20:3-1523 


4.9151570 


9799247 


30 


40 


2022176 


20^4834 


4.HI30045 


979340(5 


20 


11 50 


2050655 


2095181 


4.772a56S 

Tanpjcnt. 


9787483 


78° 10 


U. M. 


Cosine. 


Cotangent. 


Sine. D. M. 
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D. M. 


Sine. 


Tangent. 


Cotangent. 


Cosine. 


D. M. 


12°^ 0' 


0.2079117 


0.2125566 


4.7046301 


0.9781476 


78° a 


10 


2107561 


2155988 


4.6382457 


9775387 


50 


20 


2135988 


2186448 


4.5736287 


9769215 


40 


30 


2164396 


2216947 


4.5107085 


9762960 


30 


40 


2192786 


2247485 


4.4494181 


9756623 


20 


12^60' 


2221158 


2278063 


4.3896940 


9750203 


77*^10' 


13° 


0.2249511 


0.2308682 


4.3314769 


0.9743701 


77° 


10 


2277844 


2339342 


4.2747066 


9737116 


50 


20 


2306159 


2370044 


4.2193318 


9730449 


40 


30 


2334454 


2400788 


4.1662998 


9723699 


30 


40 


2362729 


2431575 


4.1126614 


9716867 


20 


13° 60 


2390984 


2462405 


4.0610700 


9709953 


76° 10 


14° 


0.2419219 


0.2493280 


4.0107809 


0.9702957 


76° 


10 


2447433 


2524200 


3.9616518 


9695879 


50 


20 


2475627 


2555166 


3.9136420 


9688719 


40 


30 


2503800 


2586176 


3.8667131 


9681476 


30 


40 


2531952 


2617234 


3.8208281 


9674152 


20 


14° 50 


2560082 


2648339 


3.7759619 


9666746 


75° lb' 


15° 0* 


0.2588190 


0.2679492 


3.7320508 


0.9659258 


75° 0' 


10 


2616277 


2710694 


3.6890927 


9651689 


50 


20 


2644342 


2741945 


3.6470467 


9644037 


40 


30 


2672384 


2773245 


3.6058836 


9636305 


30 


40 


2700403 


2804597 


3.5666749 


9628490 


20 


15° 50' 


27^?8400 


2836999 


3.5260938 


9620594 


74° 10' 


16° 0' 


0.2756374 


0.2867454 


3.4874144 


0.9612617 


74° 0' 


10 


2784324 


2898961 


3.4495120 


9604658 


50 


20 


2812251 


2930521 


3.4123626 


9696418 


40 


30 


2840153 


2962136 


3.3769434 


9588197 


30 


40 


2868032 


2993803 


3.3402326 


9679896 


20 


16° 50 


2895887 


3025527 


3.3052091 


9671512 


73° 10' 


17° 


0.2923717 


0.3067307 


3.2708526 


0.0563048 


73° 0' 


10 


2951522 


3089143 


3.2371438 


9554502 


50 


20 


2979303 


3121036 


3.2040638 


9545876 


40 


30 


3007058 


3152988 


3.1715948 


9537170 


30 


40 


3034788 


3184998 


3.1397194 


0528382 


20 


17° 50 


3062492 


3217067 


3.1084210 


9519514 


72° 10' 


D. M. Cosine. 


Cotangent. 


Tangent. Sine. ' D. M. 
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DM. 


Sine. 


Tangent. 


Cotangent. 


Cosine. 


D. M. 


18° 0' 


0,3090170 


0.3249197 


3.0776835 


0.9510565 


72° 0' 


10 


3117822 


3281387 


3.0474915 


9501536 


50 


20 


3145448 


3313639 


3.0178301 


9492426 


40 


30 


3173047 


• 3345953 


2.9886850 


9483237 


30 


40 


3200619 


3378330 


2.9600422 


9473966 


20 


18° Sa 


3228164 


3410771 


2.9318885 


9464616 


71^10' 


190 a 


0.3256682 


0.3443276 


2.9042109 


0.9455186 


71^ O' 


10 


3283172 


3475846 


2.8769970 


9445675 


50 


20 


3310634 


3508483 


2.8502349 


9436085 


40 


30 


3338069 


3541186 


2.8239129 


9426415 


30 


40 


3365475 


3573956 


2.7980198 


9416665 


20 


190 50' 


3392852 


3606795 


2.7725448 


9406835 


70° W 


20«> 0' 


0.3420201 


0.3639702 


2.7474774 


0.9396926 


70° 0* 


10 


3447521 


3672680 


2.7228076 


9386938 


60 


20 


3474812 


3705728 


2.6985254 


9376869 


40 


30 


3502074 


3738847 


2.6746215 


9366722 


30 


40 


3529306 


3772038 


2.6510867 


9356495 


20 


20^60' 


3556508 


3805302 


2.6279121 


6346189 


69° la 


21^ 0' 


0.3583679 


0.3838640 


2.6050891 


0.9335804 


69° 


10 


3610821 


3872053 


2.5826094 


9325340 


60 


20 


3637932 


3905541 


2.5604649 


9314797 


40 


30 


3665012 


3939105 


2.5386479 


9304176 


30 


40 


3692061 


3972746 


2.5171507 


9293475 


20 


21050 


3719079 


4006465 


2.4959661 


9282696 


68° 10* 


220 0' 


0:3746066 


0.4040262 


2.4750869 


0.9271839 


68^ 0' 


10 


3773021 


4074139 


2.4545061 


9260902 


50 


20 


3799944 


4108097 


2.4342172 


9249888 


40 


30 


3826834 


4142136 


2.4142136 


9238795 


30 


40 


3853693 


4176257 


2.3944889 


9227624 


20 


22^50' 


3880518 


4210460 


2.3750372 


9216375 


67° 10' 


230 0' 


0.3907311 


0.4244748 


2.3558524 


0.9205049 


67° 0' 


10 


3934071 


4279121 


2.3369287 


9193644 


50 


20 


3960798 


4313579 


2.3182606 


9182161 


40 


30 


3987491 


4348124 


2.2998425 


9170601 


30 


40 


4014150 


4382756 


2.2816693 


9158963 


20 


23^50 


4040775 


4417477 


2.2637357 

'I'anp^ent 


9147247 


66° 10 


DM. 


CoMne. 


Cotangent. 


Sine. "1 


D. M. 
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D. M. 


Sioe. 


Tangent. 


Cotangent 


Cosine. D. M. 


34^ 


0.406r366 


0.4452287 


2.2460368 


0.913545566° a 


10 


4093923 


4487187 


2.2285676 


9123584 


50 


20 


4120445 


4522179 


2.2113234 


9111637 


40 


30 


4146932 


4557263 


2.1942997 


9099613 


30 


40 


4173385 


4592439 


2.1774920 


9087511 


20 


24^60 


4199801 


4627710 


2.1608958 


9075333 


65° la 


25° 0' 


0.4226183 


0.4663077 


2.1445069 


0.9063078 


65° a 


10 


4252528 


4698539 


2.1283213 


9050746 


50 


20 


4278838 


4734098 


2.1123348 


9038338 


40 


30 


4305111 


4769755 


2.0965436 


9025853 


30 


40 


4331348 


4805512 


2.0809438 


9013292 


20 


25° 50' 


4357548 


4841368 


2.0655318 


9000654 


64° 10 


26° 0' 


0.438371 1 


0.4877326 


2.0503038 


0.8987940 


64° a 


10 


4409838 


4913386 


2.0352565 


8975151 


50 


20 


4435927 


4949549 


2.0203862 


8962285 


40 


30 


4461978 


4985816 


2.0056897 


8949344 


30 


40 


4487992 


5022189 


1.9911637 


8936326 


20 


26^50 


4513967 


5058668 


1.9768050 


8923234 


63° la 


27° 0' 


0.4539905 


0.5095254 


1.9626105 


0.8910065 


63° 


10 


4565804 


5131950 


1.9485772 


8896822 


50 


20 


4591665 


5168755 


1.9347020 


8883503 


40 


30 


4617486 


5205671 


1.9209821 


8870108 


30 


40 


4643269 


5242698 


1.9074147 


8856639 


20 


27° 50' 


4669012 


5279839 


1.8939971 


8843095 


62° la 


28° 0' 


0.4694716 


0.5317094 


1.8807265 


0.8829476 


62° 


10 


4720380 


5354465 


1.8676003 


8815782 


50 


20 


4746004 


5391952 


1.8546159 


8802014 


40 


30 


4771588 


5429557 


1.8417709 


8788171 


30 


40 


4797131 


5467281 


1.8290628 


8774254 


20 


28° 50' 


4822634 


5505125 


1.8164892 


8760263 


61° W 


29° 


0.4848096 


0.5543091 


1.8040478 


0.8746197 


61° 0' 


10 


4873517 


5581179 


1.7917362 


. 8732058 


50 


20 


4898897 


5619391 


1.7795524 


8717844 


40 


30 


4924230 


5(>5772b 


1.7674940 


8703557 


30 


40 


4949532 


5096191 


1.7555590 


8689196 


20 


29^50 


4974787 


5734783 


1.7437453 


8(574762 


60° 10 


I). M. Cosine. 


Cotangent. 


Tanneut. 


Sine. D. M. 
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D. M. 


Sine. 


Tangent. 


Cotaneccnt. 


Cosine. 


D. M. 


30^ C 


0.5000000 


0.67r3503 


1.7:^20508 


0.8660254 


60° 0' 


10 


5025170 


5812353 


1. 72^1736 


8645673 


50 


ao 


5050298 


5851335 


1.7090116 


8631019 


40 


ao 


50753^4 


5890450 


1.6976631 


8616292 


30 


40 


510ai26 


5929699 


1.6864261 


8601491 


20 


30^50 


5125425 


5969084 


1.6752988 


8586619 


59° W 


31° 


0.5150381 


0.6008606 


1.6642795 


0.8571673 


69° 0' 


10 


5175293 


60482G6 


1.6533663 


8656655 


50 


20 


5200161 


60HS067 


1.6425576 


8541564 


40 


30 


5224986 


612S0()8 


1.6318517 


8626402 


30 


40 


5249766 


6168092 


1.6212469 


8511167 


20 


31° 5a 


5274502 


6208320 


1.6107417 


8495860 


58° 10' 


32° 


0.5299193 


0.6248694 


1.(5003345 


0.^80481 


58'^ a 


10 


5323839 


6289214 


1.6900238 


6465030 


50 


20 


5348440 


63298S3 


1.5798079 


W49508 


40 


30 


5372996 


63fr0703 


1.5696856 


H4:J3914 


30 


40 


5397507 


6411673 


1.5596652 


8418249 


20 


82° W 


5421971 


6452797 


1.5497155 


8402513 


67° la 


33° 


0.5446390 


0.6494076 


1.5398650 


0.8386706 


57° 0' 


10 


5470763 


6535511 


1.5301023 


8370827 


50 


20 


5496090 


6577103 


1.5204261 


8354878 


40 


30 


5519370 


Q618S56 


1.5108352 


8338858 


30 


40 


5543603 


6660769 


1.5013282 


8322768 


20 


33° 60^ 


5567790 


6702845 


1.4919039 


8306807 


56° W 


34° 0' 


0.5591929 


0.6745085 


1.4825610 


0.8290376 


56° (y 


10 


5616021 


6787492 


1.4732983 


8274074 


50 


20 


5640066 


6830066 


1.4641147 


8257703 


40 


30 


5664062 


6872810 


1.4550090 


6241262 


30 


40 


5688011 


6915725 


1.4459801 


82^751 


20 


34° 50 


5711912 


6958813 


1.4370268 


8208170 


55° 10' 


35° 0' 


0.5735764 


0.7002075 


1.4281480 


0.8191520 


55° 


10 


5759568 


7045515 


1.4193427 


8174801 


50 


20 


5783323 


7089133 


1.4106098 


8158013 


40 


30 


5807030 


7132931 


1.4019483 


8141155 


30 


40 


5830687 


7176911 


1.3933671 


8124229 


20 


36° 50' 


5854294 


7221075 


1.3848353 


8107234 


54° 10* 


D. M. 


Cosine. 


Cotangent. 


Tangent. 


Sine. 


D. M. 



20 
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D. M. 


Sinn. 


Tangent. 


Cotangent. 


Cosine. 


T). M. 


36^ a 


0.5877N53 


0.7265425 


1.37^53819 


0.8090170 


64° a 


10 


5901361 


7309963 


1.3679959 


8073038 


60 


20 


5924819 


7354691 


1.3596764 


8055837 


40 


30 


5948228 


7399611 


1.3514224 


8038669 


30 


40 


5971586 


7444TO4 


1.3432331 


8021232 


20 


36° 60 


5994893 


7490033 


1.3351075 


8003827 


63° W 


31° 0' 


0.6018150 


0.7535641 


1.3270448 


0.7986356 


63° 0' 


10 


6041356 


7581248 


1.3190441 


7968816 


60 


20 


6064511 


7627157 


1.3111046 


7961208 


40 


30 


6087614 


7673270 


1.3032264 


7933533 


30 


40 


6110666 


7719589 


1.2954067 


7915792 


20 


37° 50 


6133666 


7766118 


1.2876447 


7897983 


62° la 


38° 


0.6156615 


0.7812856 


1.2799416 


0.7880108 


52° 0' 


10 


6179511 


'7859808 


1.2722957 


7862165 


60 


20 


6202355 


7906975 


1.2647062 


7844157 


40 


30 


6225146 


7954359 


1.257^.723 


7826082 


30 


40 


6247885 


8001963 


1.2490933 


7807940 


20 


38° 50' 


6270571 


8049790 


1.2422685 


7789733 


61° W 


39° 


0.6293204 


0.8097840 


1.2348972 


0.7771460 


51° 0' 


10 


631578'! 


8146118 


1.2275786 


7763121 


60 


20 


6338310 


8194625 


1.2203121 


7734716 


40 


30 


6360782 


8243364 


1.2130970 


7716246 


30 


40 


6383201 


8292337 


1.2059327 


7697710 


20 


39° 50' 


6405566 


8341617 


1.1988184 


7679110 


60° W 


10° 0' 


0.6427876 


0.8390996 


1.1917636 


0.7660444 


50° 0' 


10 


6450132 


8440688 


1.1847376 


7641714 


60 


20 


6472334 


8490624 


1.1777698 


7622919 


40 


30 


6-494480 


8540807 


1.170849(> 


7604060 


30 


40 


6516572 


8591240 


1.1639763 


7585136 


20 


40° 50' 


C5386C9 


8641926 


1.1671495 


7566148 


49° W 


41° 


0.fi560590 


0.8692867 


1.1503684 


0.7547096 


49° 0' 


10 


6582516 


8744067 


1.143632(> 


7627980 


50 


20 


6604386 


8795528 


1.1369414 


7508800 


40 


:io 


6626200 


8847253 


1.1302M4 


7489657 


30 


40 


6(>47959 


bb99214 


1.1236909 


7470251 


20 


11 50 


6(>69661 


8051506 


1.1171305 


7450881 


48° lO* 


D. M. 


Clostnc. 


Cotangent. 


Tfliigent. 


Sine. 


i>. M. 
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i). M. 


Sine. 


Tangent. 


Cotangent. 


Cosine. 


D. k. 


42^ 0' 


0.6691306 


0.9004040 


1.1106125 


0.7431448 


48° 0* 


10 


6712895 


9056851 


1.1041365 


7411953 


50 


20 


6734427 


9109940 


1.0977020 


7392394 


40 


► 30 


6755902 


9163312 


1.0913085 


7372773 


30 


40 


6777320 


9216969 


1.0849554 


7353090 


20 


42^60' 


6798681 


9270914 


1.0786423 


7333345 


47° 10' 


43° 0' 


0.6819984 


0.9325151 


1.0723687 


0.7313537 


47° 0' 


10 


6841229 


9379683 


1.0661341 


T293668 


60 


20 


6862416 


9434513 


1.0599381 


7273736 


40 


30 


6883546 


9489646 


1.0537801 


7253744 


30 


40 


6904617 


9545083 


1.0476698 


7233690 


20 


43^60' 


6925630 


9600829 


1.0415767 


7213574 


46° la 


44° 0' 


0.6946584 


0.9656888 


1.0355303 


0.7193398 


46° 0' 


10 


6967479 


9713262 


1.0295203 


7173161 


60 


20 


6988315 


9769956 


1.0235461 


7152863 


40 


30 


7009093 


9826973 


1.0176074 


7132504 


30 


40 


7029811 


9884316 


1.0117038 


7112086 


20 


44° 50^ 


7050469 


9941991 


1.0058348 


7091607 


46° 10' 


45° 0' 


0.7071068 


1.0000000 


1.0000000 


0.7071068 


46° 0' 


O. M. 


Coeine. 


Cotangent. 


Tangent. 


Sinp. 


D. M. 



The Secants and Cosecants^ which are not inserted in this 
table, may be easily supplied. If 1 be divided by the cosine 
of an arc, the quotient will be the secant of that arc. (Art 
228.) And if 1 be divided by the syne, the quotient will be 
the cosecant* 
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The following short Treatise contains little more than an 
application of the principles of Geometry, to the numerical 
calculation of the superficial and solid contents of such 
figures as are treated of in the Elements of Euclid. As the 
plan proposed for the work of which this number is a part, 
does not admit of introducing rules and propositions which 
are not demonstrated ; the particular consideration of the 
areas of the Conic Sections and other curves, with the con* 
tents of solids produced by their revolution, is reserved for 
succeeding parts of the course. The student would be little 
profited by applying arithmetical calculation, in a mechani- 
cal way, to figures of which he has not yet learned even the 
definitions. But as this number may fall into the hands of 
some who will not read those which are to follow, the prin- 
cipal rules for conic areas and solids, and for the gauging of 
casks, are given, without demonstrations, in the appendix. 
Those who wish to take a complete view of Mensuration^ in 
all its parts, are referred to the valuable treatise of Dr. Hutlon 
on the subject. 
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SECTION I. 



AREAS OF riOUEXS BOUNDED BY RIGHT LINES. 



Art. 1. The following definitions, which are nearly the 
same as in Euclid, are inserted here for the convenience of 
reference. 

I. Four-sided figures have different names, according to 
the relative position and length of the sides. A parallelogram 
has its opposite sides equal and parallel ; as ABCD. (Fig. 2.) 
A rectangle^ or right parallelogram^ has its opposite sides 
equal, and all its angles right angles; as AC. (Fig. 1.) A 
square has all its sides equal, and all its angles right angles ; 
as ABGH. (Fig. 3.) A rhombus has all its sides equal, and its 
angles oblique ; as ABCD. (Fig. 3.) A rhomboid has its op- 
posite sides equal, and its angles oblique ; as ABCD. (Fig. 
3^ A trapezoid has only two of its sides parallel ; as ABCD. 
(Fig. 4.) Any other four sided figure is called a trapezium. 

IL A figure which has more than four sides is called a 
polygon. A regular polygon has all its sides equal, and all 
Its angles equal. 

III. The height of a triangle is the length of a perpendicu- 
lar, drawn from one of the angles to tBe opposite side ; as 
CP. '(Fig. 5.) The height of a/our sided figure is the per- 
pendicular distance between two of its parallel sides ; as CP. 
(Fig. 4.) 

IV. The area or superficial contents of a figure is the space 
contained within the line or lines by which the figure is 
bounded. 

3. In calculating areas, some particular portion of surface 
is fixed upon, as the measuring unit^ with which the given 
figure is to be compared. This is commonly a square ; as a 
square inch, a square foot, a square rod, &c. For this rfsa- 
son, determining the quantity of surface in a figure is called 
squaring if, or finding its quadrature; that is, finding a square 
or number of squares to which it is equal. 

1 



2 MENSURATION OF PLANE SURFACES. 

3, The superficial unit has generally the same name, as 
the linear unit which forms the side of the square. 

The side of a square inch is a linear inch ; 
of a square foot, a linear foot ; 
of a square rod, a linear rod, &c. 

There are some superficial measures, however, which have 
no corresponding denominations of length. The acre, for 
instance, is not a square which has a line of the same name 
for its side. 

The following tables contain the linear measures in com- 
mon use, with their corresponding square measures. 



Linear . 


Measures. 


Square 


Measures. 


12 inches 


= i foot. 


144 inches 


= 1 foot. 


3 feet 


= 1 yard. 


9 feet 


= 1 yard. 


6 feet 


= 1 fathom. 


36 feet 


=^1 fathom. 


16^ feet 


= 1 rod. 


272J feet 


= 1 rod. 


5 J yards 


= 1 rod. 


30y yards 


= 1 rod. 


4 rods 


= 1 chain. 


16 rods 


= 1 chain. 


40 rods 


= 1 furlong. 


1 600 rod? 


= 1 furlong. 


320 rods 


= 1 mile. 


1 02400 rods 


sxl mile. 



An acre contains 160 square rods, or 10 square chains. 
By reducing the denominations of square measure, it will 
be seen that 

1 wq, mUessSiO acre8tsl02400 rod8==8TB78400 f0et=s4O144896OO inches. 
1 acresslO cham8=160 nDds=43560 feet=6272640 inches. 

The fundamental problem in the mensuration of superfi- 
cies is the very simple one of determining the area ots. right 
parallelogram. The contents of other figures, particularly 
those which are rectilinear, may be obtained by finding par- 
allelograms which are equal to them, according to the prin- 
ciples laid down in Euclid. 

PROBLEM I. 

To find the area of a parallelogram, square, rhombus, or 

rhomboid. 

4. Multiply the length by the perpendicular height 
or breadth. 

It is evident that the number of square inches in the par- 
allelogram AC (Fig. 1 .) is equal to the number of linear inches 
in the length AB, repeated as many times as there are 



HSNaURATlON OF PLANE SURFACES. 3 

loohes in the breadth BC. For a more particular illustration 
of this, see Alg. 511 — 514. 

The oblique parallelogram or rhomboid ABCD (Figr %) 
is equal to the right parallelogram 6HCD. (Euc. S6« 1.) 
The area, therefore, is equal to the length AB multiDlied 
into the perpendicular height HC. And the rhombus ABCD 
(Fig. 3.) is equal to the parallelogram AB6H. As the sides 
of a square are all equal, its area is found, by multiplying one 
of the sides into itself. 

Ex. 1 . How many square feet are there in a floor 33i feet 
long, and 1 8 feet broad ? Ans. 23i X 1 a:s:^423. 

S. What are the contents of a piece of ground which is 66 
feet square ? Ans. 4356 sq. feets= 1 6 sq. rods. 

3. How many square feet are there in the four sides of a 
room which is 22 feet long, 17 feet broadband 1 1 feet high T 

Ans. 858. 

Art. 5. If the sides and angles of a parallelogram are given, 
the perpendicular height may be easily found by trigonome- 
try. Thus CH (Fi^» 2.) is the perpendicular of a right an- 
gled triangle, of which BC rs the hypothenuse. Then (Trig. 
134.) 

R :BC::sinB :CH. 

The area is obtained by multiplying CH thus found, inta 
the length AB. 

Or, to reduce the two operations to one. 

As radius, 

To the sine of any angle of a parallelogram; 

So is the product of the sides including that angle, 

To the area of the parallelogram. 

For <Acarea«ABxCH,(Fig.2.) Bnf rH=. BCxsin B 

R 

Therefore^ 
The area=^°^°5'^"°^.0r.R:stnB;;ABxBC:tA«?areg. 

Iv 

Ex. If the side AB be 58 rods, BC 42 rods, and the angle 
B 63% what is the area of the parallelogram ? 
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As radios lOJ 

TothesioeofB 63"" 9.94988 

5 So is the product of AB 58 1.76343 

I Into BC (Trig. 39.) 42 1.62325 

To the area 2170.5 sq. rods 3.33656 

2. If the side of a rhombus is 67 feet, and one of the an- 
gles 73°, what is the area ? Ans. 4292.7 feet. 

6. When the dimensions are given in feet and inches, the 
multiplication may be conveniently performed by the arith- 
metical rule of Duodecimals ; in which each inferior denom- 
ination is one twelfth of the next higher. Considering a foot 
as the measuring unit^ a prime is the twelfth part of a foot ; 
a second, the twelfth part of a prime, &c. It is to be ob- 
served, that, in measures of lengthy inches are primes ; but in 
superficial measure they are seconds. In both, a prime is tV 
of a foot But jV of ^ square foot is a parallelogram, a foot 
long and an inch broad. The twelfth part of this is a square 
inch, which is y^^ of a square foot. '- 

Ex. 1. What is the surface of a board 9 Jfeet 5 inches, by 
2 feet 7 inches. 

F vy 

9 5' 
2 7 



18 10 
5 5 11 

24 3 11", or 24 feet 47 inches. 



2. How many feet of glass are there in a window 4 feet If 
inches high, and 3 feet 5 inches broad ? 

Ans. 16F. 9' 7", or 16 feet 115 inches. 

7. If the area and one side of a parallelogram be given, the 
other side may be found by dividing the area by the given side. 
And if the area of a square be given, the side may be found 
by extracting the square root of the area. This is merely re- 
versing the rule in art 4. See Alg. 520, 521. 

Ex. 1. What is the breadth of a piece of cloth which is 36 
yds. long, and which contains 63 square yds. Ans, 1 1 yds. 
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2. What is the side of a square piece of land containing 
389 square rods ? 

3. How many yards of carpeting 1} yard wide, will cover 
a floor 30 feet long and 22^ broad ? 

Ans. 30X22ifeet=10X7i=75 yds. And 75^1{=60. 

4. What is the side of a square which is equal to a paral- 
lelogram 936 feet long and 104 broad? 

5. How many panes of 8 by 10 glass are there, in a win- 
dow 5 feet high, and 2 feet 8 inches broad ? 

PROBLEM 

To find the area o/^^Pianole. 

8. Rule I. Multiply one side bt half the perpen- 
dicular FROM THE opposite ANGLE. Or, multiply half the 
side by the perpendicular. Or, multiply the whole side by 
the perpendicular, and take half the product. 

The area otthe triangle ABC (Fig. 5.) is equal to j PCx 
AB, because % parallelogram of the same base and height is 
equal to PC>^B, (Art. 4.) and by Euc. 41, 1, the triangle 
is half the pawllelogram. 

Ex. 1. If AB (Fig. 5.) be 65 feet, and PC 31.2, what is the 
area of the triangle 7 ^ Ans. 1014 square feet. 

2. What is the surface of a triangular board, whose base 
is 3 feet 2 inches, and perpendicular height 2 feet 9 inches ? 

Ans. 4F. 4' 3", or 4 feet 51 inches. 

9. If two sides of a triangle and the included angle, are 

S'ven, the perpendicular on one of these sides may be easily 
und by rectangular trigonometry. And the area may be 
calculated in the same manner as the area of ar parallelo- 
gram in art. 5. In the triangle ABC (Fig. 2.) 

R:BC::sinB : CH 

And because the triangle is half the parallelogram of the 

same base and height. 
As radius, 

To the sine of any angle of a triangle ; 
So is the product of the sides including that angle, 
To twice the area of the triangle. (Art. 5.) 
Ex. If AC (Fig. 5.) be 39 feet, AB 65 feet, and the angle 

at A 53^ r 48", what is the area of the triangle? 

Ans. 1014 square feet. 



T- 
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9. b. If one side and the angles are given ; then 

As the product of radius and the sine of the angle opposite 
the given side, 
To the product of the sines of the two other angles ; 
So is the square of the given side, 
To twice the area of the triangle. 

If PC (Fig. 5.) be perpendicular to AB. 

R :8inB::BC:CP 

sinACB ;sinA::AB : BC 
Therefore (Alg. 390, 382.) 
_JL X sin ACB : sugj^ sin B::ABx BC : CPxBC:: 

AB' : ABxCP=twi^H area of the triangle. 

Ex. If one side of a triande be 57 feet, and the angles at 
the ends of this side 50^ and 60°, what is the area 7 

Ans.lHTsq. feet 

10. If the sides only of a triangle are given, an angle may 
be found, by oblique trigonometry, Case IV ^ nd then the 
perpendicular and the area may b^ calcujatecf?^ But the area 
may be more directly obtained, by the follow^ method. 

Rule II. When the three sides are given, from hcdf their 
sum subtract each side severally^ multiply together the half 
sum and the three remainders, dhd extract the square root of 
the product. 

if the sides of the triangle are a, 6, and c, and if A=half 
their sum, then 

The area=v^A X (A- a) X(A—6)x (A— c) 

For the demonstration of IJhs rule, see Trigonometry, 
Art. 221. 

If the calculation be made by logarithms, add the loga- 
rithms of the several factors, and half their sum will be the 
logarithm of the area. (Trig. 39, 47.) 

Ex. 1 . In the triangle ABC (Fie. 5.^ given the sides a 52 
feet, 6 39, and c 65 ; to find the side or a square which has 
the same area as the triangle* 

i(a+6+c)==A=!78 A-6=39 

A- a=26 A-c=13 

Then the area=V'78X26x39X 13=1014 square feet 
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By logarithms. 

The half sum =78 1.89209 

First remainder =26 1.41497 

Second do. =39 1.59106 

Third do. =13 1.11394 



2)6.01206 

The area required =1014 2)3.00603 

Side of the square =31.843 (Trig. 47) 1.50301 

S. If the sides of a triangle are 1 34, 108, and 80 rods, what 
is the area? Ans. 4319. 

3. What is the area of a triangle whose sides are 371 , 264, 
and 225 feet ? 

11. In an equilateral triangle, one of whose sides is a, the 
expression for th e area becomes 

VAx(A~a)X(A— a)X(A-a) 
But as A=fa, and A — a=|a— a=ia, the area is 

V|aXiaXici Xia= V/^a* =JaV3 (Alg. 271.) 

That is, the area of an equilateral triangle is equal to I the 
square of one of its sides, multiplied into the square root of 3, 
which is 1.732. 

Ex. 1. What is the area of a triangle whose sides are 
each 34 feet 7 Ans. 500i (e^i, 

2. If the sides of a triangular field are each 100 rods, how 
many acres does it contain ? 

PROBLEM in. 

To find the area of a trapezoid. 
21. Multiply half the sum of the parallel sides 

INTO their perpendicular DISTANCE. 

The area of the trapezoid ABCD (Fig. 4.) is equal to half 
the sum of the sides AB and CD, multiplied into the perpen- 
dicular distance PC or AH. For the whole figure is made 
up of the two triangles ABC and ADC ; the area of the first 
of which is equal to the product of half the base AB into 
the perpendicular PC, (Art. 8.) and the area of the other is 
equal to the product of half the base DC into the perpen- 
dicular AH or PC. 
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Ex. If AB (Fig. 4.) be 46 feet, BC 31, DC 38, and the 
angle B 70^, what is the area of the trapezoid ? 

R : BC: :siii B : PC=29.13. And 42X29.13=sl223J. 

S. What are the contents of a field which has two parallel 
sides 65 and 38 rods, distant from each other 27 rods 7 

PROBLEM IV. 

To find the area of a trapezium, or of an irregular polt- 

OON. 

13. Divide the whole figure into triangles, bt 

DRAWING diagonals, AND FIND THE SUM OF THE AREAS 
OF THESE TRIANGLES. (Alg. 519.) 

If the perpendiculars in two triandes fall upon the same 
diagonalj the area of the trapezium formed of the two trian- 
gles, is equal to half the product of the diagonal into the sum 
of the perpendiculars. 

Thus the area of the trapezium ABCH (Fig. 6.) is 

iBHxAL+iBHxCM=iBHx(AL+CM.) 
Ex. In the irregular polygon ABCDH (Fig. 6.) 

C BH=36 rALj=5.3 

if the diagonals < ptt_qo' and theperpendiculars-j CM5=9.3 

(un-JA [dN=7.3 

The area=18X 14.6+16X7.3=379.6. 

14. If the diagonals of a trapezium are siven, the area may 
be found, nearly in the same manner as toe area of a paral- 
lelogram in Art. 5, and the area of a triangle in Art. 9. 

In the trapezium ABCD (Fig. 8.) the sines of the four an- 
gles at N, the point of intersection of the diagonals, are all 
equal. For the two acute angles are supplements of the oth- 
er two, and therefore have the same sine. (Trig. 90.) Put- 
ting, then, sin N for the sine of each of these angles, the 
areas of the four triangles of which the trapezium is compos- 
ed, are given by the following proportions ; (Art. 9.) 

{BNxAN : 2 area ABN 
BNxCN: 2 area BCN 
DNxCN : 2 area CDN 
DNxAN :2areaADN 
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And by addition, (Alg* 388, Cor. 1.*) 

R:sinN::BNxAN+BNxCN+DNxCN+DNxAN:2 
area ABCD. 

The 3d term=(AN4-CN)x(BN+DN)=ACxBD, by 
the figure. 

Therefore, R : ain N : : AC X BD : 2 area ABCD. That is, 

As Radius, 

To the sine of the angle at the intersection of the di« 

affonals of a trapezium ; 
So is the product of the diagonals. 
To twice the area of the trapezium. 

It is evident that this rule is applicable to a parallelogram, 
as well as to a trapezium. 

If the diagonals intersect at right angles^ the sine of N is 
equal to radius; (Trig. 95.) and therefore the product of the 
diagonals is equal to twice the area. (Alg. 395.t) 

Ex. 1. If the two diagonals of a trapezium are 37 and 62, 
and if they intersect at an angle of 54^, what is the area of 
the trapezium ? Ans. 928. 

2. If the diagonals are 85 and 93, and the angle of inter- 
section 74®, what is the area of the trapezium ? ^ 

1 4. 6. When a trapezium can be inscribed in a circle^ the 
area niay be found by either of the following rules. 

I. Multiply together any two adjacent sides^ and also the 
two other sides ; then multiply half the sum of these products 
by th^ sine of the angle included by either of the pairs of sides 
multiplied together. 

Or, 

II. From half the sum of all the sides j subtract each side 
severally ^multiply together the four remainders^ and extract 
the square root of the product. 

If the sides are a, 6, c, anddf ; and if A^^half their sum ; 
The area = V(A-a) X(A'-6) X (A-c) x(A-^ 



• Ettdid 2, 5. Cor. • t Euclid 14. 6. 

2 
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If the trapezium ABCD (Fig. 33.) can be inscribed in a 
circle, the sum of the opposite angles BAD and BCD is 180^ 
(Euc. 22. 3.) Therefore the sine of BAD is equal to that of 
BCD or PCD. 

If «=the sine of eitlier of these angles, radius being i, and if 
AB=a, BC=:6, CD=:c, AD=d; 

The triangle BAD=iadx«, And BCD=i6cX« ; (Art. 9.) 

Therefore, 

1. The area of ABCD^i{ad+bc)X8. 

To obtain the value of s, in terms of the sides of the tra- 
pezium, draw DP and DP' perpendicular to BA and BC. 

Then Rad. : «: : AD : DP: ;CD : DP'. 

Also AP«=AD» -DP«, and CF »=rCD «--DP«. 

cDP=^ADx«=d*. , iAP=\/d«-^a,^_^^I_,i 

So that I Dp^cD X s^cs ^"^ I CF=v/ ^TT*!^* cV il? 

n .u .u a SBP=AB-AP=a-rf\/r^ 
But by the figure J BP'=BC+CP'=6+c./Tir,i 

And BP*+DP*=DB*=BF"+DF* 

ThUt is a« - 2ad\/j— ««4-rf« =6« +^bcx/T^ +e* 

Reducing the equation, we have 

'' = ^ (2ad+26c)» ''^"^ 

' • 

V^(2ad+2fec)^ -^{b'+c* ^g^ — d^y 

'"~ 2arf+26c ■ 

Substituting for « in the first rule, the value here found, we 
have the area of the trapezium, equal to 

iV'(2£id+26c)» — (6«+c« -a«— rf«)« 

The expression under the radical sign is the diflference of 
two squares, and may be resolved,' as in Trig. 221, into the 
factors 



(6+c*-a-d*)X(a+d'-6~c") 

and these again into 

(a+ft+c-df) (6+c+d— a) (a+b+d-c) (a+d+c-b) 

If then A=shalf the sum of the sides of the trapezium, 
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II. The arca=rV(A-a)x(A-6)x(A-c)X(A-rf) 
If one of the sides, as d^ is supposed to be diminished, till it 
is reduced to nothing ; the figure becomes a triangle^ and the 
expression for the area is the same as in art. 10. See Hut- 
toih^s Mensuration. 

PROBLEM V. 

To find the area of a regular POLTOdx. 

15. Multiply one of its sides into half its perpen- 
dicular distance from the center, and this product 
into the numrer of sides. 

A regular polygon contains as many equal triangles as the 
figure has sides. Thus the hexagon ABDF6H (Fig. 7.) 
contains six triangles, each equal to ABC. The area of one 
of them is equal to the product of the side AB, into half the 
perpendicular CP. (Art. 8.) The area of the whole, there- 
fore, is equal to this product multiplied into the number of 
sides. 

Ex. 1. What is the area of a regular octagon, in which 
the length of a side is 60, and the perpendicular from the 
center 72.426 7 Ans. 17.382. 

2. What is the area of a tegular decagon whose sides are 
46 each, and the perpendicular 70.7867 ? 

1 6. If only the length and number of sides of a regular 
polygon be given, the perpendicular from the center may be 
easily found by trigonometry. The periphery of the circle 
in which the polygon is inscribed, is divided into as many 
equal parts as the polygon has sides. (Euc 1 6. 4. Schol.) 
The arc, of which one of the sides is a chord, is therefore 
known ; and of course, the angle at the center subtended by 
this arc. 

Let AB (Fig. 7.) be one side of a regular polygon, in* 
scribed in the circle ABDG. The perpendicular CP bisects 
the line AB, and the angle ACB. (Euc. 3. 3.) Therefore 
BCP is the same part of 360^, which BP is of the perimeter 
of the polygon. Then, in the right angled triangle BCP, if 
BP be radius, (Trig. 122.) 

R : BP: : cot BCP : CP, That is, 
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As Radius, 

To half of one of the sides of the polygon ; 
So is the cotangent of the opposite angle, 
To the perpendicular from the center. 

Ex. 1. If the side of a regular hexagon (Fig. 7.) be 38 
inches, what is the area ? 

The angle BCP=t', of 360°=:i30°. Then, 

R : 19: :cot 30° : 32.909 =CP, the perpendicular. 

And the area=19X 32.909X6 =375 1.6. 

2. What is the area of a regular decagon whose sides are 
each 62 feet ? Ans. 29576. 

17. From the proportion in the preceding article, a table 
of perpendiculars and areas may be easily formed, for a series 
of polygons, of which each side is a unit. Putting R=1, 
(Trig. 100.) and n=the number of sides, the proportion be- 
comes 

1 : ^::cot : the perpendicular. 

So that, the perp.^ icoi — 

2n 

And the area is equal to half the product of the perpen- 
dicular into the number of sides. (Art. 1 5.) 
Thus, in the trigon, or equilateral triangle, the perpendic- 

ular=JcotrilL =i cot 6Q°=:0.2886752. 
6 

And the area=0.4330127. 

In the tetragon, or square, the perpendicular =i cot 

8 

=*i cot 45°=0.5. And the area=l. 

In this manner, the following table is formed, in which the 
side of each polygon is supposed to be a unit. 
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A TABLE OF REGULAR POLYGONS. 



Names. 


Sides. 

3 

4 

5 

6 

7 

8 

9 
10 
11 
12 


Angles. 


Perpendiculars. 


Areas. 


Trigon, 

Tetragon, 

Pentagon, 

Hexagon, 

Heptagon, 

Octagon, 

Nonagon, 

Decagon, 

Undecagon, 

Dodecagon, 


60° 

45° 

36° 

30° 

254 

22i 

20° 

18° 

16^ 

15° 


0.2886752 
0.5000000 
0.6881910 
0.8660254 
1.0382601 
1.2071069 
1.3737385 
1.5388418 
1.7028439 
1.8660252 


0.4330127 
1.0000000 
1.7204774 
2.5980762 
3.6339124 
4.8284271 
6.1818242 
7.6942088 
9.3656399 
11.1961524 



By this table may be calculated the area of any other 
regular polygon, of the same number of sides with one of 
these. For the areas of similar polygons are as the squares 
of their homologous sides. (Euc. 20, 6.) 

To find, then, the area of a reguls^r polygon, multiply the 
square of one of its sides by the area of a sinular polygon of 
which the side %s a unit. 

Ex. 1. What is the area of a regular decagon whose sides 
are each 102 rods? Ans. 80050.5 rods. 

2. What is the area of a regular dodecagon whose sides 
are each 87 feet 7 
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SECTION 11.^ 



THE <^UADRATURE OF THE CIRCLE AND ITS PARTS. 

r 

Art. 18. Definition I. A circle is a plane bounded by a 
line which is equally distant in all its parts from a point with- 
in called the center. The bounding line is called the ctr- 
cumference or periphery. An arc is any portion of the cir- 
cumference. A semi-circle is half, and a quadrant one 
fourth, of a circle. 

II. A Diameter of a circle is a straight line drawn through 
the center, and terminated both ways by the circumference. 
A Radius is a straight line extending from the center to the 
circumference. A Chord is a straight line which joins the 
two extremities of an arc. 

III. A Circular Sector is a space contained between an arc 
and the two radii drawn from the extremities of the arc. It 
may be less than a semi-circle, as ACBO, (Fig. 9.) or greater^ 
as ACBD. 

IV. A Circular Segment is the space contained between an 
arc and its chord, as ABO or ABD. (Fig. 9.) The chord 
is sometimes called the base of the segment. The height of 
a segment is the perpendicular from the middle of the base to 
the arc, as PO. (Fig. 9.) 

V. A Circular Zone is the space between two parallel 
chords, as AGHB. (Fig. 15.) It is called the middle zone, 
when the two chords are equal. 

VI. A Circular Ring is the space between the peripheries 
of two concentric circles, as A A', BB'. (Fig. 1 3.) 

VII. A Lune or Crescent is the space between two circu- 
lar arcs which intersect each other, as ACBD. (Fig. 14.) 

1 9. The Squaring of the Circle is a problem which has 
exercised the ingenuity of distinguished mathematicians for 



* Wallis's Algebra, I^gendre's Geometry, Book iv, and Note iv. Hut- 
Ion's Mensuration, Horseley's Trigonometry, Book i. Sec. 8 ; Introduction to 
Euler's Analysis of Infinites, London Phil. Trans. Vol. vi. No. 75, lzti, p. 
476, x^zzziYy p. 217« and Hutton's abridgment of do. Vol. ii, p. 547. 
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many centuries. The result of their efforts has been only 
aa approximation to the value of the area. This can be 
carried to a degree of exactness far beyond what is necessary 
for practical purposes. 

20. If the circumference of a circle of ^iven diameter were 
known, its area could be easily found. For the area is equal 
to the product of half the circumference into half the diam* 
eter. (Sup. Euc. 5, 1.*) But the circumference of a circle 
has never been exactly determined. The method of approx- 
imating to it is by inscribing and circumscribing polygons^ or 
by some process of calculation which is, in principle, the 
same. The perimeters of the polygons can be easily and 
exactly determined. That which is circumscribed is greater^ 
and that which is inscribed is less^ than the periphery of the 
circle ; and by increasing the number of sides, the difference 
of the two polygons may be made less than any given quan- 
tity. (Sup. Euc. 4; 1.) 

21. The side of a hexagon inscribed in a circle, as AB, 
(Fig. 7.) is the chord of an arc of 60**, aind therefore equal 
to the radius. (Trig. 95.) The chord, of half this arc, as 
BO, is the side of a polygon of 12 equal sides. By repeat- 
edly bisecting the arc, and finding the chord, we may obtain 
the side of a polygon of an immense number of sides. Or 
we may calculate the sine^ which will be half the chord of 
double the arc, (Trig. 82, cor.) ; and the tangent^ which will 
be half the side of a similar circumscribed polygon. Thus 
the sine AP (Fig. 7.) is half of AB, a side of the inscribed 
hexagon ; and the tangent NO is half of NT, a side of the 
circumscribed hexagon. The difference between the sine 
and the* arc AO is less, than the difference between the sine 
and the tangent. In the section on the computation of the 
canon, (Trig. 223.) by 12 successive bisections, beginning 
with 60 degrees, an arc is obtained which is the ^t^^t of the 
whole circumference. 

The cosine of this, if radius be 1, is found to be .99999996732 
The sine is .00025566346 

And the tangent=^^ (Trig. 228.) =.00025566347 

cosme 



The diff. between the sine and tangent is only .00000000001 

And the difference between the sine and the arc is still less. 

—— — I _ I » ■ 

* In Uifi manner, the Supplement to Playfair*§ Euclid is referred to in this 
work. 
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Taking then .000255663465 for the length of the arc« mul- 
tiplying by 24576, and retaining 8 places of decimals^ we 
have 6.2831 8531 for the whole circumference, the radius be* 
ing 1. Half of this, 

3.14159265 

is the circumference of a circle whose radius is <|, and diam^ 
eter 1. 

22. If this be multiplied by 7, the product is 21.99+ or 
22 nearly. So that, 

Diam : Circum : : 7 : 22, nearly. 

If 3.14159265 be multiplied by 113, the product is 
354.9999+, or 355, very nearly. So that, 

Diam « Circum : : 1 13 : 355, very nearly. 

The first of these ratios was demonstrated by Archimedes. 

There are various methods, principally by infinite series 
and fluxions, by which the labor of carrying on the approx- 
imation to the periphery of a circle may be very much 
abridged. The calculation has been extended to nearly 1 50 
places of decimals.* But four or five places are sufficient 
for most practical purposes. 

After determining tne ratio between the diameter and the 
circumference of a circle, the following problems are easily 
solved. 

PROBLEM I. 

To find the circumference of a circle from its diameter. 

23. Multiply the diameter by 3.14159.t 

Or, 

Multiply the diameter by 22 and divide the product by 7. 
Or, multiply the diameter by 355, and divide the product by 
1 1 3. (Art. 22.) 

Ex. 1. If the diameter of the earth be 7930 miles, what 
is the circumference ? Ans. 249128 miles. 

2. How many miles does the earth move, in revolving 
round the sun ; supposing the orbit to be a circle whose di- 
ameter is 190 million miles ? Ans. 596,902,100. 



* See note A. 4 In mtny caws, 8.1416 wiU be sufficiently aeconte. 
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3. What is the circumference of a circle whose diametei' 
is 769843 rods ?^ 

PROBLEM II. 

To find the diameter of a circle from its circumferencei 

24. Divide the circomference by 3.14159. 

Multiply the circumference by 7, and divide the product by 
22. Or, multiply the circumference by 113, and divide the 
product by 355 i (Art. 22.) 

Ex. i: If the circumference of the sUn be 2,800,000 miles, 
what is his diameter? Ans. 891,267. 

2. What is the diameter of a tree which is 5i feet round? 

25. As multiplication is more easily performed than divis" 
ion, there will be an advantage in exchanging the divisof 
3.14159 for a mt/Z^ipZter which will give the same result. In 
the proportion 3.14159 : 1 : :Circum : Diam^ 

to find the fourth term, we may divide the second by the 
first, and multiply the quotient into the third. Now, l-?^ 
3.14159=0.31831. If then the circumference of a circle 
be multiplied by .31831, the product will be the diameter.* 

Ex. 1. If the circumference of the moon be 6850 miles^ 
what is her diameter ? Ans. 2180. 

2. If the whole extent of the orbit of Saturn be 5650 mi^ 
lion miles, how far is he from the sun ? 

3. If the periphery of a wheel be 4 feet 7 inches, what ii^ 
its diameter ? 

PROBLEM ItU 

To find the length of an arc of a circle. 

26i As 360°, to the number of degrees in the arc ; 

So is the circuinference of the circle^ to the length of the arci 

The circumference of a circle being divided into 360°^ 
(Trig. 73.) it is evident that the length of an arc of any less 
number of degrees must be a proportional part of the whole* 



* See Note B. 
3 
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Ex. What 18 tlie length oF an arc of 1 6°, in a circle whose 
radius is 50 feet ? 

The circumference of the circle is 314J59 feet. (Art. 23.) 

Then 360 : 16::314.159 : 13.96 feet, 

2. If we are 95 millions of miles from the sun, and if the 
earth revolves round it in 365| days, how far ar/$ we carried 
in 24 hours ? Ans. 1 million 634 thousand miles. 

27. The length of an arc may also be found, by multiply- 
ing the diameter into the number of degrees in the arc^ and 
this product into .0087266, which is the length of one de- 
gree, in a circle whose diameter is 1. For 3.14159-4-360= 
0.0087266. And in different circles, the circumferences, and 
of course the degrees, are as the diameters. (Sup. Euc. 8, 1.) 

Ex. 1. What is the length of an arc of 10° 15' in a circle 
whose radius is 68 rods ? Ans. 12.165 rods. 

2. If the circumference of the earth be 24913 miles, what 
is the length of a degree at the equator ? 

28. The length of an arc is frequently required, when the 
number of degrees is not given. But if the radius of the cir- 
cle, and either the chord or the height of the arc, be known ; 
the number of degrees may be easily found. 

Let AD (Fig. 9.) be the chord, and PO the height, of the 
arc AOB. As the angles at P are right angles, and AP is 
equal to BP ; (Art. 18. Dcf. 4.) AO is equal to BO. (Eoc. 
4,1.) Then 

BP is the sincj ^nd CF the cosine. 7 rr 7/«*l a-^^ 

OP the versed sine, and BO the chord } ^'^A^V ^"^ arc AOB. 

And in the right angled triangle CBP, 

• rn . n . . 5 BP : sin BCP or BO 
K.a.js,.. ^ CP : cos BCP or BO 

Ex. 1. If the radius CO (Fig. 9.) =25, and the chord 
AB=43.3 ; what is the length of the arc AOB ? 

CB : R: :BP : sin BCP or B0=60° very nearly. 

The circumference of the circle =3.14159X50=157.08. 

And 360^:60° ::1 57.08 :26.18=OB. Therefore AOB =52.36. 

2. What is the length of an nrc whose chord is 2161, in a 
circle whose radius ia 125 ? Ans. 261.8. 
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29, If only the chord and the height of an arc be given, 
the radius oi the circle may be found, and then the length of 
the arc. 

If BA (Fig. 9,) be the chord, and PO the height of the arc 
AOB, then (Euc. 35. 3.) 

DP=M1. AndDO=OP+DP=OP+l£.* 
OP OP 

That is, the diameter is equal to the height of the arc, + 
the square of half the chord divided by the height. 
The diameter being found, the length of the arc may be 

calculated by the two preceding articles. 

« 

Ex. 1. If the chord of an arc be 173.2, and the height 50, 
what is the length of the arc ? 

The diameter =50+l?:^=200. The arc contains 120% 

50 

(Art. 28.) and its length is 209.44. (Art. 26.) 

2. What is the length of an arc whose chord is 120, and 
height 45? Ans. 160.8.* 

PROBLEM IV. 

To find the area of a circle. 

30. Multiply the square of the diameter bt the 
decimals .7854. 

Or. 

Multiply half the diameter into half the circum- 
ference. Or, multiply the whole diameter into the whole 
circumference, and take \ of the product. 

The area of a circle is equal to the product of half the 
diameter into half the circumference ; (Sup. Euc. 5, 1.) or 
which is the same thing, \ the product of the diameter and 
circumference. If the diameter be 1 , the circumference is 
3.14159; (Art. 23.) one fourth of which is 0.7854 nearly. 
But the areas of diflerent circles are to each other, cls the 
squares of their diameters. (Sup. Euc. 7, l.)t The area of 
any circle, therefore, is equal to the product of the square 

* See note C. f Euclid 2, 12. 
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of its diameter into 0.7854, which is the area of a circle 
whose diameter is 1. 

Ex. 1 . What is the area of a circle whose diameter is 623 
feet ? Ans. 304836 square feet. 

3. How many acres are there in a circular island whose 
diameter is 1 24 rods ? Ans. 75 acres, and 76 rods. 

3. If the diameter of a circle be 113, and the circumfer- 
ence 355, what is the area? Ans. 10029. 

4. How many square yards are there in a circle whose 
diameter is 7 feet ? 

31. If the circumference, of a circle be given, the area may 
be obtained, by first finding the diameter ; or, without finding 
the diameter, by multiplying the square of the circumference 
by .07958. 

For, if the circumference of a circle be 1 , the diameter 
= 1-5-3.14159=0.31831 ; and \ the product of this into the 
circumference is .07958 the area. But the areas of differ- 
ent circles, being as the squares of their diameters, are also 
as the squares i^ ihm circumferences. (Sup. Euc. 8, 1.) 

Ex. 1. If the circumference of a circle be 136 feet, what 
is the area? Ans. 1472 feet 

2. What is the surface of a circular fish-pond, which is IQ 
rods in circumference ? 

32. If the area of a circle be given^ the diameter may be 
found, by dividing the area by .7851, and extracting the 
square root of the quotient. 

This is reversing the rule in art. 30. 

Ex. 1. What is the diameter of a circle whose area is 

380.1336 feet? Ans,380,l336-i-.7854=:484. Andv^484=25. 

2. What is the diameter of a circle whose area is 1 9.635 ? 

33. The area of a circle, is to the area of the ctVri/m- 
scribed square ; as .7854 to 1 ; and to that of the inscribe 
square as .7854 to i. 

Let ABDF (Fig. 10.) be the inscribed square and LMNO 
the circumscribed square, of the circle ABDF. The area 

of the circle is equal to AD' X.7854. (Art. 30.) But the area 

of the circumscribed square (Art. 4.) is equal to ON'=AD'. 
^nd the smaller square is half of the larger one. For the 



MENSURATION OF THE CIRCLE. 31 

latter contains 8 equal triangles, of which the former contains 
only 4. 

Ex. What is the area of a square inscribed in a circle 
whose area is 159 ? Ans. .7854 : i : : 159 r 101.32. 



PROBLEM V. 

To find the area of a sector of a circle. 

34. Multiply the radius into half the length of the 
ARC. Or, 

As 360, TO the number of degrees in the arc ; 
So is the area of the circle, to the area of the sector. 

It is evident, that the area of the sector has the same ratio 
to the area of the circle, which the length of the arc has to 
the length of the whole circumference ; or which the number 
oi degrees in the arc has to the number of degrees in the cir- 
cumference. 

Ex. 1. If the arc AOB (Fig. 9.) be 120**, and the diameter 
of the circle 226 ; what is the area of the sector AOBC ? 

The area of the whole circle is 401 15. (Art. 30.) 

And 360^ : 120°: 140115 : 1337 If, the area of the sector, 

2. What is the area of a quadrant whose radius is 621 ? 

3. What is the area of a semi-circle whose diameter is 328 ? 

4. What is the area of a sector which is less than a semi- 
pircle, if the radius be 15^ and the chord of its arc 12? 

Half the chord is the sine of 23° 34f' nearly. (Art. 28.) 

The whole arc, then, is 47° 9^' 

The area of the circle is 706.86 

And 360° : 47° 94': : 706.86 : 92.6 the area of the sector. 

5. If the arc ADB (Fig. 9.) be 240 degrees, and the radius 
of the circle 1 1 3, what is the area of the sector ADBC ? 



PROBLEM VI. ' 

To find the area of a segment of a circle. 
35. Find the area of the sector which has the same arc, 

AND ALSO the AREA OF THE TRUNGLE FORMED BY THE CHORD OF 
THE SEGMENT AND TBE RADII OF THE SECTOR. 
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ThEV, IB THE SEaMENT BE LESS THAN ▲ SEMI-CUICLE, SUBTflUlCT 
THE AREA OF THE TRIANGLE FROM THE AREA OF THE SECTOR. BuT| 
IF THE SEGMENT BE GREATER THAN A SEJfl-CIRCLE, ADD THE AREA 
OF THE TRIANGLE TO THE AREA OF THE SECTOR. 

If the triangle ABC (Fig. 9.) be taken from the sector 
AOBC, it is evident the difference will be the segment AOBP, 
less than a semi-circle. And if the same triangle be added 
to the sector ADBC, the sum will be the segment ADBP, 
greater than a semi-circle. 

The area of the triangle (Art. 8.) is equal to the product 
of half the chord AB into CP which is the difference be- 
tween the radius and PO the height of the segment. Or 
CP is the cosine of half the arc BOA. If this cosine, and 
the chord of the segment are not given, they may be found 
from the arc and the radius. 

Ex. 1. If the arc AOB (Fig. 9.) be 120% and the radius 
of the circle be 11 3 feet, what is the area of the segment 
AOBP ? 

In the right angled triangle BCP, 
R : BC: IsinBCO : BP=97.86, half the chord. (Art. 28.) 

The cosine PC=iCO (Trig. 96, Cor.) =56.5 

The area of the sector AOBC (Art. 34.) =13371 .67 

The area of the triangle ABC=BP X PC = 5528.97 

The area of the segment, therefore, = 7843.7 

2. If the base of a segment, less than a semi-circle, be 10 
feet, and the radius of the circle 1 2 feet, what is the area of 
the segment ? 

The arc of the segment contains 49 j^ degrees. (Art. 28.) 
The area of the sector =61.89 (Art. 34.) 

The area of the triangle =54.54 

And the area of the segment = 7.35 square feet. 

3. What is the area of a circular segment, whose height is 
19.2 and base 70 ? Ans. 947.86. 
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4; What is the area of the segment ADBP, (Fig; 9.) if the 
base AB be 195.7, and the height PD 169.5? 

Ans. 32272.* 

36. The area of any figure which is bounded partly by 
arcs of circles, and partly by right Hnes, may he calculated, 
by finding the areas of the segments under the arcs, and then 
the area of the rectilinear space between the chords of the 
arcs and the other right lines. 

Thus the Gothic arch ACB, (Fig. 1 1 .) contains the two 
segments ACH, BCD, and the plane triangle ABC. 

Ex. If AB (Fig. 11.) be 110, each of the lines AC and 
BC 100, and the height of each of the segments ACH, BCD 
10.435 ; what is the area of the whole figure? 

The areas of the two segments are 1 404 

The area of the triangle ABC is 4593.4 



And the whole figure is 5997.4 



> 



PROBLEM Vlf. 

To find the area of a circular zone. 
37. From the area op the whole circle, subtract 

THE TWO segments OV THE SIDES OF "SHE ZONE. 

If from the whole circle (Fig. 1 2.) there be taken the two 
gegments ABC and DFH, there will remain the zone 
ACDH. 

Or, the area of the zone may be found, by subtracting the 
segment ABC from the segment HBD : Or, by adding the 
two small segments GAH and YDC to the trapezoid AuDB. 
See art. 36. 

The latter method is rather the most expeditious in prac- 
tice, asjthe two segments at the end of the zone are equal. 

Ex. 1 . What is the area of the zone ACDH, (Fig. 1 2.) if 
AC is 7.75, DH 6.93, and the diameter of the circle 8 ? 

* For the rn^tbod of finding the aroM of fegments by a tabUr ^e note D. 
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The area of the whole circle is 5036 

of the segment ABC 17.32 
of the segment DFH 9.82 

of the zone ACDH 23. 1 2 

2. What is the area of a zone^ one side of which is 23.25^ 
and the other side 20.8, in a circle whose diameter is 24 ? 

Ans. 208. 

38. If the diameter of the circle is not given, it may be 
found from the sides and the breadth of the zone. 

Let the center ofthe circle be at O. (Fig. 12.) Draw 
ON perpendicular to AH, NM perpendicular to LR, and 
HP perpendicular to AL. Then 

AN=iAH, (Euc. 3. 3.) MN=i(LA+RH) 
LM=iLR, (Euc. 2. 6.) PA=LA-RH. 

The triangles APH and OMN are similar, because the 
sides of one are perpendicular to those ofthe other, each to 
each. Therefore 

PH:PA::MN:MO 

MO being found, we have ML — MO=OL, 

And the raditis CO=a/OL>+CL^ (Euc. 47. 1.) 

Ex. If the breadth ofthe zone ACDH (Fig. 12.) be 6.4, 
and the sides 6.8 and 6 ; what is the radius of the circle 1 

PA=3.4- 3=0.4. AndMN=i(3.4+3)=3.2. 

Then 6.4 : 0.4::3.2 : 0.2=MO. And 3.2-0.2=3=OL 

And the radius C0= Vs' +(3.4)« =4.634- 

PROBLEM VIII. 

To find the area of a lune or crescent* 

39. Find the DirrERENCE of the two segments whiciI 

ARE between the ARCS OF THE CRESCENT AND ITS CHORD. 

If the segment ABC (Fig. 1 4.^ be taken from the seg- 
ment ABD ; there will remain the lune or crescent ACBD. 

Ex. If the chord AB be 88, the height CH 20, and the 
height DH 40 ; what is the area of the crescent ACBD ? 
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l^he area of the segment ABD is 3698 

of the segment ABC 1 320 

of the crescent ACBD 1 478 



PROBLEM 1X4 



To^ndthe area of a tiiso/inclnded between the peripberietf 

of two concentric circles. 

40. Film THE DIFraHENCE OF THE AREAS OF THE TWO CIRCLES. 

Or, 

Multiply the product of the sum and difference of the two 
diameters by .7854. 

The area of the ring (Fig. 13.) is evidently equal to the 
difference between the areas of the two circles AB and A'B'. 

But the area of each circle is equal to the sqtiare of its 
diameter multiplied into .7854. (Art. 30.) And the differ- 
ence of these squares is equal to the product of the sum and 
difference of the diameters. (Alg. 335.) Therefore the 
area of the ring is equal to the product of the sum and differ- 
ence of the two diameters multiplied by .7854. 

Ex. 1. If AB (Fig. 13.) be 331, and A'B' 106, what is the 
area of the ring ? 

Ans. (33T"X.7854)-('106''X.7854)=39535. 

3. If the diameters of Saturn ^s larger ring be 305,000 and 
190^00 miles, how many square miles are there on one side 
of the ring 7 

Ans. 396000 X 15000 X .7854=4,653,495,000'. 



PROMISCUOUS EXAMPLES OF AREAS. 

Ex. 1. What is the expense of paving a street 30 rods 
long, and 3 rods wide, at 5 cents for a square foot ? 

Ans. 544 1 dollars. 

4 
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2. If an equilateral triande contains as niaQy 8()oare feet 
as there are inches in one q? its sides ; what is the area of the 
triangle ? 

Let a:=?the number of square feet in the area. 

X 

Then r^= the number of linear feet in one of the sides. 

576 
Reducing the equation, x=--;7r'=332,55 the area, 

3. What is the side of a square whose area is equal to 
that of a circl e 452 fee t in diameter ? 

Ans. v^(452)a X,7854 =400.574. (Art. 30 and 7.) 

4. What is the diameter of a circle which is equal to a 
square whose side is 36 feet 7 

Ans. v/(36)»-T-0.7854 =40.62 17. (Art. 4. and 32.) 

5. What is the area of a square inscribed in a circle whose 
diameter is 132 feet ? 

Ans. 8712 square feet. (Art 33.) 

6. How much carpeting, a yard wide, will be necessary to 
cover the floor of a room which is a regular octagon, the sides 
being 8 feet each ? Ans. 34| yards. 

7. If the diagonal of a square be 16 feet, what is the area? 

Ans. 128 feet (Art. 14.) 

8. If a carriage wheel four feet in diameter revolve 300 
times, in going round a circular green ; what is the area of the 
green ? 

Ans. 4154^ sq. rods, or 25 acres, 3 qrs. and 34^ rods. 

9. What will be the expense of papering the sides of a 
room, at 10 cents a square yard; if the room be 21 feet long, 
18 feet broad, and 12 feet high ; and if there be deducted 3 
windows, each 5 feet by 3, two doors 8 feet by 4^, and one 
fire-place 6 feet by 4 j ? Ans. 8 dollars 80 cents. 

10. If a circular pond of water 10 rods in diameter be sur- 
rounded by a gravelled walk 8{ feet wide ; what is the area of 
the walk ? Ans. 1 6} sq. rods. (Art. 40.) 
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11. If CD (Fig. 17.) the base of the isosceles triangle 
VCD, be 60 feet, anc} the area 1200 feet ; and if there be cut 
off, by the line L6 parallel to CD, the triangle VLG, whose 
area is 432 feet ; what are the sides of the latter triangle 7 

Ans. 30, 30, and 36 feet. 

12. What is the area of an equilateral triangle inscribed in 
a circle whose diameter is 52 feet 7 

Ans. 878.15 sq. feet. 

13. If a circular piece of land is enclosed by a fence, in 
which 10 rails make a rod in length ; and if the field contains 
as many square rods, as there are rails in the fence ; what is 
the value of the land at 1 20 dollars an acre ? 

Ans. 942.48 dollars. 

14. If the area of the equilateral triangle ABD (Fig. 9.) 
be 219.5375 feet ; what is the area of the circle OBDA, in 
which the triangle is inscribed ? 

The sides of the triangle are each 22.5 167. (Art. 11.) 
And the area of the circle is • 530.93. 

15. If 6 concentric circles are so drawn, that the space 
between the least or 1st, and the 2d is 21.2058, 

. between the 2d and 3d 35.343, 

between the 3d and 4th 49.4802, 

between the 4th and 5th 63.61 74, 

between the 5th and 6th 77.7546 ; 

what are the several diameters, supposing the longest to be 
equal to 6 times the shortest 7 

Ans. 3,6, 9, 12, 15, and 18.' 

16. If the area between two concentric circles be 1202.64 
square inches, and the diameter of the lesser circle be 1 9 inch- 
es, what is the diameter of the other 7 

17. What is the area of a circular segment, whose height 
is 9, and base 24 7 
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SECTION III, 



80L1DS BOUNpED BY PLANE SURFACES, 



Art. 41. Definition I. A prism is a solid bounded by 
plane figures or faces, two of which are parallel, similar, and 
equal ; and the others are parallelograms. 

II. The parallel planes are sometimes called the bases or 
ends ; and the other figures, the sides of the prism. The lat* 
ter taken together constitute the lateral surface. 

III. A prism is right or oblique^ according as the sides are 
perpendicular or oblique to the bases. 

IV. The height of a prism is the perpendicular distance 
between the planes of the bases. In a right prism, there- 
fore, the height is equal to the length of one of the sides. 

V. A Parallelopiped is a prism whose bases are parallelo- 
grams. 

VI. A Cube is a solid bounded by six equal squares. It 
is a right prism whose sides and bases are all equal. 

VII. A Pyramid is a solid bounded by a plane figure called 
the base, and several triangular planes, proceeding from 
the sides of the base, and all terminating in a single point. 
These triangles taken together constitute the lateral surface, 

VIII. A pyramid is regular^ if its base is a regular poly* 

S)n, and if a line from the center of the base to the vertex of 
e pyramid is perpendicular to the base. This line is called 
the axis of the pyramid. 

IX. The height of a pyramid is the perpendicular distance 
from the summit to the plane of the base. In a regular pyr- 
amid, it is the length of the axis. 

X. The slant-height of a regular pyramid, is the distance 
from the summit to the middle of one of the sides of the base, 

XI. A frustum or trunk of a pyramid is a portion of the 
solid next the base, cut off by a plane parallel to the base. 
The height of the frustum is the perpendicular distance of 
\\\e two parallel planes. The slant-height of a frustum of a 
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regular pyramid, is the distance from the middle of one of 
the sides of the base, to the middle of the corresponding side 
in the plane above. It is a line passing on the surface of the 
frustum, through the middle of one of its sides. 

XII. A Wmge is a solid of five sides, viz. a rectangular 
base, two rhomboidal sides meeting in an edge, and two tri- 
angular ends ; as ABH6. (Fig. 20.) The base is ABCD, 
the sides are ABHG and DCHG, meeting in the edge GH, 
and the ends are BCH and ADG. The height of the wedge 
is a perpendicular drawn from any point in the edge, to the 
plane of the base, as GP. 

XIII. A Prismoid is a solid whose ends or bases are par* 
allel, but not similar, and whose sides are quadrilateral. It 
differs from a prism or a frustum of a pyramid, in having its 
ends dissimilar. It is a rectangular prismoid, when its ends 
are right parallelograms. 

XIV. A linear side or edge of a solid is the line of inter- 
section of two of the planes which form the surface. 

42. The common measuring unit of solids is a cuhe^ whose 
sides are squares of the same name. The sides of a cubic 
inch are square inches ; of a cubic foot, square feet, &c. 
Finding the capacity^ solidity^* or solid contents of a body, is 
finding the number of cubic measures, of some given denom- 
ination contained in the body. 

In solid measure. 

1728 cubic inches =1 cubic foot, 
27 cubic feet =1 cubic yard, 
4492J cubic feet =1 cubic rod, 
32768000 cubic rods =1 cubic mile, 
282 cubic inches =:1 ale gallon, 
231 cubic inches =1 wine gallon, 
2150.42 cubic inches =1 bushel, 

1 cubic foot of pure water weighs 1000 
avoirdupois ounces, or 621 pounds. 



See note E. 
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PROBLEM I. 



To find the solidity of a prism. 

43. Multiply the area of the base by the height. 

This is a general rule, applicable to parallelopipeds wheth- 
er right or oblique, cubes, triangular prisms, &.c. 

As surfaces are measured, by comparing them with a right 
parallelogram (Art 3.) ; so solids are measured, by compar- 
ing them with a right parallelopiped, 

Tf ABCD (Fig, 1.) be the base of a ri^ht parallelopiped, 
as a stick of timber standing erect, it is evident that the 
number of cubic feet contained in one foot of the height, is 
equal to the number of square feet in the area of the base. 
And if the solid be of any other height, instead of one fi^ot, 
the contents must have the same ratio. For parallelopipeds 
of the same base are to each other. as their heights. (Sup. 
Euc. 9, 3.) The solidity of a right parallelopiped, there- 
fore, is equal to the product of its lengthy breadth^ and thici- 
ness. See Alg. 523. 

And an oblique parallelopiped being equal to a right one of 
the same base ana altitude, (Sup. Euc. 7, 3.) is equal to the 
area of the base multiplied into the perpendiculaf height. 
This is true also otprisms^ whatever be the form of their bases. 
(Sup. Euc. 2. Cor. to 8, 3.) 

44. As the sides of a cube are all equaly the solidity is 
found by cubing one of its edges. On the other hand, if the 
solid contents be given, the length of the edges may be found, 
by extracting the cube root. 

45. When solid measure is cast by Duodecimals^ it is to be 
observed that inches are not primes of feet, but thirds. If 
the unit is a cubic foot, a solid Which is an inch thick and a 
foot square is a prime ; a parallelopiped a foot long, an inch 
broad, and an inch thick is a second, or the twelfth part of a 
prime ; and a cubic inch is a third, or a twelfth part of a 
second. A linear inch is j\ of a foot, a square inch ^jj of 
a foot, and a cubic inch j^\j of a foot. 

Ex. 1 . What are the solid contents of a stick of timber 
which is 31 feet long, 1 foot 3 inches broad, and 9 inches 
thick T Ans. 29 feet 9", or 29 feet 1 08 inches. 
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9. What 18 the solidity of a wall which is 22 feet long, 1 2 
feet high, and*2 feet 6 inches thick ? 

Ans. 660 cabic feet. 

• 3. What is the capacity of a cubical vessel which is 2 feet 

3 inches deep ? 

Ans. 1 IF. 4' 8" 3"\ or 1 1 feet 675 inches. 

4. If the base of a prism be 108 square inches, and the 
height 36 feet, what are the solid contents ? 

Ans. 27 cubic feet 

5. If the height of a square prism be 2i feet, and each 
side of the base lOi feet, what is the solidity ? 

The area of the base :i=lOiXlOj = 106J sq. feet. 
And the solid contents==106J X 21=240 J cubic feet.^, 

6. If the height of .a prism be 23 feet, and its base a regu- 
lar pentagon, whose perimeter is 1 8 feet, what is the solidity ? 

Ans. 512.84 cubic feet* 

46. The number of ^oZZon^ or husheU which a vessel will 
contain may be found, by calculating the capacity in inches^ 
and then dividing by the number of inches in 1 gallon or 
bushel. 

The weiffht of water in a vessel of given dimensions is 
easily calculated ; as it is found by experiment, that a cubic 
foot of pure water weighs 1000 ounces avoirdupois. For 
the weight in ounces, then, multiply the cubic feet by 1000 ; 
or for the weight in pounds, multiply by 62|. 

Ex. 1. How many ale gallons are th^re in a cistern which 
is 11 feet 9 inches deep, and whose base is 4 feet 2 inches 
square 7 

The cistern contains 352500 cubic inches ; 

And 352500-^-282 = 1 250. 

2. How many wine gallons will fill a ditch 3 feet 1 1 inches 
wide, 3 feet deep, and 462 feet long ? Ans. 40608. 

3. What weight of water can be put into a cubical vessel 

4 feet deep ? Ans. 4000 lbs. 



\ 
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PROBLEM 11. 

To find the lateral surface of a right prism ^ 

47. Multiply the length into the perimeter of the babe. 

Each of the sides of the prism is a right parallelogram, 
whose area is the product of its length and breadth. Bat 
the breadth is one side of the base ; and therefore, the Boa 
of the breadths is equal to the perimeter of the base. 

Ex. 1 . If the base of a right prism be a regular hexagon 
whose sides are each 2 feet 3 inches, and if the height be 16 
feet, what is the lateral surface ? Ans. ^16 square feet. 

If the areas of the two ends be added to the lateral sur* 
facO) the sum will be the whole surface of the prism. And 
the superficies of any solid bounded by planes, is evidently 
equal to the areas of all its sides. 

Ex. 2. If the base of a prism be an equilateral triangle 
whose perimeter is 6 feet, and if the height be 17 feet, what 
is the surface ? 

The area of the triangle is 1.732. (Art. 11.) 
And the whole surface is 105.464. 

problem in. 

To find the sOLiDiTr of a pyramid. 

48. Multiply the area of the base into ^ of the height. 

The solidity of a prism is equal to the product of the area 
of the base into the height. (Art. 43.) And a pyramid is \ 
of a prism of the same base and altitude. (Sup. Euc. 15, 3. 
Cor. 1.) Therefore the solidity of a pyramid whether right 
or oblique, is equal to the product of the base into \ of the 
perpendicular height. 

Ex. 1. What is the solidity of a triangular pyramid, whose 
height is 60, and each side of whose base is 4 ? 

The area of the base is 6.928 
And the solidity is 1 3a.56. 

2. Let ABC (Fig. 16.) be one side of an oblique pyramid 
whose base is 6 feet square ; let BC be 20 feet, and make an 
angle of 70 degrees with the plane of the base; and let CF 
be perpendicular to this plane. What is the solidity of the 
pyramid ? 



'4 
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In the right angled triangle BCP, (Trig. 1 34.) 
R :BC::8inB::PC=18.79. 
And the sofidity of the pyramid is 225.48 feet. 

3, What is the solidity of a pyramid whose perpendicular 
height is 72, and the sides of whose base are 67, 54, and 40? 

. Ans. 25920. 

PROBLSM IV. 

To find the lateral surface of a regular pyramid. 
49. Multiply half the slant-height into the perimeter of 

THE BASE. 

Let the triangle ABC (Fig. 18.) be one of the sides of a 
regular pyramid. As the sides AC and BC are equal, the 
angles A and B are equal. Therefore a line drawn from the 
vertex C to the middle of AB \s perpendicular to AB. The 
area of the triangle is equal to the product of half this per- 
pendicular into AB. (Art. 8.) The perimeter of the base 
is the sum of its sides, each of which is equal to AB. And 
the areas of all the equal triangles which constitute the lateral 
surface of the pyramid, are together equal to the product of 
the perimeter into half the slant-height CP. 

The slant-height is the hypothenuse of a right angled tri- 
angle, whose legs' are the axis of the pyramid, and the dis- 
tance from the center of the base to the middle of one of the 
sides. See Def. 1 0. 

Ex. 1. What is the lateral surface of a regular hexagonal 
pyramid, whose axis is 20 feet, and the sides of whose base 
are each 8 feet ? 

The square of the distance from the center of the base to 
one of the sides (Art. 16.) =48. 

The slant-height (Euc. 47. 1.) =V48 + 026p =21.16. 
And the lateral surface =21.16 X4X6=507.84 sq. feet. 

2. What is the whole surface of a regular triangular pyra- 
mid whose axis is 8, and the sides of whose base are each 
20.78 ? 

The lateral surface is 312 

The area of the base is 187 



And the whole surface is 499 

5 
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3. What is the lateral surface of a regular pyramid whose 
axis is 12 feet, and whose base is 18 feet square? 

Ads. 540 sqpiare feet 

The lateral surface of an oblique pyramid may be founds 
by takitig the sum of the areas of the unequal iriangles which 
form its sides* . ^ < 

PROBLEM V. 

To find the souditt of a rRusTUH of a pyramid. 

50. Add together the areas of t&e two ends, and the 6<iuarc 
root of the product of these areas ; and mcltitly the sim bt 
j of the perpendicular height of the solid. 

Let CDGL (Fig. 17.) be a vertical section, through the 
middle of a frustum of a right pyramid GOV whose base is a 
9mare» 

Let CD=a, LG=6, RN=A» 

By similar triangles^ LG : CD: :RV : NV. 

Subtracting the antecedents, (Alg. 389.) 
LG : CD-LG: :RV : NV-RV=RN, 

m. r r>Tr RN X LG hh 

Therefore ^'f^CD^hd'^^'^b 

The square of CD is the base of the pyramid CDY ; 

And the square of LG is the base of the small pyramid LGV. 

Therefore, the solidity of the larger pyramid (Art. 48.) is 

CD' X KRN+RV)=«» X i (a+^j) -3^t 

And the solidity of the smaller pyramid is equal to 

, • , hb hb^ 

LG'xiRV=6«X3^r36=^:=36- 

If the smaller pyramid be taken from the larger^ there will 
remain the frustum CDLG, whose solidity is equal to 

"lJ:Z3r=^*^"^r=ir=^*^^"'+"^+^") (Alg. 466.} 
Or, because y/a^b* =^ab^ (Alg. 259.) 
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Hefe A, the height of the frostumt k multi plied into a* and 

6", the areas of the two ends, and into Va*b^ the square 
root of the products of these areas. 

In this demonstration, the pyramid is supposed to be 
square. But the rule is equally applicable to a pyramid of 
any other form. For the solid contents of pyramids are 
equal, when they have equal heights and bases, whatever be 
the Jigure of their bases. (Sup. £uc. 14. 3.) And the sec- 
tions parallel to the bases, and at equal distances, are equal 
to one another. (Sup. Euc 12. 3, Cor. 2.)* 

Ex. 1. If one end of the frustum of a pyramid be 9 feet 
square, the other end 6 feet square, and the height 36 feet« 
what is the solidity ? 

The areas* of the two ends arc B1 and 36. 
The square root of their product is 54. 
And the solidity of the frustum=^(81 +36+54) X 12=20534 

2. If the height of a frustum of a pyramid be 24, and the 
areas of the two ends 441 and 12) ; what is the solidity f 

Ans. 6344. 

3. If the height of a frustum of a hexagonal pyramid be 
48, each side of one end 26, and each side of the other end 
16 ; what is the solidity ? Ans« 56034. 

PROBLEM VI. 

To find the lateral surface of a frustum of a regular 

pyramid. 

51. Multiply half the slant-height bV thesuk of the perim- 
eters OF THE TWO ENDS. 

Each side of a frustum of a regular pyramid is a trapezoidi 
as ABCD. (Fig. 19.) The slant-height HP^ (Def. II.) 
though it is oblique to the base of the solid, is perpendicular 
to the line AB. The area of the trapezoid is equal to the 
product of half this perpendicular into the sum of the par- 
allel sides AB and DC. (Art. 12.) Therefore the area of 
all the equal trapezoids which form the lateral surface of 



* See note F; 
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the frustum, is equal to the product of l]alf the alant-height 
into the sum of the perimeters of the ends. 

Ex. If the slant-height of a frustum of a regular octagonal 
pyramid be 42 feet, the sides of one end 5 feet each, and 
the sides of the other end 3 feet each ; what is the lateral 
surface?, Ans. 1344 square feet, 

52. If the slant-height be not given, it may be obtained 
from the perpendicular height, and the dimensions of the 
two ends. Let GD (Fig. 17.) be the slant-height of the 
frustum CDGL, RN or GP the perpendicular height, ND 
and RG the radii of the circles inscribed in the perimeters 
of the two ends. Then PD is the difference of the two 
radii : j 

And the slant-height GD =-/(GP'+PD'). 

Ex. If the perpendicular height of a frustum of a regular 
hexagonal pyramid be 24, the sides of one end 13 each, and 
the sides of the other end 8 each ; what isjhe whole surface? 
^/(FC"-BP')=CP,(Fig.7.)thatis,v^ (l3"- 6.5')=11.258 

And y/s^-A^ = 6.928 

The difference of the two radii is, therefore, 4.33 

The slant-height =v/(24'-f4:33') =24.3875 
The lateral surface iis 1 536.4 

And the whole surface, 2141.75. 

53. The height of the whole pyramid may be calculated 
from the dimensions of the frustum. Let VN (Fig. 17.) be 
the height of the pyramid, RN or GP the height of the frus- 
tum, ND and RG the radii of the circles inscribed in the 
perimeters of the ends of the frustum. 

Then, in the similar triangles GPD and VND, 

DP:GP::DN: VN. 

The height 6f the frustum subtracted from VN, gives VR 
the height of the small pyramid VLG. The solidity and 
lateral surface of the frustum may then be found, by subtract- 
ing from the whole pyramid, the part which is above the cut- 
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Ung plane. This method may serve to verify the calcalations 
which are made by the rules in arts. 50 and 51. 

Ex. If one end of the frustum CDGL (Fig. 17.) be 90 
feet square, the other end 60 feet square, and the height RN 
36 feet; what is the height of the whole pyramid VCD : and 
what are the solidity and lateral surface of the frustum ? 

DP=DN— GR=45-30=:15. And GP=RN=36. 

Then 15 : 36::45 : 1 08 =VN, the height of the whole pyramid. 

And 108-36=72=VR, the height of the partVLG. 

The solidity of the large pyramid is 291600 (Art. 48.) 

of the small pyramid 86400 

of the frustum CDGL 205200 



The lateral surface of the large pyramid is 21060 (Art. 49.) 

of the small pyramid 9360 

of the frustum 1 1 700 



PROBLEM VII. 



To find the solidity of a wzdoe. 

64. Add the length of the edge to twice the length of the 
base, and multiply the sum by ^ of the product of the height 
of the wedge and the breadth of the base. 

Let L=sAB the length of the base. (Fig. 20.) 
Z=GH the length of the edge. 
6=BC the breadth of the base. 
A=PG the height of the wedge. 
ThenL-Z=AB-GH=AM. 

If the length of the base and the edge be equals as BM 
and GH, (Fig 20.) the wedge MBHG is half a parallelo- 
piped of the same base and height. And the solidity (Art. 
43.^ is equal to half the product of the height, into the length 
and breadth of the base ; that is to \ bhl. 

If the length of the base be greater-Xh^n that of the edge, 
as ABGH; let a section be made by the piano GMN, par- 
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allel to HBC. This will divide the whole wedge into two 
parts MBHG and AMG. The latter is a pyramid, whose 
solidity (Art. 48.) is J 6A X (L— I) 

The solidity of the parts together, is, therefore, 
^hhl+ibh X (L - Z)= j6A3i+itA2L— i6A2Z= J6A X {^L+I) 

If the length of the base be less than that of the edge, it 
is evident that the pyramid is to be subtracted from half the 
parallelepiped, which is equal in height and breadth to the 
wedge, and equal in length to the edge. 

The solidity of the wedge is, therefore, 
ibhl^^bh X (Z-.L)=i6A3Z-|6A2Z+i6A2L= ^6* X (2L+f) 

Ex. 1. If the base of a wedge be 35 by 1 5, the edge 65, 

and the perpendicular height 12.4 ; what is the solidity 1 

15X12 4 
Ans. (70+55) X ;g-— =3875- 

2. If the base of a wedge be 27 by 8, the edge 36, and the 
perpendicular height 42 ; what is the solidity t 

Ans. 5040. 

PROBLEM VIII. 

Tcfin^ the solidity of a rectangular prismoid. 

55. To the areas of the two ends, add pour times 
the area of a parallel section e^uallv distant from 
the ends, and multiply the sum by \ of the height. 

Let L and B (Fig. 21.) be the length and breadth of one end, 
{ and 6 the length and breadth of the other end, 
M and m the length and breadth of the section in the 

middle, 
and h the height of the prismoid. 

The solid may be divided into two wedges, whose bases 

are the ends of the prismoid, and whose edges are L and 2. 

The solidity of the whole» by the preceding article, is 

;BA X (2L+Z)+i6A X (2Z+L)= jA(2BL+BZ+26Z+6L) 

As M is equally distant from L and 2, 

2M=L+Z,2j«=B+5,and4Mm=(L+/)(B+5)=BL+BZ+ 

[6L+tt. 
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Sabstitating 4Mifi for its value^ in the preceding expression 
for the solidity, we have 

That is, the solidity of the prismoid is eqaal to j of the 
height, muUiplied into the areas of the two ends, and 4 times 
the area of the section in the middle. 

This rufe may be applied to prismoids of other forms. 
For, whatever be the figure of the two ends, there may be 
drawn in each, such a number of small rectangles, that the 
sum of them shall differ less, than by any given quantity, 
from the figure in which they are contained. And the solids 
between these rectangles will be rectangular prismoids. 

Ex. 1. If one end of a rectangular prismoid be 44 feet by 
23, the other end 36 by 21, and the perpendicular height 72 ; 
what is the solidity ? 

The area of the larger end =44 X23=10I2 
of the smaller end =36 X 21 = 756 
of the middle section =40x22=: 880 
And the solidity =:(1012+756+4X880)Xl2=63456 feet. 

2. What is the solidity of a stick of hewn timber," whose 
ends are 30 inches by 27, and 24 by 18, and whose length is 
48 feet ? Ans. 204 feet. 

Other solids not treated of in this section, if they be 
bounded by plane surfaces, may be measured by supposing 
them to be divided into prisms, pyramids, and wedges. And, 
indeed, every such solid may be considered as made up of 
triangular pyramids. 
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THE FIVE REGULAR SOLIDS. 

56. A 80UD IS SAID TO BE REGULAR, WHEN ALL ITS SOLID ANGLES 
ARE E^UAL, AND ALL ITS SIDES ARE E<ii;AL AND REGULAR POLYGONS. 

The following figures are of this description ; 

1. The Tetraearon^ ^ f four triangles ; 

2. The Hexaedron or cw6e, , I six squares ; 

3. The Octaedron, >Ze8RTeS eight triangles; 

4. The Dodecaedron^ I j twelve pentagons; 

5. The Icosaedron^ j ^twenty triangles.* 

Besides these five, there can be no other regular solids. 
The only plane figures which can form such solids, are tri- 
angles, squares, and pentagons. For the plane angles which 
contain any solid angle, are together less than four right an* 
gles or 360°. (Sup. Euc. 21. 2.) And the least number 
which can form a solid angle is three. (Sup. Euc. Def. 8. 2.) 
If they are angles of equilateral triangles^ each is 60^ The 
sum of three of them is 180% of four 240°, o{ Jive 300°, and 
of six 360°. The latter number is too great for a solid 
angle. 

The angles of squares are 90° each. The sum of three 
of these is 270°, of four 360°, and of any other greater num- 
ber, still more. 

The angles of reg\i\BX pentagons are 1 08° each. The sum 
oi three of them is 324°; of four, or any other greater num- 
ber, more than 360°. The angles of all other regular poly- 
gons are still greater. 

In a regular solid, then, each solid angle must be contained 
by three, four, or five equilateral triangles, by three /quares, 
or by three regular pentagons. 

57. As the sides of a regular solid are similar and equal, 
and the angles are also alike ; it is evident that the sides are 
all equally distant from a central point in the solid. If then, 
planes be supposed to proceed from the several edges to the 
center, they will divide the solid into as many equal />yra- 
mids^ as it has sides. The base of each pyramid will be one 
of the sides ; their common vertex will be the central point ; 
and their height will be a perpendicular from the center to 
one of the sides. 



* For the ^eometricftl construction of these soIidt»» see Legendre's Geome- 
try; Appendix to Books vi and vii. 
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PROBLEM IX, 

To find the surface of a reoular solid. 

58. Multiply the area of one of the sides by the number 
OF siDi^ Or, 

Multiply the square of one of the edges, by the surface 
of a similar soud whose edges are 1. 

As all the sides are equal^iX is evident that the area of one 
of them, multiplied by the number of sides, will give the area 
of the whole. 

Or, if a table is prepared, containing the surfaces of the 
several regular solids whose linear edges are unity ; this may 
be used for other regular solids, upon the principle, that the 
areas of similar polygons are as the squares of their homolo- 
gous sides. (Euc. 20. 6.) Such a table is easily formed, by 
multiplying the area of one of the sides, as given in art. 17, by 
the number of sides. Thus the area of an equilateral tri- 
angle whose side is 1, is 0.4330127. Therefore the surface. 

Of a regular tetraedron =.4330127x4 =1.7320508. 
Of a regular octaedron =.4330127x8 =3.4641016. 
Of a regular icosaedron =.4330127 X 20=36.6602540. 

See the table in the following article. 

Ex. 1. What is the surface of a regular dodecaedron 
whose edges are each 25 inches? 

The area of one of the sides is 1075.3. 
And the surface of the whole solid =1075.3X12=12903.6. 

2. What is the surface of a regular icosaedron whose edges 
are each 102 ? Ans. 90101.3. 

PROBLEM X. 

To find the solidity of a regular solid. 
69. Multiply the surface by \ of the perpendicular distance 

FROM the center TO ONE OF THE SIDES. 

Or, 

Multiply the cube of one of the edges, by the solidity of a 
similar solid whose edges are 1. 

As the solid is made up of a number of equaj pyramids, 
whose bases are the sides, and whose height is the perpendic- 

6 
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ular distance of the sides from the center (Art. 57.) ; the 
solidity of the whole must be equal to the areas of all the 
sides multiplied into ^ of this perpendicular. (Art. 48.) 

If the contents of the several regular solids whose edges 
are 1 , be inserted in a table^ this may be used to measure 
other similar solids. For two similar regular solids .^^ntaia 
the same number of similar pyramids ; and these are to each 
other as the cubes of their linear sides or edges. (Sup. Euc 
i 5. 3. Cor. 3.) 



A TABLE OF RSGULAB SOLIDS WHOSE EDGES ARE 1. 



JSTames. \J>ro. of»id€t\ Surfaces 



Tetraedron 

Hexaedron 

Octaedron 

Dodecaedron 

Icosaedron 



4 
6 
8 

12 
20 



1.73205081 

6.0000000 

3.4641016 

20.6457288 



Solidities, 



0.1178513 
1.0000000 
0.4714045 
7.6631189 



8.6602540 2.1816950 



For the method of calculating the last column of this table, 
see Hutton^s Mensuration, Fart III. Sec. 2. 

Ex. What is the solidity of a regular octaedron whose 



edges are each 32 inches i 
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THE CYLINDER, CONE, AND SPHERE. 

Art. 61. Definition I. A riffht cylinder is a solid descri- 
bed by the revolution of a rectangle about one of its sides. 
The ends or bases are evidently equal and parallel circles. 
And the axis^ which is a line passing through the middle of 
the cylinder, is perpendicular to the bases. 

The ends of an oblique cylinder are also equal and paral- 
lel circles ; but they dre not perpendicular to the axis. The 
height of a cylinder is the perpendicular distance from one 
base to the plane of the other. In a right cylinder, it is the 
length of the axis. 

II. A right cone is a solid described by the revolution of a 
right angled triangle about one of the sides which contain the 
right angle. The base is a circle, and is perpendicular to the 
axis^ which proceeds from the middle of the base to the 
vertex. 

The base of an oblique cone is also a circle, but is not per- 
pendicular to the axis. The height of a cone is the perpen- 
dicular distance from the vertex to the plane of the base. 
In a right cone, it is the length of the axis. The slant-height 
of a right cone is the distance from the vertex to the circum- 
ference of the base. 

III. A frustum of a cone is a portion cut off by a plane 
parallel to the base. The height of the frustum is the per- 
pendicular distance of the two ends. The slant-height of a 
frustum of a right cone, is the distance between the periphe- 
ries of the two ends, measured on the outside of the solid ; 
as AD. (Fig. 23.) . 

IV. A sphere or globe is a solid which has a center equally 
distant from every part of the surface. It may be described 
by the revolution of a semicircle about a diameter. A 
radius of the sphere is a line drawn from the center to any 



* Hutton'0 Mensuration, West's Mathematics, Legendre^s, Clairaafs, and 
Camus's Geometry. 
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part of the surface. A diameter is a line passing through the 
center, and terminated at both ends by the surface. The 
circumference is the same as the circumference of a circle 
whose plane passes through the center of the sphere. Such 
a circle is called a great circle. 

V. A segment of a sphere is a part cut off by any plane. 
The height of the segment is a perpendicular from the mid- 
dle of the base to the convex surface, as LB. (Fig. 12.) 

VI. A spherical zone or frustum is a part of the sphere in*^ 
eluded between two parallel planes. It is called the middle 
zone^ if the planes are equally distant from the center. The 
height of a zone is the distance of the two planes, as. LR. 
(Fig. 12.*) 

VII. A spherical sector is a solid produced by a circular 
sector, revolving in the same manner as the semicircle which 
describes the whole sphere. Thus a spherical sector is de- 
scribed by the circular sector ACP (Fig. 1 5.) or GCE re- 
volving on the axis CP. 

VIII. A solid described by the revolution of any figure 
about a fixed axis, is called a solid of revolution. 



PROBLEM I. 

To find the convex surface qjT a right cylinder; 

62. Multiply the length into the circumference or the bisk. 

If a right cylinder be covered with a thin substance like 
paper, which can be spread out into a plane ; it is evident 
that the plane will be a parallelogram^ whose length and 
breadth will be equal to the length and circumference of the 
cylinder. The area must, therefore, be equal to the length 
multiplied into the circumference. (Art. 4.) 

Ex. 1 . What is the convex surface of a right cylinder which 
is 42 feet long, and 15 inches in diameter f 

Ans. 42X1.25X3.14159=164.933 sq. feet 



* According to mme writen, a ipherical iegnunt is either a aolid which is 
cut off from a sphere by a single plane, or one which is included between 
two planes : and a zone is the sutface of either of these. In tiiis sense, the 
term zone is commonly used in geography. 
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3. What is the whole surface of a right cylinder, which is 
2 feet in diameter and 36 feet long ? 

The convex surface is 226,1945 

The area of the two ends (Art. 30.) is 6.2832 

The whole surface is 232.4777 

3. What is the whole surface of a right cylinder whose 
axis b 82, and circumference 717 Ans. 6624.32. 

63. It will be observed that the rules for the prism and 
pyramid in the preceding section, are substantially the same, 
as the rules for the cylinder and cone in this* There may be 
some advantage, however, in considering the latter by tnem- 
selves. 

In the base of a cylinder ^ there may be inscribed a polygon, 
which shall differ from it less than by any given space. (Sup. 
Euc. 6. 1. Cor.) If the polygon be the base of apmm, of 
the same height as the cylinder, the two solids may differ less 
than by any given quantity. In the same manner, the base 
of a pyramid may be a polygon of so many sides, as to differ 
less than by any 'given quantity, from the base of a cone in 
which it is inscribed. A cylinder is therefore considered, by 
many writers, as a prism of an infinite number of sides ; and 
a cone, as a pyramid of an infinite number of sides. For the 
meaning of the term ^^ infinite,^^ when used in the mathemati- 
cal sense, see Alg. Sec. zr. 



PROBLEM II. 

To find the solidity of a cylinder. 

64. Multiply the area of the base by the height. 

The solidity of a paraUelopiped is equal to the product of 
the base into the perpendicular altitude. (Art 43.) And a 
parallelepiped and a cylinder which have equal bases and 
altitudes are equal to each other. (Sup. Euc. 17. 3.) 

Ex. 1 . What is the solidity of a cylinder, whose height is 
121, and diameter 45.2? 

Ans. 4^2* X.7854X 121 = 194156.6. 
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2. What is the solidity of a cylinder, whose height is 434, 
and circumference 2131 Ans. 1530837. 

3. If the side AC ofan oblique cylinder (Fig. 22.) be 27, 
and the area pf the base 32.61, and if the side make an angle 
of 62° 44' with the base, what is the solidity ? 

R : AC: :sin A : BC=24 the perpendicular height 

And the solidity is 782.64. 

4. The Winchester bushel is a hollow cylinder, I87 inches 
in diameter, and 8 inches deep. What is its capacity ? 

The area of the base=(18.5)« X.7853982=»268.8025. 
And the capacity is 2150.42 cubic inches. See the ta- 
ble in Art. 42. 



PROBLEM III. 

To find the convex surface of a right cone. 

65. Multiply half the slant-height into the circumference 
OF the base. 

If the convex surface of a right cone be spread oat into a 
plane, it will evidently form a sector of a circle whose radius 
is equal to the slant-height of the cone. But the area of the 
sector is equal to the product of half the radius into the 
length of the arc. (Art. 34.) Or if the cone be considered 
as a pyramid ofan infinite number of sides, its lateral surface 
is equal to the product of half the slant-height into the perim- 
eter of the base. (Art. 49.) 

Ex. 1. If the slant-height of a right cone be 82 feet, and 
the diameter of the base 24, what is th^ convex surface? 

Ans. 41 X 24 X 3.141 />9^309 1.3 square feet. 

2. If the axis of a right cone be 48, and the diameter of 
the base 72, what is the whole surface ? 

The slant-height =v'(36^+48^)=60. (Euc. 47. 1.) 
The convex surface is 6786 

The area of the base 407 1 .6 



And the whole surface 10857.6 
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3. If the axis of a right cone be 16, and the circumfer- 
ence of the base 75.4 ; what is the whole surface ? 

Ans. 1206.4. 



FROBLEH IV. 

To find the solidity of a conb. 

66. MULTIFLY THE AREA 09 THE BASE IBTO ^ OF THE HEIGHT. 

**" The solidity of a cylinder is equal to the product of the 
base into the perpendicular height. (Art. 64.) And if a cone 
and a cylinder have the same base and altitude, the cone is 
^ of the cylinder. (Sup. £uc. 18. 3.) Or if a cone be con- 
sidered as a pyramid of an infinite number of sides, the solid- 
ity is equal to the product of the base into \ of the height, by 
art. 48. 

Ex. 1. What is the solidity of a right cone whose height is 
663, and the diameter of whose base is 101 ? 

Ans. 101" X. 7854X221 =1770622. 

2.^ If the axis of an oblique cone be 738, and make an 
angle of 30° with the plane of the base ; .and if the circum- 
ference of the base be 355, what is the solidity? 

Aos. 1233536. 

PROBLEH V. 

To find the convex surface of a frustcm of a right cone. 



67- Multiply half the slant-height by the' sum of the peri- 
pheries OF the two ends. 

This is the rule for a frustum of a pyramid; (Art. 51.) and 
is equally applicable to a frustum of a cone^ if a cone be 
considered as a pyramid of an infinite number of sides. 
(Art. 63.) 

Or thus. 

Let the sector ABV (Fig. 23.) represent the convex sur- 
face of a right cone, (Art. 65.) and DCV the surface of a 
portion of the cone, cut off by a plane parallel to the base. 
Then will ABCD be the surface of the frustum. 
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Let AB=a, DC=6, VD=d, AD=i. 

Then the area ABV= Ja X (h+d)^kah+iad. (Art. 34-) 

And the area DC\=-ibd. 

Subtracting the one from the other, 

The area ABDC=iaA+iarf-iM. 
Bui d:d+h::b: a. (Sup.Eac.8. 1 .) Therefore iad - 4M=iW. 

The surface of the frustum, then, is equal to 
iah+ihh. oriAx(a+6) 

Cor. The surface of the frustum is equal to the product of 
the slant-height into the circumference of a circle which is 
equally distant from the two ends. Thus the surface ABCD 
(Fig. 23.) is equal to the product of AD into MN. For MN 
is equal to half the sum of AB and DC. 

Ex. 1. What is the convex surface of a frustum of a right 
cone, if the diameters of the two ends be 44 and 33, and the 
slant-height 84 ? Ans. 10159.8. 

2. If the perpendicular height of a frustum of a right cone 
be 24, and the diameters of the two ends 80 and 44, what is 
the whole surface ? 

Half the difference of the diameters is 1 8. 

And ^18' +24'' =30, the slant-height, (Art. 52.) 
The convex surface of the frustum is 5843 

The sum of the areas of the two ends is 6547 



And the whole surface is 1 2390 



PROBLEM yi.* 



To find the solidity of a frustum of a cone. 

68. Add together the areas of the two ends, a5D the square 
root of the product of these areas ; and mttltiplr the sum bt \ 
of the perpendicular height. 

This rule, which was given for the frustum of a pyramid^ 
(Art 50.) is equally applicable to the frustum of a cone ; be- 
cause a cone and a pyramid which have equal bases and 
altitudes are equal to each other. 
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Ex. 1. What is the solidity of a mast which is 12 feet 
long, 2 feet in diameter at one end, and 1 8 inches at the 
other ? Ans. 174.36 cubic feet, 

2. What is the capacity of a conical cistern which is 9 
fieet deep, 4 feet in din meter at the bottom, and 3 feet at the 
top 1 Ans. 87.18 cubic feet =653.15 wine gallons. 

3. How many gallons of ale can be put into a vat in the 
form of a conic frustum, if the larger diameter be 7 feet, the 
smaller diameter 6 feet, and the depth 8 feet ? 



PROBLEM VII. 

To find the surface of a sphere. 
69. Multiply the diameter by the circumference. 

Lei a hemisphere be described by the quadrant CPD,. 
(Fig. 25.) revolving on the line CD. Let AB be a side of a 
regular polygon inscribed in the circle of which DBF is an 
arc. Draw AO and BN perpendicular to CD, and BH per- 
pendicular to AO. Extend AB till it meets CD continued. 
The triangle AOV, revolving on OV as an axis, will describe 
aright cone. (De6n. 2.) AB will be the slant-height of a 
frustum of this cone extending from AO to BN. From G 
the middle of AB, draw GM parallel to AO. The surface of 
the frustum described by AB, (Art. 67. Cor.) is equal to 

ABXciVcGM.* 

From the center C draw CG, which will be perpendicular 
to AB, (Euc. 3. 3.) and the radius of a circle inscribed in the 
polygon. The triangles ABH and CGM are similar, be- 
cause the sides ahre perpendicular, each to each. Therefore, 

HB or ON : AB: :GM : GC: :circ GM : arc GC. 

So that ON Xctrc GC = AB Xcirc GM, that is, the surface 
of the frustum is equal to the product of ON the perpendicu: 
lar height, into arc GC, the perpendicular distance from the 
center of the polygon to one of the sides. 

** By eire GM is meant the circumference of a circle the radius ofwhlch if 
GM. 

7 
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In the same manner it may be proved, that the surfaces 
produced by the revolution of the lines 6D and AP about 
the axis DC, are equal to 

ND X circ GC, and CO X circ GC. 

The surface of the whole solid, thereforef(Euc. 1.2.) is equal to 

CD X circ GC. 

The demonstration is applicable to a solid produced by 
the revolution of a polygon of any number of sides. But a 
polygon may be supposed which shall differ less than by any 
given quantity from the circle in whjch it is inscribed ; (Sup. 
Euc. 4* 1.) and in which the perpendicular GC shall differ 
less than by any given quantity from the radius of the circle. 
Therefore the surface of a hemisphere is equal to the product 
of its radius into the circumference of its base ; and the sur- 
face of a sphere is equal to the product of its diameter into its 
circumference. 

Cor. 1. From this demonstration it follows, that the sur- 
•face of any segment or zone of a sphere is equal to the pro- 
duct of the height of the segment or zone into the circum- 
ference of the sphere. The surface of the zone produced 
by the revolution of the arc AB about ON, is equal to 
ON X circ CP. And the surface of the segment produced, 
by the revolution of BD about DN is equal to DN xdrc CP. 

Cor. 2. The surface of a sphere is equal to four times the 
area of a circle of the same diameter ; and therefore, the 
convex surface of a hemisphere is equal to twice the area oS 
its base. For the area of a circle is equal to the product of 
half the diameter into half the circumference ; (Art. 30.) that 
is, to I the product of the diameter and circumference. 

Cor. 3. The surface of a sphere, .or the convex surface of 
any spherical segment or zone, is equal to that of the cir- 
cumscribing cylinder. A hemisphere described by the rev- 
olution of the arc DBP, is circumscribed by a cylinder pro- 
duced by the revolution of the parallelogram DdCP. The 
convex surface of the cylinder is equal to its height multiplied 
by its circumference. (Art. G2.) And this is also the surface 
of the hemisphere. 



^ 
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So the surface produced by the revolution of AB is equal 
to that produced by the revolution of aft. And the surface 
produced by BD is equal to that produced by bd: 

Ex. 1. Considering the earth as a sphere 7930 miles in 
diameter, how many square miles are there on its surface t" 

Ans. 197,558,500. 

2. If the circumference of the sun be 2,800,000 miles, 
what is his surface ? Ans. 3,495,547,600,000 sq. miles. 

3. How many square feet of lead will it require, to cover 
a hemispherical dome whose base is 13 feet across? 

Ans. 265i. 



PROBLEM VIII. 

To find the solidity of a sphere. 

70. 1. Multiply the cube of the diameter by .SSSG. < 

Or, 

3. Multiply the square of the dumeter by \ of the circtjm- 

FERENCE. Or, 

3. Multiply the surface by \ of the diameter. 

1. A sphere is two thirds of its circumscribing cylinder. 
(Sup. Euc. 21. 3.) The height and diameter of the cylinder 
are each equal to the diameter of the sphere. The solidity 
of the cylinder is equal to its height multiplied into the area 
of its base, (Art. 64.) that is putting D for the diameter, 

DXD«X.7854 or D»X.7854, 

« 

And the solidity of the sphere^ being | of this, is 

D3X.5236. 

2. The base of the circumscribing cylinder is equal to half 
the circumference multiplied into half the diameter; (Art. 30.) 
that is, if C be put for the circumference, 

jC XD ; and the solidity is JC X D». 

Therefore the solidity of the sphere is 
|of iCxD«=D«XiC. 
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3. In the last expression, which is the same as C X D X |D, 
we may substitute S, the surface, for C xD. (Art. 69.) We 
then have the solidity of the sphere equal to 

Sxp. 

Or, the sphere may be supposed to be filled with small 
pyramids^ standing on the surface of the sphere, and having 
their common vertex in the center. The number of these 
may be such, that the difference between their sum and the 
sphere shall be less than any given quantity. The solidity of 
each pyramid is equal to the product of its base into } of its 
height. (Art. 48.) The solidity of the whole, therefore, is 
equal to the product of the surface of the sphere into ^ of its 
radius, or i of its diameter. 

71. The numbers 3.14159, .7854, .5236, should be 
made perfectly familiar. The first expresses the ratio of the 
circumference of a circle to the diameter; (Art. 23.) the 
second, the ratio of the area of a circle to the square of the 
diameter (Art. 30.); and the third, the ratio of the solidity of 
a sphere to the cube of the diameter. The second is | of the 
first, and the third is ^ of the first. 

As these numbers are frequently occurring in mathematical 
investigations, it is common to represent the first of them by 
the Greek letter «'. According to this notation, 

*=3.14159, i^=.7854, i*=.5236. 

If D=the diameter^Sind R=the radius of any circle or sphere ; 

Then D=2R D«=:4R« D3=8R3. 

And^D ) . . , >D» ) =the area of J^D' > _ . 

Or2*R 5 -"^^® P^'^P'^' or«'R« 5 the circ. or|^R» 5 """^® 
solidity of the sphere. 

Ex. 1. What is the solidity of the earth, if it be a sphere 
7930 miles in diameter? 

Ans. 261,107,000,000 cubic miles. 

2. How many wine gallons will fill a hollow sphere 4 feet 
in diameter ? 

Ans. The capacity is 33.5104 feet=250f gallons. 

3. If the diameter of the moon be 2180 miles, what is its 
solidity? Ans. 5,424,600,000 miles. 
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72. If the solidity of a sphere be given^ the diameter may 
be found by reversing the first rule in the preceding article ; 
that is, dividing by .5236 and extracting the cube root of the 
quotient. 

Ex. 1. What is the diameter of a sphere whose solidity is 
65.45 cubic feet ? Ans. 5 feet. 

2. What must be the diameter of a globe to contain 
16755 pounds of water ? Ans. 8 feet 



PROBLEM IZ. 

I 

To find the convex surface of a segment or zone of a 

sphere. 

73. Multiply the height of the seomeett or zone into the 
circumference of the sphere. 

For the demonstration of this rule, see art. 69i 

Ex. 1 . If the earth be considered a perfect sphere 7930 
miles in diameter, and if the polar circle be 23^ 38' from the 
pole, how many square miles are there in one of the frigid 
zones ? 

If PQOE (Fig. 15.) be a meridian on the earth, ADB one 
of the polar circles, and P the pole ; then the frigid zone is 
a spherical segment described by the revolution of the arc 
APB about PD. The angle ACD subtended by the arc AP 
is 33^ 38'. And in the right angled triangle ACD, 

R : AC::cos ACD : CD=3637. 

Then CP-CD=3965- 3637=328 =PD the height of 
the segment. 

And 328X7930X3.14159=8171400 the surface. 

2. If the diameter of the earth be 7930 miles, what is the 
surface of the torrid zone, extending 23^ 28' on each side of 
the equator ? 

If EQ (Fig. 15.) be the equator, and OH one of the tro- 
pics, then the angle EC6 is 23"^ 28'. And in the right angled 
triangle 6CM, « 
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R : CG: rain ECG : GM=CN= 1678.9 the height of half 
the zone. 

The surface of the whole zone is 78669700. 

3. What is the surface of each of the temperate zones ? 

The height DN=CP-CN-PD=2058.1 

And the surface of the zone is 51273000i 

The surface of the two temperate zones is 102,546,000 

of the two frigid zones 16,342,800 

of the torrid zone 78,669,700 



of the whole globe 1 97,558,500 



PROBLEH X. 

To find the solidity of a spherical sector. 
74. Multiply the spherical surface by \ of the radius or' 

THE sphere. 

The spherical sector, (Fig. 24.) produced by the revolu- 
tion of ACBD about CD, may be supposed to be filled with 
small pyramids^ standing on the spherical surface ADB, and 
terminating in the point C. . Their number may be so great, 
that the height of each shall differ less than by any given 
length from the radius CD, and the sum of their bases shall 
differ less than by any given quantity from the surface ABD. 
The solidity of each is equal to the product of its base into 
\ of the radius CD. (Art. 48.) Therefore, the solidity of all 
of them, that is, of the sector ADBC, is equal to the product 
of the spherical surface into \ of the radius. 

Ex. Supposing the earth to be a sphere 7930 miles in di- 
ameter, and the polar circle ADB (Fig. 15.) to be 23° 28' 
from the pole ; what is the solidity of the spherical sector 
ACBP? 

Ans. 10,799,867,000 miles. 
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PROBLSM XI. 

To find the solidity' of a spherical skghent. 

75. Multiply half the height of the segment into the area 
of the base) and the cube of the height into .5236 ; and add 
the two products. . 

As the circular sector AOBC (Fig. 9.) consists of two 
parts, the segment AOBP and the triangle ABC ; (Art. 35.) 
so the spherical sector produced by the revolution of AO(J 
about OC consists of two parts, the segment produced by the 
revolution of AOP, and the cone produced by the revolution 
of ACP. If then the cone be subtracted from the sector, 
the remainder will be the segment. 

Let CO=:R, the radius of the sphere, 

PB=r, the radius of the base of the segment, 
PO=A, the height of the segment, 
Then PC=R— A, the axis of the cone. 

The sector=:2flrRxAXiR(Arts. 71, 73, 74.)=|*AR«. 
The cone=^r» XKR-A) (Arts. 71, 66.)=:i*r»R~i<»'Ar>. 

Subtracting the one from the other, 
The segment =|WiR^ — i*r"R+|flrAr«. 

ButDOxPO=BO'(Trig.97.*)=PO'+PB" (Euc. 47. 1.) 

A«+r» 
That is, 2RA=A» +r*. So that, ^==-3^^ — 

AndR^ = (*l+!:l)^==*!±?*^^ 
\ 2A / . 4A^ 

Substituting then, for R and R^, their values, and multi- 
plying the factors, 

The segment=i*A3+i-rAra +|!^-i^Ar2 - j^Tl+^^Ar^ 

h h 

which, by uniting the terms, becomes 
iirAr^+^-jrA^. 

* Euclid 31, 3, and 8» 6. Cor. / 
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The first term here is |Ax«r', half the height of the seg- 
ment multiplied into the area of the base ; (Art. 71.) and the 
other h^Xiity the cube of the height multiplied into .5236. 

If the segment be greater than a hemisphere, as ABD ; 
(Fig. 9.) the cone ABC mOst be added to the sector ACBD. 

Let PD=h the height of the segment, 
Then PCs:A— R the axis of the cone. 

The sector ACBD=|«'AR« 

The conersflrr" x f(A -'R)=4*ir« -i^raR 

Adding them together, we have as before, 

The segment=|*AR» - |«r«R+i«'Ar«. 

Cor. The solidity of a spherical segment, is equal to half 
a cylinder of the same base and height + & sphere whose 
diameter is the height of the segment. For a cylinder is 
equal to its height multiplied into the area of its base ; and 
a sphere is equal to the cube of its diameter multiplied by 
•5236. 

Thus if Oy (Fig. 1 5.) be half Ox, the spherical segment 
produced by the revolution of Oxt is equal to the cjriinder 
produced by tvyx -^ the sphere produced by Oyxz ; sup- 
posing each to revolve on the line Ox. 

Ex. 1. If the height of a spherical segment be 8 feet, and 
the diameter of its oase 25 feet ; what is the solidity ? 

Ans. (25)« X.7854X4+8« X.5236=2231.58 feet 

2. If the earth be a sphere 7930 miles in diameter, and 
the polar circle 23^ 28' from the pole, what is the solidity of 
one of the frigid zones 7 

Ans. 1 ,303,000,000 miles. 
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PROBLEM XII. 

To find the solidity of a spherical zone orfrustunL 
76. From the solidity of the whole sphere, subtract the two 

SBGMEtrrS ON THE SIDES OF THE ZONE. 

Or, 

Add together the squares of the radii of the two ends, and ^ 
the square of their distance ; and multtply the sum by three 
times this distance, and the product by .5236. 

If from the whole sphere* (Fig. 15.) there be taken the 
two segments ABP and GHO, there will remain the zone or 
frustum ABGH. 

Or, the zone ABGH is equal to the difference between tbo 
segments GHP and ABP. 

Dp3;t ( ^^^ heights of the two segments. 

AD=: ( ^^^ '^^^" ^^ ^^^^ bases. 

DN=(2=:H -v A the distance of the two bases, 
or the height of the zone. 

Then the larger segment =i«'HR*+j^«'H' ? / a .* ^ e x 
And the smaller segments^iflrAr^+i^A* 5 ' 

Therefore the zone ABGH^KsHR^+H'-SAr*— A») 

By the properties of the circle, (Euc. 35, 3.) 

ONxH=R>. Therefore (ON+H)xH=:R«+H». 

Or OP= — 5 — 

r«4-A« 
In the same manner, OP= — r — 

Therefore SHx(r>+A>)=3Ax(R«+H«). 

Or 3Hr«+3HA« -3AR«— 3AH«=0. (Alg. 178.) 

8 
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To reduce the expression for the solidity of the zone to the 
required form, without altering its value, let these terms be 
added to it : and it will become 

H3HR«+3Hr»-3AHrf»-3Ar»+H»-3H»A+3HA»-A») 

Which is equal to 

i*X3(H-A)X(R«+r»+i(H-A)') 
Or, as JflT equals .5236 (Art. 71.) and H-A equals d. 

The zone=.5236X3dx(R»+r»+id«) 

Ex. 1 . If the diameter of one end of a spherical zone is 
24 feet, the diameter of the other end 20 feet, and the dis- 
tance of the two ends, or the height of the zone 4 feet ; what 
is the stlidity 7 Ans. 1566.6 feet. 

2. If the earth be a sphere 7930 miles in diameter, and 
the obliquity of the ecliptic 23° 28' ; what is the solidity of 
one of the temperate zones ? 

Ans. 55,390,500,000 miles. 

3. What is the solidity of the torrid zone ? 

Ans. 1 47,720,000,000 miles. 

The solidity of the two tehipertfte zones is 1 10,781,000,000 
of the two frigid zones 2,606,000,000 

of the torrid zone 1 47,720,000,000 



of the whole globe 26 1 , 1 07,000,000 

4. What is the convex surface of a spherical zone, whose 
breadth is 4 feet, on a sphere of 25 feet diameter ? 

5. What is the solidity of a spherical segment, whose 
height is 1 8 feet, and the diameter of its base 40 feet 7 
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PROMISCUOUS EXAMPLES OF SOLIDS. 

Ex. 1 • How much water can be put into a cubical vessel 
three feet deep, which has been previously filled with cannon 
balls of the same size, 2, 4, 6, or 9 inches in diameter^ regu- 
larly arranged in tiers, one directly above another ? 

Ans. 96^ wine gallons. 

2. If a cone or pyramid, whose height is three feet, be di- 
vided into three equal portions, by sections parallel to the 
base ; what will be the heights of the several parts ? 

Ans. 24.961, 6.488, and 4.551 inches. 

3. What is the solidity of the greatest square prism which 
can be cut from a cylindrical stick of timber, 2 teet 6 inches 
in diameter and 56 feet long ?* 

Ans. 175 cubic feet. 

4. How many such globes as the earth are equal in bulk 
to the sun ; if the former is 7930 miles in diameter, and the 
latter 890,000 ? Ans. 1,413,678. 

5. How many cubic feet of wall are there in a conical 
tower 66 feet high, if the diameter of the base be 20 feet from 
outside to outside, and the diameter of the top 8 feet ; the 
thickness of the wall being 4 feet at the bottom, and de- 
creasing regularly, so as to be only 2 feet at the top ? 

Ans. 7188. 



* The common rale for measuring round timber is to multiply the square of 
the quarter-girt by the length. The quarter-girt is one fourth of the circum- 
ference. This method does not give the whole solidity. It makes an allow- 
ance of about one-fifth, for waste in hewing, bark, &c. The solidity of a cyl- 
inder is equal to the product of the length into the area of the base. 

If C=the circumference, and ^=8.14169, then (Art. 31.) 

C3 / C \" / c \2 

The area of the base =: = I == I ) 

4* \y/4ntl \ 3.545/ 

If then the circumference virere divided by 3.546, instead of 4,, and the quo- 
tient squared, the area of the base would be correctly found. See note G. 
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6. If a metallic globe is filled with wine, which cost as 
much at 5 dollars a gallon, as the globe itself at 20 cents for 
every square inch of its surface; what is the diameter of the 
globe ? Ans. 55.44 inches. 

7. If the circumference of the earth be 25,000 miles, what 
must be the diameter of a metallic globe, which, when drawn 
into a wire ^\ of an inch in diameter, would reach round 
the earth ? Ans. 1 5 feet and 1 inch. 

8. If a conical cistern be 3 feet deep, 7| feet in diameter 
at the bottom, and 5 feet at the top ; what will be the depth 
of a fluid occupying half its capacity ? 

Ans. 14.535 inches. 

9. If a globe 20 inches in diameter be perforated by a 
cylinder 1 6 inches in diameter, the axis of the latter passing 
through the center of the former; what part of the solidity, 
and the surface of the globe will be cut away by the cylin- 
der ? 

Ans. 3284 inches of the solidity, and 502,655 of the surface. 

10. What is the solidity of the greatest cube which can be 
cut from a sphere three feet in diameter ? 

Ans. 5 1 feet 

1 1 • What is the solidity of a conic frustum, the altitude of 
which is 36 feet, the greater diameter 16, and the lesser di- 
ameter 8 7 

12. What is the solidity of a spherical segment 4 feet high, 
cat from a sphere 16 feet in diameter ? 
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SECTION V. 



ISOPERIMETRY.* 



Art. 77. It is often necessary to compare a number of 
different figures or solids, for the purpose of ascertaining 
which has the greatest area^ within a given perimeter, or the 
greatest capacity under a given surface. We may have oc- 
casion to determine, for instance, what must be the form of 
a fort, to contain a given number of troops, with the least 
extent of wall ; or what the shape of a metallic pipe to 
convey a given portion of water, or of a cistern to hold a 
given quantity of liquor, with the least expense of materials. 

78. Figures which have equal perimeters are called Iso- 
perimeters. When a quantity is greater than any other of 
the same class, it is called a maximum, A multitude of 
straight lines, of different lengths, may be drawn within a 
circle. But among them all, the diameter is a maximum. 
Of all sines of angles, which can be drawn in a circle, the 
sine of 90° is a maximum. 

When a quantity is less than any other of the same class, 
it is called a minimum. Thus, of all straight lines drawn from 
a given point to a given straight line, that which is perpen- 
dicular to the given line is a minimum. Of all straight lines 
drawn from a given point in a circle, to the circumference, 
the maximum and minimum are the two parts of the diameter 
which pass through that point. (Euc. 7, 3.) 

In isoperimetry, the object is to determine, on the one 
hand, in what cases the area is a-maximum, within a given 
perimeter ; or the capacity a maximum^ within a given sur- 
face : and on the other hand, in what cases the perimeter is 
a minimum for a given area, or the surface a minimum^ for a 
given capacity. 

* Emerson's, Simpson's, and Legendre's Geometry, Lhuillier, Fontenelle, 
Hutton't Mathematics, and Lond. PhU. Trans. Vol. 76. 
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PROPOSITION I. 



79. An Isosceles Triangle hcu a greater area than any 
scalene triangle^ of equal base and perimeter. 

If ABC (Fig. 26.) be an isosceles triangle whose equal 
sides are AC and BC ; and if ABC be a scalene triangle on 
the same base AB, and having AC'+BC'^AC+BC ; then 
the area of ABC is greater than that of ABC 

Let perpendiculars be raised from each end of the base, 
extend AC to D, make CD' equal to AC, join BD, and 
draw CH and C'H' parallel to AB. 

As the angle CAB=:ABC, (Euc. 5, 1.) and ABD is a right 
angle, ABC+CBD=CAB+CDB=:ABC+CDB. There- 
fore CBD=:CDB, so that CD=:CB; and by construction, 
C'D'=AC'. The perpendiculars of the equal right angled 
triangles CHD and CHB are equal ; therefore, BH=|BD. 
In the same manner, AH'=iAD'. The line AD== AC+BC 
=AC'+BC'=D'C'+BC'. But D'C'+BC'>BD'. (Euc- 
20, 1.) Therefore, AD >BD'; BD>AD', (Euc. 47, 1.) and 
|BD > I AD'. But |BD, or BH, is the height of the isosceles 
triangle; (Art. 1.) and |AD' or AU', the height of the sca- 
lene triangle ; and the areas of two triangles which have the 
same base are as their heights. (Art. 8.) Therefore the area 
of ABC is greater than that of ABC Among all triangles, 
then, of a given perimeter, and upon a given base, the isosce- 
les triangle is a maximum. 

Cor. The isosceles triangle has a less perimeter than any 
scalene triangle of the same base and area. The triansle 
ABC being less than ABC, it is evident the perimeter of the 
former must be enlarged, to make its area equal to the area 
of the latter. 



PROPOSITION II. 

80. A triangle in which two given sides make a right 
ANGLE, has a greater area than any triangle in which the 
same sides make an oblique angle. 

If BC, BC, and BC" (Fig. 27.) be equal, and if BC be 
perpendicular to AB ; then the right angled triangle ABC, 
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iM» a greater area than the acute angled triangle ABC\ or 
the oblique angled triangle ABC". 

Let PC' and PC" be perpendicular to AP. Then, as the 
three triangles have the same base AB, their areas are as 
their heights ; that is, as the perpendiculars BC, P'C, and 
PC. But BC is equal to BC', and therefore greater than 
P'C^ (£uc. 47, 1.) BC is also equal to BC', and therefore 
greater than PC". 



PROPOSITION III. 

V 

81. If all the sides except one of a polygon be given j the 
area wm be the greatest^ when the given siaes are so disposed^ 
that the figure may be inscribed in a semicircle, of which 
the undetermined side is the diameter. 

If the sides AB, BC, CD, DE, (Fig. 28.) be given, and if 
their position be such that the area, included between these 
and another side whose length is not determined, is a maxi- 
mum ; the figure may be inscribed in a semicircle, of which 
the undetermined side AE is the diameter. 

Draw the lines AD, AC, EB, EC. By varying the angle 
at D, the triangle ADE may be enlarged or diminished, 
without affecting the area of the other parts of the figure. 
The whole area, therefore, cannot be a maximum^ unless this 
triangle be a maximum^ while the sides AD and ED are given. 
But if the triangle ADE be a maximum^ under these condi- 
tions, the angle ADE is a right angle ; (Art. 80.) and there- 
fore the point D is in the circumference of a circle, of which 
AE is the diameter. (Euc. 31, 3.) In the same manner it 
may be proved, that the angles ACE and ABE are right 
angles, and therefore that the points C and B are in the cir- 
cumference of the same circle. 

The term polygon is used in this section to include trian- 
gles^ and four-nded figures, as well as other right-lined 
figures. 

82. The area of a polygon, inscribed in a semicircle, in 
the manner stated above, will not be altered by varying the 
order of the given sides. 

The sides AB, BC, CD, DE, (Fig. 28.) are the chords of so 
many arcs. The sum of these arcs, in whatever order they 
are arranged, will evidently be equal to the semicircum- 
ference. And the segments between the given sides and 
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the arcs will be the same, in whatever part of the circle they 
are situated. But the area of the polygon is equal to the 
area of the semicircle, diminished by the sum of these seg- 
ments. 

83. If a polygon, of which all the sides except one are 
given, be inscribed in a semicircle whose diameter is the un- 
determined side ; a polygon having the same given sides, 
cannot be inscribed in any other semicircle which is either 
greater or less than this, and whose diameter is the undeter- 
mined ^ide. 

The given sides AB, BC, CD, DE, (Fig. 28.) are the 
chords of arcs whose sum is 1 80 degrees. But in a larger 
circle, each would be the chord of a less number of degrees, 
and therefore the sum of the arcs would be less than 1 80° : 
and in a smaller circle, each would be the chord of a greater 
number of degrees, and the sum of the arcs would be greater 
than 180°. 



PROPOSITION IV. 

84. A polygon inscribed in a circle has a greater area^ 
than any polygon of equal perimeter^ and the same number of 
sides^ which cannot be inscribed in a circle. 

If in the circle ACHF, (Fig. 30.) there be inscribed a poly- 
gon ABCDEFG ; and if another polygon abcdefg (Fig. 31.) 
be formed of sides which are the same in number and length, 
but which are so disposed, that the figure bannot be inscri- 
bed in a circle ; the area of the former polygon is greater 
than that of the latter. 

Draw the diameter AH, and the chords DH and EH. 
Upon de make the triangle deh equal and similar to DEH, 
and join ah. The line ah divides the figure abcdhefg into two 
parts, of which one at least cannot, by supposition^ be inscri- 
bed in a semicircle of which the diameter is AH, nor in any 
other semicircle of which the diameter is the undetermined 
side. (Art; 83.) It is therefore less than the corresponding 
part of the figure ABCDHEFG. (Art. 81.) And the other 
part of abcdhefg is not greater than the corresponding part of 
ABCDHEFG. Therefore the whole figure ABCDHEFG is 
greater than the whole figure abcdhefg. If from these there 
be taken the equal triangles DEH and deA, there will remain 
the polygon ABCDEFG greater than the polygon abcdefg. 
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85. A polygon of which all the sides are given in number 
and length, can not be inscribed in circles of different diam- 
eters. (Art. 83.) And the area of the polygon will not be 
altered, by changing the order of the sides. (Art. 83.) 



PROPOSITION V. 

86. Wh^n a polygon has a greater area than any other ^ 
of the name number ofsides^ and of equal perimeter^ the sides 
are equal. 

The polygon ABCDF (Fig. 29.) cannot be a maximum^ 
among all polygons of the same number of sides, and of 
equal perimeters, unless it be equilateral. For if any two of 
the sides, as CD and FD, are unequal, let CH andf FH be 
equal, and their sum the same as the sum of CD and FD. 
The isosceles triangle CHF is greater than the scalene tri- 
angle CDF (Art. 79.) ; and therefore the polygon ABCHF is 
greater than the polygon ABCDF ; so that the latter is not a 
maximum. 



PROPOSITION VI. 



87. A REGULAR POLYGON hos a greater area than any other 
polygon of equal perimeter^ and of the same number of sides. 

For, by the preceding article, the polygon which is a max- 
imum among others of equal perimeters, and the same num- 
ber of sides, is ^quilateraly and by art. 84, it may be inscribed 
in a circle. But if a polygon inscribed in a circle is equilat- 
eral, as ABDFGH'(Fig. 7.) it is also equiangular. For the 
sides of the polygon are the bases of so many isosceles trian- 
gles, whose common vertex is the center C. The angles at 
these bases are all equal ; and two of them, as AUC and 
GHC, are equal to AUG one of the angles of the polygon. 
The polygon, th^n, being equiangular, as well as equilateral, 
is a regular polygon. (Art. 1. Def. 2.) 

Thus an equilateral triangle has a greater area, than any 
other triangle of equal perimeter. And a square has a greater 
area, than any other four-sided figure of equal perimeter. 

9 
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Cor. A regular polygon has a less perimeter th^n any other 
polygon of equal area, and the same number of sides. 

For if, with a given perimeter, the Tegular polygon is 
greater than one which is not regular; it is evident the pe- 
rimeter of the former must be diminished, to make its area 
equal to that of the latter. 



PROPOSITION VII. 



88. If a polygon be DESCRIBED about a circle^ lAeareoy 
of the two figures are cut their perimeters. 

Let ST (Fig. 32.) be one of the sides of a polygon, either 
regular or not, which is described about the circle LNR. 
Join OS and OT, and to the point of contact M draw the 
radius OM, which will be perpendicular to ST. (Euc 18, 3.) 
The triangle OST is equal to half the base ST multiplied 
into the radius OM. (Art 8.) And if lines be drawn, in the 
same manner, from the center of the circle, to the extremis 
ties of the several sides of the circumscribed polygon, each 
of the triangles thus formed will be equal to half its base 
multiplied into the radius of the circle. Therefore the area 
of the whole polygon is equal to half its perimeter multiplied 
into the radius : and the area of the circle is equal to half its 
circumference multiplied into the radius. (Art. 30.) So that 
the two areas are to each other as their perimeters. 

Cor. 1. If different polygons are described about the same 
circle, their areas are to each other as their perimeters. 
For the area of each is equal to half its perimeter, multiplied 
into the radius of the inscribed circle. 

Cor. 2. The tangent of an arc is always greater than the 
arc itself. The trianjjie OMT (Fig. 32.) is to OMN, as MT 
to MN. But OMT is greater than OMN, because the for- 
mer includes the latter. Therefore the tangent MT b 
greater than the arc MN. 
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PROPOSITION Vni. 



89. A CIRCLE has a greater area than any polygon of 
equal perimeter. 

If a circle and a regular polygon have the same center, 
and equal perimeters ; each of the sides of the polygon must 
fall partly within the circle. For the area of a circumscribing 
polygon is greater than the area of the circle, as the one in- 
cludes the other : and therefore, by the preceding article, the 
perimeter of the former is greater than that of the latter. 

Let AD then (Fig. 32.) be one side of a regular polygon, 
whose perimeter is equal to the circumference of the circle 
RLN. As this falls partly within the circle, the perpendicu- 
lar OP is less than the radius OR. But the area of the poly- 
gon is equal to half its perimeter multiplied into this perpen- 
dicular (Art 15.) ; and the area of the circle is equal to half 
its circumference multiplied into the radius. (Art 30.) The 
circle then is greater than the given regular polygon ; and 
therefore greater than any other polygon of equal perimeter. 
(Art 87.) 

Cor. 1. A circle has a less perimeter^ than any polygon of 
equal area. 

Cor. 3. Among regular polygons of a given perimeter, that 
which has the greatest number ofsides^ has also the greatest 
area. For the greater the number of sides, the more nearly 
does the perimeter of the polygon approach to a coincidence 
with the circumference of a circle."^ 



PROPOSITION IX. 

90. A right PRISM whose bases are regular polygons, has 
a less surface than any other right prism (Jf the same solidity ^ 
the same altitude^ ana the same number of sides. 

Tf the altitude of a prism is given, the area of the base is 
as the solidity (Art 43.) ; and if the number of sides is also 
given, the perimeter is a minimum when the base is a regular 



* For a rigdroua demonfltratlon of thts, see Legendre'a Geometry, Appendix 
to Book iv. 
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polygon. (Art. 87. Cor.) But the lateral surface is as the 
perimeter. (Art. 47.) Of two right prisms, then, which have 
the same altitude, the same solidity, and the same number of 
sides, that whose bases are regular polygons has the least 
lateral surface, while the areas of the ends are equal. 

Cor. A right prism whose bases are regular polygons has 
a greater soliditf/^ than any other right prism of the same 
surface, the same altitude, and the same number of sides. 



PROPOSITION X. 

91. il right CYLINDER has a less surface^ than any right 
prism of the same altitude and solidity. 

For if the prism and cylinder have the same altitude And 
solidity, the areas of their bases are equal. (Art. 64.) But 
the perimeter of the cylinder is less, than that of the prism 
(Art. 89. Cor. 1.) ; and therefore its lateral surface is less, 
while the areas of the ends are equal. 

Cor. A right cylinder has a greater solidity^ than any right 
prism of the same altitude and surface. 



PROPOSITION XI. 

92. A CUBE has a less surface than any other right parol* 
lelopiped of the same solidity. 

A parallelepiped is a prism, any one of whose faces may 
be considered a base. (Art. 41. Def. I. and V.) If these 
are not all squares^ let one which is not a square be taken for 
a base. The perimeter of this may be diminished, without 
altering its area (A|'t. 87. Cor.) ; and therefore the surface of 
the solid may be diminished, without altering its altitude or 
solidity. (Art. 43, 47.) The same may be proved of each 
of the other faces which are not squares. The surface is 
therefore a minimum^ when all the faces are squares, that is, 
when the solid is a cube. 

Cor. A cube has a greater solidity than any other right 
parallelepiped of the same surface. 
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PROPOSITION XII. 



93. A CUBE has a greater solidity^ than any other right par- 
aUelopiped^ the sum of whose lengthy breadth^ and depth is 
equal to the sum of the corresponding dimensions of the cube. 

The solidity is equal to the product of the length, breadth, 
and depth, if the length and breadth are unequal, the solid- 
ity may be increased, without altering the sum of the three 
dimensions. For the product of two factors whose sum is 

f;iven, is the greatest when the factors are equal. (Euc.27.6.) 
n the same manner, if the breadth and depth are unequal, 
the solidity may be increased, without altering the sum of 
the three dimensions. Therefore, the solid can not be a 
moirtffittfii, unless its length, breadth, and depth are equal. 



PROPOSITION ZIII. 
94. If a PRISM BE DESCRIBED ABOUT A CYLINDER, the CQ" 

pacities of the two solids are as their surfaces. 

The capacities of the solids are as the areas of their bases, 
that is, as the perimeters of their bases. (Art. 88.) But the 
lateral surfaces are also as the perimeters of the bases. 
Therefore the whole surfaces are as the solidities. 

Cor. The capacities of different prisms, described about 
the same right cylinder, are to each other as their surfaces. 



PROPOSITION XIV. 

95. A right cylinder whose heioht is equal to the di* 
AMBTER or its BASE kos a greater solidity than any other 
right cylinder of equal surface. 

Let C be a right cylinder whose height is equal to the di- 
ameter of its base ; and C another right cylinder having the 
same surface, but a different altitude. U a square prism P 
be described about the former, it will be a ciAe. - But a 
square prism P' described about the latter will not be a cube. 
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Then the surfaces of C and P are as their bases (Arts. 47 
and 88.) ; which are as the bases of C and P' (Sup. Euc. 7, 
1.); so that, 

surfC : surf? : : baseC : baseP : : baseC : baseP' : : surfC' : surf?' 

But the surface of C is, by supposition, equal to the sor- 
iiice of C. Therefore, (Alg. 395.) the surface of P is equal 
to the surface of P'. And by the preceding article, 

solid? : solidC : : surf? : surfC : : surf?' : surfC' : : solid?' : solidC' 

But the solidity of P is greater than that of F. (Art. 92. 
Cor.) Therefore the solidity of C is greater than that of C\ 

Schol. A right cylinder whose height is equal to the diam- 
eter of its base, is that which circumscribes a sphere. It is 
also called Archimedes'^ cylinder ; as he discovered the ratio 
of a sphere to its circumscribing cylinder ; and these are the 
figures which were put upon his tomb. 

Cor. Archimedes^ cylinder has a less surface, than any 
other right cylinder of the same capacity. 



PROPOSITION XV. 



96. If a SPHERE BE CIRCUMSCRIBED bf/ a solid bounded bjf 
plane surfaces ^ the capacities of the two solids are as their 
surfaces. 

If planes be supposed to be drawn from the center of the' 
sphere, to each of the edges of the circumscribing solid, they 
will divide it into as many pyramids as the solid has faces. 
The base of each pyramid will be one of the faces ; and the 
height will be the radius of the sphere. The capacity of the 
pyramid will be equal, therefore, to its base multiplied into \ 
of the radius (Art. 48.) ; and the capacity of the whole cir- 
cumscribing solid, must be equal to its whole surface multi- 
plied into I of the radius. But the capacity of the sphere 
IS also equal to its surface multiplied into \ of its radius. 
(Art. 70.) 

Cor. The capacities of different solids circumscribing the 
same sphere, are as their surfaces. 
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PROPOSITION xyi. 

97. A SPHERE has a greater solidity than any regular po- 
lyedron of equal surface. 

If a sphere and a regular polyedron have the same center, 
and equal surfaces ; each of the faces of the polyedron must 
fall partly within the sphere. For the solidity of a circum" 
scribing solid is greater than the solidity of the sphere, as the 
one includes the other : and therefore, by the preceding arti* 
cle, the surface of the former is greater than that of the latter. 

But if the faces of the polyedron fall partly within the 
sphere, their perpendicular distance from the center must be 
less than the radius. And therefore, if the surface of the 
polyedron be only equal to that of the sphere, its solidity 
must be less. For the solidity of the polyedron is equal to 
its surface multiplied into \ of the distance from the center. 
(Art. 59.) And the solidity of the sphere is equal to its sur- 
face multiplied into \ of the radius. 

Cor. A sphere has a less surface than any regular poly- 
edron of the same capacity. 

For other cases of Isoperimetry, see Fluxions. 
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APPENDIX,— PART I. 



Contaimng rtdes^without demonstrcUions^for the mensvratioH 
of the Uonic Sections^ and other figuresnot treated of in 
the Elements of Euclid.* 



PROBLEM I. 

To find the area of an ellipse. 

lOK Multiply the product of the transverse and conjugate 
axes into .7854. 

Ex. What is the area of an ellipse whose transverse axis 
is 36 feet, and conjugate 28 ? Ans. 791.68 feet 



PROBLEM II. 



To find the area of a segment of an ellipBe^ cut off by a line 

perpendicular to either axis. 

102. If either axis of an ellipse be made the diameter of a 
circle ; and if a line perpendicular to this axis cut off a seg- 
ment from the ellipse, and from the circle ; 

The diameter of the circle, is to the other axis of the ellipse ; 
As the circular segment, to the elliptic segment. 



* For demoDstratioDfl of theiie rules, see Conic Sections, Spherical TrigOMK 
metry, and Fluxions, or Hutton's Mensuration. 
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Ex. What is the area of a segDient cut off from an ellipse 
whose transverse axis is 415 feet, and conjugate 332 ; if the 
height of the segment is 96 feet, and its base is perpendicu- 
lar to the transverse «axi8 ? 

The circular segment is 23680 feet. 
And*the elliptic segment 1 8944 



PROBLEM III, 

To find the area of a conic parabola. 

1 03. Multiply the base by | of the height. 

Ex. If the base of a parabola is 26 inches, and the height 
9 feet; what is the area? Ans. 13 feet. 

PROBLEM IV. 

To find the area of a frustum of a parabola^ cut off by a 

hne parallel to the base. 

104. Divide the difference of the cubes of the diameters 
of the two ends, by the difference of their squares ; and mul- 
tiply the quotient by | of the perpendicular height. 

Ex. What is the area of a parabolic/rustum, whose height 
is 12 feet, and the diameters of its ends 20 and 12 feet ? 

Ans. 1 96 feet, 

PROBLEM V. 

To find the area of a conic htperbola. 

105. Multiply the base by | of the height; and correct 
the product by subtracting from it the series 

6=the base or double ordinate. 
In which <^ A = the height or abscissa, 

2:=:the height divided by the sum of 
the height and transverse axis. 
10 
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The series converges so rapicHy, that a few of the first 
terms will geDerally give the correction with sufficient exact- 
ness. This correction is the difference between the hyper- 
bola, and a parabola of the same base and height. 

Ex. If the base of a hyperbola be 24 feet, the height 10 
and the transverse axis 30 ; what is the area 7 

The base X | the height is 160. 

The first term of the series is 0.016666 

The second 0.000592 

The thirii 0.000049 

The fourth 0.000006 



Their sum. 0.017313 



This into 2bh is 8.31 



And the area corrected is 151.69 



PROBLEM VI. 

Tojind the area of a spherical triaztgle formed by three 

arcs of great circles of a sphere. 

106. As 8 right angles or 720^ 

To the excess of the 3 given angles above 180°; 
So is the whole surface of the sphere, 
To the area of the spherical triangle. 

Ex. What is the area of a spherical triangle, on a sphere 
whose diameter is 30 feet, if the angles are 130°, 102°, and 
68°? Ans. 471.24 feet. 



problem Vll. 

ToJi^d the area of a spherical polygon formed by arcs of 

great circles. 

107. As 8 right angles, or 720°, 

To the excess of all the given angles above the pro- 
duct of the number of angles— 2 into 180° ; 
So is the whole surface of Uie sphere. 
To the area of the spherical po^gon. 
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Ex. What is the area of a spherical polygon of seven 
sides, on a sphere whose diameter is 1 7 inches ; if the sum of 
all the angles is 1080'^ 7 Ans. 227 inches. 



PROBLEM VIII. 

To find the lunar surface included betv>een two great circles 

of a sphere, 

108. As 360®, to the angle made by the given circles ; 
So is the whole surface of the sphere, to the surface 
between the circles. 

Or, 
The lunar surface is equal to the breadth of the middle 
part of it, multiplied into the diameter of the sphere. 

Ex. If the earth be 7930 miles in diameter, what is the 
surface of that part of it which is included between the 65th 
and 83d degree of longitude ? 

Ans. 9,878,000 square miles. 



PROBLEM IX. 



^ofind the solidity of a spheroid, formed by the revolution 

of an ellipse about either axis. 

109. Multiply the product of the fixed axis and the square 
of the revolving axis, into .5236. 

Ex. 1; What is the solidity of an oblong spheroid, whose 
longest and shortest diameters are 40 and 30 feet T 

Ans. 40X30* X. 5236 = 18850 feet. 

3. If the earth be an oblate spheroid, whose polar and 
equatorial diameters are 7930 and 7960 miles; what is its 
solidity ? Ans. 263,000,000,000 miles. 
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PROBLEM X. 

To find the solidity of the middle frustum of a spheroid^ 
included between two planes which are perpendicular to 
the axis, and equally distant from the center. 

110. Add together the square of the diameter of one end, 
and twice the square of the middle diameter ; multiply the 
sum by ^ of the height, and the product by .7854. 

If D and d = the two diameters, and h = the height ; 
The solidity = (2D»+d«)xi&X.7854. 

Ex. If the diameter of one end -of a middle frustum of a 
spheroid be 8 inches, the middle diameter 10, and the height 
30, what is the solidity? 

Ans. 2073.4 inches. 

Cor. Half the middle frustum is equal to a frustum of 
which one of the ends passes through the center. 

If then D and d= the diameters of the two ends, and A^= the height, 
The solidity =(2D«+d>)XiAx.7854. 



PROBLEM XI. 

To find the solidity of a paraboloid. 

111. Multiply the area of the base by half the height. 

Ex. If the diameter of the base of a paraboloid be 12 feet, 
and the height 22 feet, what is the solidity ? 

Ans. 1 243 feet. 



problem XII. 

To find the solidity of a trustum of a paraboloid, 

1 12. Multiply the sum of the areas of the two ends by half 
their distance. 
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Ex. If the diameter of one end of a frustum of a parabo- 
loid be 8 feet, the diameter of the other end 6 feet, and the 
length 24 feet ; what is the solidity ? 

Ans. 942i feet. 

Cor. If a cask be in the form of two equal frustums of a 
paraboloid; and 

If Dsssthe middle diam. dfssthe end diam. and 7i=the length ; 
The solidity=(D»+d«)X|AX. 7854. 



PROBLEM XIII. 

To Jind the solidity of a hyperboloid, produced by the 
revolution of a hyperbola on its axis. 

113. Add together the square of the radius of the base, 
and the square of the diameter of a section which is equally 
distant from the base and the vertex ; multiply the sum by 
the height, and the product by .5236. 

If R=the radius of the base, D^^the middle diameter, and 
A=sthe height; 

The solidity ={R«+D>)X Ax. 5236. 

Ex. If the diameter of the base of a hypetboloid be 24, 
the square of the middle diameter 252, and the height 10, 
what is the solidity ? Ans. 2073.4. 



. problem XIV. 

To find the solidity of a frustum of a hyperboloid, 

114. Add together the squares of the radii of the two ends, 
and the square of the middle diameter ; multiply the sum by 
the height, and the product by .5236. 

If R and r=the two radii, D=the middle diameter, and 
A=the height; 
The solidity=(R«+r»+D")XAx.5236. 

Ex. If the diameter of one end of a frustum of a hyperbo- 
loid be 32, the diameter of the other end 24, the square of 
the middle diameter 793|, and the length 20, what is the 
solidity? Ans. 12499.3. 
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PROBLEM XV. 

To find the solidity o/* a circular spindle, produced by the 
revolution of a circular segment about its base or chord as 
an axis. 

1 1 5. From \ of the cube of half the axis, subtract the 
product of the central distance into half the revolving cir- 
cular segment, and multiply the remainder by four times 
3.14159. 

If a=the area of the revolving circular segment, 
Z=half the length or axis of the spindle, 
c=the distance of this axis from the center of the 
circle to which the revolving segment belongs ; 

The solidity =(ii» -ioc) X4X3.14159. 

Ex. Let a circular spindle be produced by the revolution 
of the segment ABO (Fig. 9.^ about AB. If the axis AB be 
140, and OP half the middle aiameter of the spindle be 38.4 ; 
what is the solidity 7 

The area of the revolving segment is 3791 
The central distance PC 44.6 

The solidity of the spindle 374402 



PROBLEM XVI. 



To find the solidity of the middle frustum of a circular 

spindle. 

1 1 6. From the square of half the axis of the whole spindle, 
subtract | of the square of half the length of the frustum ; 
multiply the remainder by this half length ; from the product 
subtract the product of the revolving area into the central 
distance; and multiply the remainder by twice 3.14159. 

If L= half the length or axis of the whole spindle, 
2=half the length of the middle frustum, 
c=sthe distance of the axis from the center of the circle, 
assthe area of the figure which, by revolving, produces 
the frust um ; 

The solidity = (L« - iZ • X I— a«) X 2 X 3. 1 4 1 69. 
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Ex. If the diameter of each end of a frustum of a circular 
spindle be 3] .6, the middle diameter 60, and the length 70; 
what is the solidity ? 

The length of the whole spindle is 79.75 

The central distance 1 1 .5 

The revolving area 1 703.8 

The solidity 136751.5 



PROBLEM XVII. 

To find the solidity of a parabolic spindle, produced by 
the revolution of a parabola about a double ordinate or 
base. 

117. Multiply the square of the middle diameter by ^\ of 
the axis, and the product by .7854. 

Ex. If the axis of a parabolic spindle be 30, and the mid- 
dle diameter 17, what is the solidity ? 

Ans. 3631.7. 



PROBLEM XVIII. 

To find the solidity of the middle frustum of a parabolic 

spindle. 

118. Add together the square of the end diameter, and 
twice the square of the middle diameter; from the sum sub- 
tract f of the square of the difference of the diameters, and 
multiply the remainder by | of the length, and the product 
by .7854. 

If D and d = the two diameters, and Z = the length ; 
The solidity = (2D«+d« -|(D-rf)«)xiZx.7854. 

Ex. If the end diameters of a frustum of a parabolic spin* 
die be each 12 inches, the middle diameter 16, and the length 
30 ; what is the solidity ? Ans. 5102 inches. 
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QAUOINO OF CASKS. 

Art. 119. Gauoino is a practical art, which does not 
admit of being treated in a very scientific manner. Casks 
are not commonly constructed in exact conformity with any 
regular mathematical figure. By most writers on the sub- 
ject, however, they are considered as nearly coinciding with 
one of the following forms ; 

i- i The middle frustum { ^J " sP^eroid, , 

2. S ^ of a parabolic spmdle. 

I' I Two equal frustums \ °5* paraboloid, 
4. J ^ ( of a cone. 

The second of these varieties agrees more nearly than any 
of the others, with the forms of casks, as they are commonly 
made. The first is too much curved, the third too little, and 
the fourth not at all, from the head to the bung. 

120. Rules have already been given, for finding the capa- 
city of each of the four varieties of casks. (Arts. 68, 110, 
112, 118.) As the dimensions are taken in inches^ these 
rules will give the contents in cubic inches. To abridge the 
computation, and adapt it to the particular measures used in 
gauging, the factor .7854 is divided by 282 or 231 ; and the 
quotient is used instead of .7854, for finding the capacity in 
sile gallons or wine gallons. 

^T -7854 

No w-ggg- =.002785, or ;0028 nearly ; 

* ,.7854 

And oq^ =.0034. 

If then .0028 and 0034 be substituted for .7854, in the 
rules referred to above ; the contents of the cask will be 
given in ale gallons and wine gallons. These numbers are 
to each other nearly as 9 to 1 1. 
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FROBLEM I. 



To caicuUne the contents of a cask y m the form of the middle 

fruetum of a spheroid. 

» 

121. Add together the square af the head diameter, and 
twice the square of the bung diameter ; multiply the sum by 
I of the length, and tlie product by .0028 for ale gallons, or 
by .0034 for wine gallons. 

If D and d=the two diameters, and 2=the length ; 
The capacity in inches=(2D« +d«) xiix.7864. (Art 1 10.) 

And bjr substituting .0028 or .0034 for .7854, we have the 
capacity in ale gallons or wine gallons. 

Ex. What is the capacity of a cask of the first form, 
whose length is 30 inches, its head diameter 1 8, and its bung 
diameter 24 f 

Ans. 41.3 ale gallons, or 60.2 wine gallons. 



PROBLEM II. 

To calculate the contents of a cask^ in the form of the middle 

frustum of a parabolic spindle. 

122. Add together the square of the head diameter, and 
twice the square of the bung diameter, and from the sum 
subtract } of the square of the difference of the diameters ; 
multiply the remainder by | of the length, and the product 
by .0028 for ale gallons, or .0034 for wine gallons. 

The capacity in inches =(2D»+d»-|(D-rf)«)XiIx 
.7854. (Art. 118.) 

Ex. What is the capacity of a cask of the second form, 
whose length is 30 inches, its head diameter 18, and its bung 
diameter 24 ? 

Ans. 40.9 ale gallons, or 49.7 wine gallons. 

11 
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PROBLEM III. 

To calculate the contents of a cask^ in the form of two equd 

frustums of a paraboloid. 

133. Add together the square of the head diameter, and 
the square of the bung diameter ; multiply tlie sum by half 
the length, and the product by .0028 for ale gallons, or .0034 
for wine gallons. 

The capacity in inches=(D»+d^)XiZx.7854. (Art 
112. Cor.) 

Ex. What is the capacity of a cask of the third form, 
whose dimensions are, as before, 30, 18, and 24? 

Ans. 37.8 ale gallons, or 45.9 wine gallons. 



PROBLEM iv. 



To calculate the contents of a cask^ in the form of two equal 

frustums of a cone. 

124. Add together the square of the head diameter, the 
square of the bung diameter, and the product of the two di- 
ameters ; multiply the sum by | of the length, and the pro- 
duct by .0028 for ale gallons, or .0034 for wine gallons. 

The capacity in inches = (D " +rf« +Dd) x^lx .7854.(Art.68.) 

Ex. What is the capacity of a cask of the fourth form, 
whose length is 30, and its diameters 1 8 and 24 ? 

Ans. 37.3 ale gallons, or 45.3 wine gallons. 

125. The preceding rules, though correct in theory, are 
not very well adapted to practice, as they suppose the form 
of the cask to be known. The two following rules, taken 
from Hutton^s Mensuration, may be- used for casks of the 
usual forms. For the first, three dimensions are required, 
the length, the head diameter, and the bung diameter. It is 
evident that no allowance is made by this, for different de- 
grees of curvature from the head to the bung. If the cask is 
more or less curved than usual, the following rule is to be pre- 
ferred, for which four dimensions are required, the head and 
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bung diameters, and a third diameter taken in the middle 
between the bung and the head. For the demonstration of 
these rules, see Hutton^s Mensuration, Part v. Sec. 2. Ch. 5. 
and 7. 



PROBLEM V. 

To calculate the contents of any common ca$k from three 

dimensions* 

126. Add4ogether 

25 times the square of the head diameter, 

39 times the square of the bung diameter, and 

26 times the product of the two diameters ; 
Multiply the sum by the length, divide the product by 90, 

and multiply the quotient by ,0028 for ale gallons, or .0034 
for wine gallons. 

I 
The capacity in inches=(39D» +25d^+2eDd) x ^^ X.7854. 

Ex. What is the capacity of a cask whose length is 30 
inches, the head diameter 1 8, and the bung diameter 24 ? 

Ans. 39 ale gallons, or 47| wine gallons; 



PROBLEM vi. 



To calculate the conterUs of a cask from four dimensions^ 
the length, the head and bung diameters, and a diameter 
taken in the middle between the head and the bung. 

127. Add together the squares of the head diameter, of 
the bung diameter, and of double the middle diameter ; mul- 
tiply the sum by \ of the length, and the product by .0028 
for ale gallons, or .0034 for wine gallons. 

If D=the bung diameter, d=the head diameter, fn=the 
middle diameter, and Z=the length ; 

The capacity in inches==(D*+d«+2m')X jZx.7854. 

Ex. What is the capacity of a cask, whose length is 30 
inches, the head diameter 18, the bung diameter 24, and the 
middle diameter 22 1 ? 

Ans. 41 ale gallons, or 49f wine gallons. 
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128. In making the calculations in gauging, according to 
the preceding rules, the multiplications and divisions are fre- 
quently performed by means of a Sliding Rule^ on which aro 
placed a number of logarithmic lines, similar to those on 
Gunter's Scale. See Trigonom. Sec. vi. and Note G. p. 141. 

Another instrument commonly used in gauging is the 
Diagonal Rod. By this, the capacity of a cask is very ex- 
peditiously found, from a single dimension, the distance from 
the bung to the intersection of the opposite stave with the 
head. The measure is taken by extending the rod through 
the cask, from the bung to the most distant part of the head. 
The number of gallons corresponding to the length of the 
line thus found, is marked on the rod. The logarithmic lines 
on the gauging rod are to be used in the same manner, as 
on the sliding rule. 



ULLAGE OF CASKS. 

139. When a cask is partly filled, the whole capacity is 
divided, by the surface of the liquor, into two portions ; the 
least of which, whether full or empty, is called the ullage. 
In finding the ullage, the cask is supposed to be in one of 
two positions ; either standings with its axis perpendicular 
to the horizon ; or lyings with its axis parallel to the horizon. 
The rules for ullage which are exacts particularly those for 
lying casks, are too complicated for common use. The fol- 
lowing are considered as sufficiently near approximations. 
See Iiutton^s Mensuration. 



PROBLEM Vn. 

To calculate the tdlage of a standing cask. 

1 30. Add together the squares of the diameter at the sur- 
face of the liquor, of the diameter of the nearest end, and of 
double the diameter in the middle between the other two ; 
multiply the sum by j^ of the distance between the surface 
and the nearest end, and the product by .0028 for ale gallons, 
or .0034 for wine gallons. 
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If D=the diameter of the surface of the liquor, 
<2~the diameter of the nearest end, 
iii=the middle diameter, and 
I-=the distance between the surface and the nearest end; 

The ullage in inche8=(D*+rf«+2iii*)XiIX.7864. 

Ex. If the diameter at the surface of the liquor, in a stand- 
ing cask, be 32 inches, the diameter of the nearest end 24, 
the middle diameter 29, and the distance between the surface 
of the liquor and the nearest end 12 ; what is the ullage ? 

Ans. 27 j ale gallons, or 33| wine gallons^ 



PROBLEM VIII. 

To ctdculaie the ullage of a lying cask. 

131. Divide the distance from the buns to the surface of the 
liquor, by the whole bung diameter, find the quotient in the 
column of heights or versed sines in a table of circular seg- 
ments, take out the corresponding segment, and multiply it 
by the whole capacity of the cask, and the product by \\ for 
the part which is empty. 

If the cask be not half full, divide the depth of the liquor 
by the whole bung diameter, take out the segment, multiply, 
&c. for the contents of the part which is full. 

Ex. If the whole capacity of a lying cask be 41 ale gal- 
lons, or 49| wine gallons, the bung diameter 24 inches and 
the distance from the buns to the surface of the liquor 6 
inches ; what is the ullage f 

Ans. 7 1 ale gallons, or 9| wine gallons. 



86 



NOTES. 



NoT£ A. p. 16. 

One of the earliest approximations to the ratio of the cir- 
cumference of a circle to its diameter, was that of Archime- 
des. He demonstrated that the ratio of the perimeter of a 
regular inscribed polygon of 96 sides, to the diameter of the 
circle, is greater than 3{f : 1 ; and that the ratio of the pe* 
rimetcr of a circumscribed polygon of 192 sides, to the diam- 
eter, is less than 3^^ : 1, that is, than 22 : 7. 

Melius gave the ratio of 355 : 1 13, which is more accurate 
than any other expressed in small numbers. This was con- 
firmed by Vieta^ who by inscribed and circumscribed poly- 
gons of 393216 sides, carried the approximation to ten places 
of figures, viz. 

3.141692653. 

Van Ceulen of Leyden afterwards extended it, by the labo- 
rious process of repeated bisections of an arc, to 36 places. 
This calculation was deemed of so much consequence at the 
time, that the numbers are said to have been put upon his 
tomb. 

fiut since the invention of fluxions^ methods much more 
expeditious have been devised, for approximating to the re- 
quired ratio. These principally consist in finding the sum of 
a series, in which the length of an arc is expressed in terms 
of its tangent. 

If <=the tangent of an arc, the radius being 1, 

f3 ff 11 19 

The arc=<— y-fy-y +y — &c; See Fluxions. 
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This series is in itself very simple. Nothing more is ne- 
cessary to make it answer the purpose in practice, than that 
the arc be smallj so as to render the series sufficiently con- 
verging, and that the tangent be expressed in such simple 
numbers, as can easily be raised to the several powers. The 
given series will be expressed in the most simple numbers, 
when the arc is 45°, whose tangent is equal to radius. If the 
radius be 1, 

The arc of 45^=1 -i+i-|+i-&c. And this multi- 
plied by 8 gives the length of the whole circumference. 

But a series in which the tangent is smaller, though it be 
less simple than this, is to be preferred, for the rapidity with 
which it converges. As the tangent of 30° =\/^, if the ra- 
dius be 1, 

The arcof 30*^=^/4 X (l-—4.—-—i-+—- &c.) 

^ \ 3.3 ^^.3* 7.3^^9.3* / 

And this multiplied into 12 will give the whole circumference. 
This was the series used by Dr. Halley. By this also, Mr. 
Abraham Sharp of Yorkshire computed the circumference 
to 72 places of figures, Mr. John Machin^ Professor of Astro- 
nomy in Gresham college, to 100 places, and M. De Lagny 
to 128 places. Several expedients have been devised, by 
Machin, Euler, Dr. Hutton, and others, to reduce the labor 
of summing the terms of the series. See Euler's Analysis of 
Infinites, Hutton^s Mensuration, Appendix to Maseres on 
the Negative Sign, and Lond. Phil. Trnns. for 1776. For a 
demonstration that the diameter and the circumference of 
a circle are incommensurable, see Lcgendre^s Geometry, 
Note IV. 

The circumference of a circle whose diameter is 1 , is 

3.1415926535, 8979323846, 2643383279, 
5028841971, 6939937510, 5820974944, 
5923078164, 0628620899, 8628034825, 
3421170679, 8214808651, 3272306647, 

0938446 + or 7 -• 
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Note B. p. 17, 

The following multipliers may frequently be useful ; 

X .8862s=the side of an equal square. 
The diam^r of a circle -{ X .707 =the side of an ins'bed sq^re. 

X.866 =the side of an inscribed 

[equilateral triangle. 

X.2821 ==the side of an equal square. 
The circumf. ^ X.2S51=the side of an inscribed square. 

)^ .2756 =the side of an ins'bed eq'lat. triang. 

X 1.1 28 » the diameter of an equal circle. 
rru 'A ^ J X 3.545= the circumf. of an equal circle, 
ineside ol asq.^ xl.414=thediam.of the circums. circle. 

X 4.443= the cir. of the circumsc circle. 

Note C. p. 19. 

The following approximating rules may be used for finding 
the arc of a circle. 

1 . The arc of a circle is nearly equal to | of the differ- 
ence between the chord of the whole arc, and 8 times the 
chord of half the arc. 

3. If A=the height of an arc, and d=the diameter of the 
circle ; 

The arc=2d \/-!^, Or, 

3. Thearc=2WAx (^+^+U:Ed^+^ejr^&o.) Or, 

J 5h 
4. The Bic^i{5d^-^^^;^+4i^dh)\ery nearly. 

5. If «=the sine of an arc, and r=the radius of the circle ; 

The arc=,x(l+^+3;g^+^^. &c.) 

See Hutton^s Mensuration. 
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Note D. p. 23. 

To expedite the calculation of the areas of circular seg- 
ments, a table is provided, which contains the areas of seg- 
ments in a circle whose diameter is 1. See the table at 
the end of the book, in which the diameter is supposed to be 
divided into 1000 equal parts. By this may be found the 
areas of segments of other circles. For the heights of similar 
segments of different circles are as the diameters. If then 
the height of any given segment be divided by the diameter 
of the circle, the quotient will be the height of a similar seg- 
ment in a circle whose diameter is 1. The area of the latter 
is found in the table ; and from the properties of similar 
figures, the two segments are to each other, as the squares 
of the diameters of the circles. We have then the following 
rule' : 



To find the area of a circular segment by the table. 

Divide the height of the segment by the diameter of the 
circle ; look for the quotient in the column of heights in the 
tablie ; take out the corresponding number in the column of 
areas ; and multiply it by the square of the diameter. 

It is to be observed, that the figures in each of the columns 
in the table are decimals. 

If accuracy is required, and the quotient of the height di- 
vided by the diameter, is between two numbers in the column 
of heights ; allowance may be made for a proportional part 
of the difference of the corresponding numbers in the column 
of areas ; in the same manner, as in taking out logarithms. 

Segments greater than a semicircle are not contained in 
the table. If the area of such a segment is required, as ABD 
(Fig. 9.), find the area of the segment ABO, and subtract 
this from the area of the whole circle. 

Divide the height of the given segment by the diameter, 
subtract the quotient from 1, find the remainder in the column 
of heights, subtract the corresponding area from .7854, and 
multiply this remainder by the square of the diameter. 

12 



90 NOTES. 

Ex. 1 . What is the area of a segment whose height is 1 6, 
the diameter of the circle being 48 ? Ans. 528. 

2. What is the area of a segment whose height is 32, the 
diameter being 48 ? Ans. 1281.55. 

The.foIIowing rules may also be used for a circular seg- 
ment. 

« 

1 . To the chord of the whole arc, add | of the cbord of 
half the arc, and multiply the sum by | of the height. 

If C and c=the two chords, and A^the height; 

The segment =(C+|c)|A nearly. 

2. If A= the height of the segment, and cl=the diameter 
of the circle ; 

The segment^SAv'^fAx (3-^-2357-725-3 ^c-) 



Note E. p. 29. 

The term solidity is used here in the customary sense, to 
express the magnitude of any geometrical quantity of three 
dimensions, length, breadth, and thickness ; whether it be a 
solid body, or a fluid, or even a portion of empty space. 
This use of the word, however, is not altogether free from 
objection. The same term ia applied to one of the general 
properties of matter; and also to that peculiar quality by 
which certain substances are distinguished from fluids. 
There seemt to be an impropriety in speaking of the solidity 
of a body of water^ or of a vessel which is empty. Some 
writers have therefore substituted the word volume for solidi- 
ty. But the latter term, if it be properly defined, may be 
retained without danger of leading to mistake. 



Note F. p. 35. 

The geometrical demonstration of the rule for finding the 
solidity of a frustum of a pyramid, depends on the following 
proposition : 



VOTES. 91 

A frustum of a trtangular pyramid it equal to three pur a- 
mids ; the greatest ana least ofwfiich are equal in height to 
the frustum^ and have the two ends of the frustum for their 
bases ; and the third is a mean proportional between the 
other two. 

Let ABCDFG (Fig. 34.) be a frustum of a triangular 
pyramid. If a plane be supposed te pass through the points 
AFC, it will cut off the pyramid ABCF. The height of this 
is evidently equal to the height at the frustum, and its base 
is ACB, the greater end of the frustum. 

Let another plane pass through the points AFD. This 
will divide the remaining part of the figure into two triangular 
pyramids AFDG and AFDC. The height of the former is 
e^iual to the height of the frustum, and its base is DFG, the 
smaller end of the frustum. 

To find the magnitude of the third pyramid AFDC, let F 
be now considered as the vertex of this, and of the second 
pyramid AFDG. Their bases will then be the triangles 
ADC and ADG. As these are in the same plane, the two 
pyramids have the same altitude, and are to each other as 
their bases. But these triangular bases, being between the 
same parallels, are as the lines AC and DG. Therefore the 
pyra mid AF D C is to the_pyramjd^ AFDG as AC to DG ; 

and AFDC* : AFDG* : : AC* : DG*. (Alg. 391.) But the 
pyramids ABCF and AFDG, having the same altitude, are 

a^ their bases ABC and DFG, that is, as AC"* and DG*. 
(Euc. 19, 6.) W e have th en 

AFDC" : AFDG"^^AS*^pG* 

ABCF: AFDG;: AC* : DG* 



Therefore AF DC* t A FDG*:: ABCF : AFDG. 

And AFDC" =AFDG X ABCF. 

That is, the pyramid AFDC is a mean proportional be- 
tween AFDG and ABCF. 

Hence, the solidity of a frustum of a triangular pyramid is 
equal to | of the height, multiplied into the aum of the areas 
of the two ends and the square root of the product of these 
areas. This is true also of a frustum of any other pyramid. 
(Sup. Euc. 12, 3. Cor. 2.) 

If the smaller end of a frustum of a pyramid be enlarged, 
till it is made equal to the other end; the frustum will become 
a pmm, which may be divided into three equal pyramids. 
(Sup.. Euc. 15, 3.) 
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Note G. p. 59, 

The following simple rule for the solidity of round timber, 
or of any cylinder, is nearly exact : 

Mult^ly the length into twice the square of ^ of the circum^ 

ference. 

If C=the circumference of a cylinder ; 
The area of the ba8e=g=p^ But 2(y)*=^ 

It is common to measure hewn timber, by multiplying the 
length into the square of the quarter-girt. This gives exact- 
ly tne solidity of a parallelopiped, if the ends are squarei. 
But if the ends are parallelograms, the area of each is leu 
than the square of the quarter-girt. (Euc. 27, 6.) 

Timber which is tapering may be exactly measured by 
the rule for the frustum of a pyramid or cone (Art 50,68.); 
or, if the ends are not similar figures, by the rule for a pris- 
rooid. (Art. 55.) But for common purposes, it will be suffi- 
cient to multiply the length by the area of a section tn ike 
middle between the two ends. 
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A TABLE 

OF THE SEGMENTS OF A CIRCLE, WHOSE DIAMETER IS 1, AND IS SUP- 
POSED TO BE DIVIDED INTO 1000 EftUAL PARTS. 



Height. 


Area Seg. 


1 Height. 


Area Seg. 


Height. 


Area Seg. 


.001 


.000042 


.034 


.008273 


.067 


.022652 


002 


000119 


035 


008638 


068 


023154 


003 


000219 


036 


009008 


069 


023659 


004 


000337 


037 


009383 


070 


024168 


005 


000471 


038 


009763 


071 


024680 


006 


000618 


039 


010148 


072 


025195 


007 


000779 


040 


010537 


073 


025714 


008 


000952 


041 


010932 


074 


026236 


009 


001135 


042 


011331 


075 


026761 


010 


001329 


043 


Oil 734 


076 


027289 


Oil 


001533 


044 


012142 


077 


027821 


012 


001746 


045 


012554 


• 078 


028356 


013 


001968 


046 


012971 


079 


028894 


014 


002199 


047 


013392 


080 


029435 


015 


002438 


048 


013818 


081 


029979 


016 


002685 


049 


014247 


082 


030526 


017 


002940 


050 


014681 


083 


031076 


018 


003202 


051 


015119 


084 


031629 


019 


003472 


052 


015561 


085 


032186 


020 


003748 


053 


016007 


086 


032745 


021 


004032 


054 


016457 


087 


033307 


022 


004322 


055 


016911 


088 


033872 


023 


004618 


056 


017369 


089 


034441 


024 


004921 


057 


017831 


090 


035011 


0& 


005231 


058 


018296 


091 


035585 


026 


005546 


059 


pl8766 


092 


036162 


027 


005867 


060 


019239 


093 


036741 


(m 


006194 


061 


019716 


094 


037323 


029 


006527 


062 


020206 


095 


037909 


030 


006865 


063 


020690 


096 


038496 


031 


007209 


064 


021178 


097 


039087 


032 


007558 


065 


021659 


098 


039680 


.033 


.007913 


.066 


.022154 


.099 


.040276 
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TABLE OF CIRCULAR SKOMSNTS. 



)ft 



Height 


Area Seg. 


Height. 


Area Seg. 


Height. 


Area Seij. 


.367 


•261284 


.412 


.305155 


.457 


.349752 


368 


262248 


413 


306140 


458 


350748 


369 


263213 


414 


307126 


459 


351745 


370 


264178 


415 


308110 


460 


362742 


371 


265144 


416 


309095 


461 


353739 


372 


266111 


417 


310081 


462 


354736 


373 


267078 


418 


311068 


463 


365732 


374 


268045 


419 


312054 


464 


366730 


375 


269013 


420 


313041 


465 


367727 


376 


269982 


421 


314029 


466 


368725 


377 


270951 


422 


315016 


467 


369723 


378 


271920 


423 


316004 


468 


360721 


379 


272890 


424 


316992 


469 


361719 


380 


273861 


425 


317981 


470 


362717 


381 


274832 


426 


318970 


471 


363715 


382 


275803 


427 


319969 


472 


364713 


383 


276776 


428 


320948 


473 


365712 


384 


277748 


429 


321938 


474 


366710 


385 


278721 


430 


322928 


476 


367709 


386 


279694 


431 


323918 


476 


368708 


387 


280668 


432 


324909 


477 


369707 


388 


281642 


433 


325900 


478 


370706 


389 


282617 


434 


326892 


479 


371705 


390 


283592 


435 


327882 


480 


372704 


391 


284568 


436 


328874 


481 


373703 


392 


285544 


437 


329866 


482 


374702 


393 


286521 


438 


330858 


483 


375702 


394 


287498 


439 


331850 


.484 


376702 


395 


288476 


440 


332843 


485 


377701 


396 


289454 


441 


333836 


486 


378701 


397 


290432 


442 


334829 


487 


379700 


398 


291411 


443 


335822 


488 


380700 


399 


292390 


444 


336816 


489 


381699 


400 


293369 


445 


337810 


490 


382699 


401 


294319 


446 


3:38804 


491 


383699 


402 


295330 


447 


339798 


492 


384699 


403 


296311 


448 


340793 


493 


385699 


404 


297292 


449 


341787 


494 


386669 


405 


29^273 


450 


342782 


495 


387699 


406 


299255 


451 


343777 


496 


388699 


407 


300238 


452 


344772 


497 


389699 


408 


301220 


453 


345768 


498 


390699 


409 


302203 


454 


346764 


499 


391699 


410 


303187 


455 


347759 


.600 


.392699 


.411 


.304171 


.456 


.348755 
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DISTRICT OF COJ^J^ECTICUT, n. 

^ •; Bs IT remembebed; That on the third day of January, in the 

f* L. S. I gf^y gf^h ye^r of the Independence of the United States of Amer- 
•««»««»• ica, Jeremiah Dat, of the said district, hath deposited in this 
Office, the title of a book, the right whereof he claims as Author, in the words 
following, to wit: 

"The Mathematical Principlfs of Navigation and Surveying, with die 
Mensuration of Heights and Distances. Being the fourth part oi a Course of 
Mathematics, adapted to the method of instruction in the American Colleges. 
By Jeremiah Day, D. D. LL.-D. President of Yale College.'* 

in conformity to the Act of Congress of the United States, entitled '*Aa 
Act for the encouragement of learning, by securing the copies of Maps, Charts, 
and Books, to the authors and proprietors of such copies, during the time 
therein mentioned." — And also to the act, entitled. An act supplementary Id 
an act, entitled * An act for the encouragement of learning, by securing copies 
of maps, charts, and books, to the authors and proprietors of such copies during 
the times therein mentioned,' and extending the benefits thereof to the arts of 
designing, engraving, and etching; historical and other prints." 

CHARLES A. INGERSOLL, Clerk of t?ie Dutrict of ConneeHeui. 
A true copy of record, examined and sealed by me, 
CHARIeS a. INGERSOLL, Clerk qf the District <f Cormeetieut, 



As the following treatise has been prepared for the use of 
a class in College, it does not contain all the details which 
would be requisitp^r a practical navigator or surveyor. 
The object of a scientific education is rather to teach pnnct- 
ples^ than the minute rules which are called for in protession* 
al practice. The principles should indeed be accompanied 
with such illustrations and examples as will render it easy 
for the student to make the applications for himself, when- 
ever occasion shall require. But a collection of rules 
merely, would be learned, only to be forgotten, except by a 
few who might h^ve use for them in the course of their bu- 
siness. There are many things belonging to the art of navi- 
gation, which are not comprehended in the mathematical 
part of the subject. Seamen will of course make use of the 
valuable system of Mackay, or the still more complete work 
of Bowditch. 

The student is supposed to be familiar with the principles 
of Geometry and Trigonometry, before he enters upon the 
present number, which contains little more than the applica- 
tion of those principles to some of the most simple problems 
in heights and distances, navigation, and surveying. 
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TABLE OF CIRCULAR SEGUEITTS. 



U 



Height 


Area Seg. 


Height. 


Area Seg. 


Height. 


Area Seg. 


.367 


.261284 


.412 


.305156 


.457 


.349752 


368 


262248 


413 


306140 


458 


350748 


369 


263213 


414 


307126 


459 


351745 


370 


264178 


415 


308110 


460 


362742 


371 


265144 


416 


309096 


461 


353739 


372 


266111 


417 


310081 


462 


354736 


373 


267078 


418 


311068 


463 


355732 


374 


268045 


419 


312054 


464 


356730 


375 


269013 


420 


313041 


465 


3577^ 


376 


269982 


421 


314029 


466 


358725 


377 


270951 


42S 


315016 


467 


359723 


378 


271920 


423 


316004 


468 


360721 


379 


272890 


424 


316992 


469 


361719 


380 


273861 


425 


317981 


470 


362717 


381 


274832 


426 


318970 


471 


363716 


382 


275803 


427 


319959 


472 


364713 


383 


276r?5 


428 


320948 


473 


365712 


384 


277748 


429 


321938 


474 


366710 


385 


278721 


430 


322928 


475 


367709 


386 


279694 


431 


323918 


476 


368708 


387 


280668 


432 


324909 


477 


369707 


388 


281642 


433 


325900 


478 


370706 


389 


282617 


434 


326892 


479 


371705 


390 


283592 


435 


327882 


480 


3T2704 


391 


284568 


436 


328874 


481 


373703 


392 


2W5544 


437 


329866 


482 


374702 


393 


286521 


438 


330858 


483 


375702 


394 


287498 


439 


331850 


,484 


376702 


395 


288476 


440 


332843 


485 


377701 


396 


289454 


441 


333836 


486 


378701 


397 


290432 


442 


334829 


487 • 


379700 


398 


291411 


443 


335822 . 


488 


390700 


399 


292390 


444 


336816 


489 


381699 


400 


293369 


445 


337810 


490 


382699 


401 


294349 


446 


338S04 


491 


383699 


402 


295:330 


447 


339798 


492 


384699 


403 


296311 


448 


340793 


493 


385699 


404 


297292 


449 


341787 


494 


386669 


405 


298273 


450 


342782 


495 


387699 


406 


299255 


451 


343777 


496 


388699 


407 


300238 


452 


344772 


497 


389699 


408 


301220 


453 


345768 


498 


390699 


409 


302203 


454 


346764 


499 


391699 


410 


303187 


455 


347759 


.500 


.392699 


.411 


.304171 


.456 


.348756 
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4 MENSURATION OF 

If the base AB (Fig. 3.) be measured and the angles BAG 
and ABC ; there will be given, in the oblique angled triangle 
AJBC, the side AB, and the angles, to find BC. (Trig. 1 50.) 

Or the height BC may be found by measuring the distan- 
ces BA, AD, and taking the angles, BAC and BDC.,* There 
will then be given in the triangle ADC, the angles and the 
side AD, to find AC; and consequently, in the triangle 
ABC, the sides AB and AC with the angle BAC, to find 
BC. 

Ex. If AB (Fig. 3.) be 76 feet, the angle B 101'' 35' 
and the angle A 44^ 42' ; what is the height of the tree 
BC? 

Sin. C : AB: :Sin. A: :BC=95.9 feet 

For the geometrical construction of the problem, see Trig. 
169. 

10. The following are some of the methods by which the 
height of an object may be found, without measuring the an- 
gle of elevation. 

1 . By shadows. Let the staff be (Fig. 4.) be parallel to 
an object BC whose height is required. If the shadow of 
BC extend to A, and that of 6c to a; the rays of light CA 
and ca coming from the sun liiay be considered parallel ; and 
therefore the triangles ABC and abc are similar ; so that 

ah : 6c::AB : BC. 

Ex. If ab be 3 fi^et, 6c 5 feet, and AB 69 feet, what is the 
height of BC ? Ans. 115 feet 

2. By parallel rods. If two poles am and en (Fig. 5.) be 
placed parallel to the object BC, and at such distances as to 
bring the points C, c, a in a line, and if ab be made parallel 
to AB ; the triangles ABC, and abc will be similar ; and wc 
shall have 

a6 :6c::AB : BC. 
One pole will be sufficient, if the observer can place his 
eye at the point A, so as to bring A, a, and C in a line. 

3. By a mirror. Let the smooth surface of a body of 
water at A (Fig. 6.) or any plane mirror parallel to the hori- 
zon, be so situated, that the eye of the observer at c may 
view the top of the object C reflected from the mirror. By 
a law of Optics, the angle BAC is equal to 6Ac ; and if 6c 



HEIGHTS AMD DISTANCES. ^ 

be made parallel to BC, the triangle bAc will be similar to 
BAG ; so that 

A6:6c::AB : BC. 

Problem III. 

TO FIND THE hA^HT OF AN INACCESSIBLE OBJECT ABOVE A 

horizontal plane. 
11. Take two stations in a vertical plane passing 

THROUGH the TOP OF THE OBJECT, MEASURE THE DISTANCE 
FROM ONE STATION TO THE OTHER, AND THE ANGLE OF ELEVA- 
TION AT EACH.\^ 

If the base AB (Fig. 7.) be measured, with the angles CBP 
and CAB ; as ABC is the supplement of CBP, there will be 
given, in the oblique angled triangle ABC, the side AB and 
the angles, to iind|BC ; and then, in the right angled triangle 
BCP, the hypothenuse and the angles, to find the perpendic- 
ular CP. 

Ex. 1. If C (Fig. 7.) be the top of a spire, the horizontal 
base line AB 100 feet, the angle of elevation BAC 40^, 
and the angle PBC 60^; what is the perpendicular height of 
the spire ? 

The difference between the angles PBC and BAC is equal 
toACB. (Euc, 32. 1.) 

Then Sin ACB : AB:: Sin BAC : BC= 187.9 
And R : BC: :Sin PBC : CP=162| feet. 

3. If two persons 120 rods from each other, are standing 
on a horizontal plane, and also in a vertical plane passing 
through a cloudy both being on the same side of the cloud: 
and if they find the angles of elevation at the two stations to 
be 68'^ and 76''; what is the height of the cloud ? 

Ans. 2 miles 135.7 rods. 

12. The preceding problems are useful in particular ca- 
ses. But the following is h general rule, which may be used 
for finding the height of any object whatever, within mode- 
rate distances. 
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6 MENSURATION OF 

Problem IV. 

TO FIND THE HEIGHT OF AN7 OBJECT^ BT OBSERVATIONS AT 

TWO STATIONS. 

13. MeASURE.JHE BASE LINE BETWEEN THE TWO STATIONS, 
THE ANGLES BETWEEN THIS BASE AND LINES ^g^WN FROM EACH 
OF THE STATIONS TO EACH END OF THE OBJECT, AND THE AN- 
GLE SUBTENDED BT THE OBJECT, AT ONE OF THE STATIONS. 

If BC (Fig. 8.) be the object whose height is required, 
and if the distance between the stations A and D be meas- 
ured, with the angles ADC, DM^, ADB, DAB, and B AC; 
there will be given, in the triangle ADC, the side AD and 
the angles, to find AC ; in the triangle ADB, the side AD and 
the angles, to find AB; and then, in the triangle BAG, 
the sides AB and AC with the included angle, to find the re- 
quired height BC. 

If the two stations A and D be in the same plane with BC, 
the angle BAC will be equal to the difference between BAD 
and CAD. In this case it will not be necessary to measure 
BAC. 

Ex. If AD=83 feet, (Fig. 8.) C ADB=33° 
5ADC=:51° ^DAB=121^ 

^DAC=95° BAC=26% 

What is the height of the object BC ? 
Sin ACD : AD:: ADC : AC=115.3 
Sin ABD : AD::ADB : AB=103.1 
(AC+AB) :(AC-AB)::Tani(ABC+ACB) : Tan KABC 

-'ACB)=13°38' 
Sin ACB : AB: :Sin BAC : BC=50.57 feet. 

If the object BC be perpendicular to the horizon, its 
height, after obtaining AB and AC as before, may be found 
by taking the angles oi elevation BAP and CAP. The differ- 
ence of the perpendiculars in the right angled triangles ABP 
and ACP, will be the height required. 

Problem V. 

to find the distance of an inaccessible object. 

14. Measure a base line between two stations, and 
the angles between this and lines drawn from each 
of the stations to the object. 



HEIGHTS AND DISTANCES. 7 

If C (Fig. 9.) be the object, and if the distance between 
the stations A and B be measured, with the angles at B and 
A ; there will be given, in the oblique angled triangle ABC, 
the side AB and the angles, to find AC and BC, the distan- 
ces of the object from the two stations. 

For the geometrical construction, see Trig.- 169. 

• • 

Ex. 1 . Wh|kare the distances of the two stations A and 
B (Fig. 9.) from^e house C, on the opposite side of a river; 
if AB be 26.6 rods, B 92° 46', and A 38° 40'? 

The angle C=180-(A+B)=48° 34'. Then 

SinA:BC=22.17 
Sin B : AC=35.44. 



Sin C: AB:: \ 



2. Two ships in a harbor, wishing to ascertain how far 
they are from a fort on shore, find that their mutual distance 
is 90 rods, and that the angles formed between a line fi-om 
one to the other, and lines drawn from eaclf to the fort are 
45° and 56° 15'. What are their iwpcctive distances from 
the fort ? Ans. 76.3 and 64.9 rods. 

15. The perpendicular distance of the object from the 
line joining the two stations may be easily ikind, after the dis- 
tance from one of the stations is obtained. AThe perpendic- 
ular distance PC (Fig. 9.) is one of the sid A>f the right an- 
gled triangle BCP. Therefore ^ 

R:BC::SinB:PC. ' 

Problem VI. 

TO FIND THE DISTANCE BETWEEN TWO OBJECTS, WHEN THE 
PASSAGE FROM ONE TO THE OTHER, IN A STRAIGHT LINE 
IS OBSTRUCTED. 

16. Measure the right lines from one s;rATiON to 

BACH OF THE OBJECTS, AND THE ANGLE INCLUDE^ BETWEEN 
THESE LINES. ' 

If A and B (Fig. 10.) be the two objects, and if the dis- 
tances BC and AC be measured, with the angle at C ; there 
will be given, in the oblique angled triangle ABC, two sides 
and the included angle, to find the other two angles, and the 
lemaining side. (Trig. 153.) 

. Ex. The passage between the two objects A and B (Fig. 
10.) being obstructed by a morass, the line BC was .measured 
and found to be 109 rod?, the line AC 76 rods, and the angle 
at C lOi^" 30'. What is the distance AB 7 

Ans. 144.7 rods. 
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Problem VII. 

TO FIND THE DISTANCE BETWEEN TWO INACCESSIBLE OBJECTS. 

17. Measure A baseline between two stations and 

THE angles between THIS BASE AND LINES DRAWN FROM 
• HACH of the STATIONS TO EACH OF THE OBJECTS, 

If A and B (Fig. 1 1.) be the two objects, md if the distance 
between the stations C and D be measured, with the angles 
BDC, BCD, ADC, and ACD ; the lines AC and BC may 
be found as in Problem V, and then the distance AB as in 
Problem VI. 

This rule is substantially the same as that in art. 13. The 
two stations are supposed to be in the same plane with the 
objects. If they are not, it will be necessary to measure the 
angle ACB. 

18. The same process by which we obtain the distance of 
two objects from each other, will enable us to find the dis- 
tance between one of these and a third, between that and a 
fourth, and so on, till a connection is formed bet ween a great 
number of remote points. This is the plan of the great Trig- 
onometrical Surveys^ which have been lately carried on, with 
surprising exactness, particularly in England and France. 
See Surveying, Section II. 

19. In the preceding problems for determining altitudes, 
the objects are supposed to be at such moderate distances, 
that the observations are not sensibly affected by the spherical 

figure of the earth. The height of an object is measured 
^ from an horizontal plane^ passing through the station at which 
the angle of elevation is taken. But in an extent of several 
miles, the figure of the earth ought to be taken into account 
Let AB (Fig. 12.) be a portion of the earth's surface, H 
an object above it, and AT a tangent at the point A, or a 
horizontal line passing through A. Then HT, the oblique 
height of the object above the horizon of A, is only a part of 
the height above the surface of the earth, or the level of the 
ocean. To obtain the true altitude, it is necessary to add 
BT to the height HT found by observation. The height 
BT may be calculated, if the diameter of the earth and the 
distance AT be previously known. Or if the height BT be 
first determined from observation, with the distance AT ; the 
diameter of the earth may be thence deduced. 
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Problem VIII. 

to find the diameter of the earth, from the known 
height of a distant mountain, whose summit is just 
visible in the horizon. 

20. From the square of the distance divided by the 

HEIGHT, SUBTRAlllr THE HEIGHT* 

If BT (Fig. 12.) be a mountain whose height is known, 
with the distance AT ; and if the summit T be just visible in 
the horizon at A ; then AT is a tangent at the point A. 
Let 2BC=D, the diameter of the earth, 

AT=d, the distance of the mountain, 
BT=A, its height. 
Then considering AT as a straight line, and the earth as 
a sphere, we have (Euc. 36.3.) 

(2BC+BT)xBT=AT« ; that is, (D+A)xA=d«, 
and reducing the equation, 
d» 

Ex. The highest point of the Andes is about 4 miles above 
the level of the ocean. If a straight line from this touch the 
surface of the water at the distance of 178^ miles ; what is 
the diameter of the earth ? Ans. 7940 miles. 

21. If the distance AT (Fig. 12.) be unknown^ it may be 
found by measuring with a quadrant the angle ATC. Draw 
BG perpendicular to BC; and join CG. The triangles ACG 
and BCG are equal, because each has a right angle, the sides 
AC and BC are equal, and the hypothenuse CG is common. 
Therefore BG and AG are equal. In the right angled trian* 
g!e BGT, the angle BTG is given, and the perpendicular 
BT. From these may be found BG and TG, whose sum is 
equal to AT, the distance required.* 

22. In the common measurement of angles, the light is 
supposed to come from the object to the. eye in a straight 
line. But this is not strictly true. The direction of the light 
is affected by the rejraction of the atmosphere. If the object 
be near, the deviation is very inconsiderable. But in an ex- 

* This meUiod of determinine Uie diameter of Uie earth is not as accurate 
as that by measuring a degree of Latitude. See Surveying, Sec. II. 

3 
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• 

tent of several miles, and particularly in such nice obserra- 
lions as determining the height of distant mountains, and the 
diameter of the earth, it is necessary to make allowance for 
the refraction.* 

Problem IX. 

TO FIND THE GREATEST DISTANCE AT WHICH A GIVEN OBJECT 
CAN BE SEEN ON THE SURFACE OF TItE EARTH. 

23. To THE PRODUCT OF THE HEIGHT OF THE OBJECT IHTO 
THE DIAMETER OF THE EARTH, ADD THE SQUARE OF THE 
HEIGHT ; AND EXTRACT THE SQUARE ROOT OF THE SUM. 

Let 2BC=D, the diameter of the earth, (Fig. 12.) 
BT=A, the height of the object, 
ATs=d, the distance required. 

Then (D+A) X A=rf^ And d=^/Dh+h*. 

Ex. If the diameter of the earth be 7940 miles, and Mount 
iEtna 2 miles high ; how far can its summit be seen at sea T 

Ans. 1 26 miles. 

The actual distance at which an object can be seen, is in- 
creased by the refraction of the air.* 

24. In this problem, the eye is supposed to be placed at 
the level of the ocean. But if the observer be elevated above 
the surface, as on the deck of a ship, he can see to a greater 
distance. If BT (Fig. 13.) be the height of the object, and 
B'T' the height of the eye above the level of the ocean -, the 
distance at which the object can be seen, is evidently equal 
to the sum of the tangents AT and AT'. 

Ex. The top of a ship^s mast ] 32 feet high is just visible in 
the horizon, to an observer whose eye is 33 feet above the 
surface of the water. What is the distance of the ship ? 

Ans. 21} miles. 

25. The distance to which u person can see the smooth 
surface of the ocean, if no allowance be made for refraction, 
is equal to a tangent to the earth drawn from his eye, as T'A. 
(Fig. 13.) 

Ex. If a man standing on the level of the ocean, has his 
eye raised 5} feet above the water : to what distance can he 
see the surface ? Ans. 2{ miles. 



* See Note A. 
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26. If the distance AT, (Fig. 1 2.) with the diameter of the 
earth be given, and the height BT be required ; the equation 
in Art. 23 gives 

See Surveying, Section IV, on Leveling. 

27. When the diameter of the earth is ascertained, this 
may be made 2ibase line for determining the distances of the 
hectoenly bodies. A right angled triangle may be formed, the 
perpendicular sides of which shall be the distance required, 
and the semi-diameter of the earth. If then one of the an- 
gles be found by observation, the required side may be easily 
calculated. 

Let AC (Fig. 14.) be the semi-diameter of the earth, AH 
the sensible horizon at A, and CM the rational horizon paral- 
lel to AH, passing through the moon M. The angle HAM 
ma^ be found by astronomical observation. This angle, 
which is called the Horizontal Parallax^ is equal to AMC, 
the angle at the moon subtended by the semi-diameter of the 
earth. (Euc. 29. 1.) 

• 

Problem X. 

TO riND TH£ distance of AN7 HEAVENLY BODY WHOSE HOR- 
IZONTAL PARALLAX IS KNOWN. 

28. As RADIUS, TO THE SEMI-DIAHETER OF THE EARTH ; SO 
IS THfi CO-TANOENT OF THE HORIZONTAL PARALLAX, TO THE 
DISl^ANCE. 

In the right angled triangle ACM, (Fig. 14.) if AC be 
made radius ; 

R: AC: : Cot. AMC: CM. 

Ex. If the horizontal parallax of the moon be 0° 57', and 
the diameter of the earth 7940 miles ; what is the distance 
of the moon from the center of the earth ? 

Ans. 239,414 miles. 

29. The fixed stars are too far distant to have any sensible 
horizontal parallax. But from late observations it would 
seem, that some of them are near enough, to suffer a small 
apparent change of place, Jrom the revolution of the earth 
round the sun. The distance of the sun, then, which is the 
semi-diameter of the earth's orbit, may be taken as a base 
line^ for finding the distance of the stars. 
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We thus proceed by degrees from measuring a line on the 
surface of the earth, to calculate the distances of the heaven* 
ly bodies. From a base line on a plane, is determined the 
height of a mountain ; from the height of a mountain, the 
diameter of the earth ; from the diameter of the earth, the 
distance of the sun, and from the distance of the sun the dis- 
tance of the stars. 

30. Afler finding the distance of a heavenly body, its mag* 
nitude is easily ascertained ; if it have an apparent diameter, 
sufficiently large to be measured by the instruments which 
are used tor taking angles. 

Let AEB (Fig. 15.) be the angle which a heavenly body 
subtends at the eye. Half this angle^ if C be the center of 
the body, is AEC ; the line EA is a tangent to the surface, 
and therefore EAC is a right angle. Then making the dis- 
tance EC radius, 

R : EC : : Sin. AEC : AC. 

That is, radius is to the distance, as the sine of half the an- 
gle which the body subtends, to its semi-diameter. 

Ex. If the sun subtendB an angle of 32' 2'^ and if his dis- 
tance from the earth be 95 million miles; what is his diam- 
eter 7 Ans. 885 thousand miles. 



Promiscuous Examples. 

1. On the bank of a river^ the angle of elevation of a tree 
on the opposite side is found to be 46° ; and at another sta- 
tion 100 teet directly back on the same level, 31°. What 
is the height of the tree ? Ans. 143 feet 

2. On a horizontal plane, observations w^re taken of a 
tower standing on the top of a hill. At one station the an- 

S'e of elevation of the top of the tower was found to be 50**; 
at at the bottom 39° ; and at another station 1 50 feet di- 
rectly back, the angle of elevation of the top of the tower 
was 32°. What are the heights of the hill and the tower? 

Ans. The hill is 1 34 feet high ; the tower 63. 

3. What is the altitude of the sun, when the shadow of a 
tree, cast on a horizontal plane, is to the height of the tree 
a8 4 to3? Ans. 36° 52' 12". 



»4V 
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4. If a Straight line from the top of the White Mountains 
in New Hampshire toach the ocean at the distance of 103| 
miles 7 what is the height of the mountains ? 

Ans. 7100 feet. 

5. From the top of a perpendicular rock 55 yards high, 
the angle of depression of the nearest bank of a river is found 
to be 55° 54', that of the opposite bank 33"^ 20'. Required 
the breadth of the river, and the distance of its nearest bank 
from the bottom of the rock. 

The breadth of the river is 46.4 yards ; 
Its distance from the rock 37.3. 

6. If the moon subtend an angle of 31' 14", when her dis- 
tance is 240,000 miles ; what is her diameter ? 

Ans. 2180 miles. 

7. Observations are made on the altitude of a balloon, by 
two persons standing on the same side of the balloon, and in 
a vertical plane passing through it The distance of the sta- 
tions is half a mite. At one, the angle of elevation is 30° 58', 
at the other 36° 52'. What is the height of the balloon 
above the ground 7 Ans. 1 \ mile, 

8. The shadow of the top of a mountain, when the alti- 
tude of the sun on the meridian is 32°, strikes a certain point 
on a level plain below ; but when the meridian altitude of 
the sun is 67°, the shadow strikes half a mile farther south,' 
on the same plain. • What is the height of the mountain 
above the plain 7 Ans. 2245 feet. 



t 
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NAVIGATION. 



SECTION I. 



PLANE SAILING. 



Art. 33. Navigation is th/e art of conducting a ship on 
the ocean. The most accurate method of ascertaining the 
situation of a vessel at sea is to find, by astronomical ob- 
servations, her latitude and longitude. But this requires a 
view of the heavenly bodies ; and these are often obscured 
by intervening clouds. The mariner must therefore have re- 
course to other means for determining the progress which he 
has made, and the particular part of the ocean through which 
he is at any time making his way. The common method is 
to measure the rate of the ship^s ^oing by a log-lincy and to 
find the direction in which she sails by a mariner'^s compass. 
From these data, the difference of latitude, the departure, 
and the difference of longitude, may be calculated. The 
two first may be found by plane sailing ; the last by middle 
latitude sailing, or more correctly by Mercator^s sailing. 
See Sec. II. and III. 

34. The log-line is a cord which is wound round a reel, 
one end being attached to a piece of wood called a 7o^. It 
is used to determine the distance which a ship runs in an 
hour, by measuring the distance which she runs in half a 
minute. The log is commonly a small piece of board, in the 
form of a quadrant of a circle. The arc is loaded with a quan- 
tity of lead sufficient to give the board a perpendicular posi- 
tion, when thrown upon the water. This will prevent it 
from moving forward toward the vessel, while tne line is 
running off the reel. So that the length of Hue drawn off 
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by the log in half a minute, is equal to the distance which the 
vessel moves through the water in that time. 

The log-line, which is a hundred fathoms or more, is divi- 
ded into equal portions called knots. Each of these has the 
same ratio to a nautical mile, which half a minute has to an 
hour. That is, a knot is the 120th part of a mile. If there- 
fore the motion of the ship is uniform, she sails as many miles 
in an hour, as she does knots in a half a minute. 

The time is measured by a half minute-glass^ constructed 
like an hour glass. This is turned when the log is thrown 
upon the water; and the knots drawn from the reel, while the 
sands are running, give the rate of the ship. The log is 
thrown either every hour, or once in two hours. 

35. The Mariner^s compass is a circular card, attached to 
a magnetic needle, which is balanced on an upright pin, so 
as to move freely in any direction. The ends of the needle 
turn towards the northern and southern points of the horizon. 
It places itself in the magnetic meridian, which nearly coin- 
cides with the astronomical meridian, or a north and south 
line.* Directly over the needle, a line is drawn on a card, 
one end of which is marked N, and the other S. The whole 
circumference is divided into equal parts by ^^ points. Four 
of these, the N, S, E, and W, are called cardinal points. 
vThe interval between two adjacent points is 11° 15', which 
Tb the quotient of 360° divided by 32. The card and the 
needle are inclosed in a circular box, on the inside of which 
a black mark is drawn perpendicular to the horizon. When 
the compass is placed in the vessel, a line passing from this 
mark through the centre of the card should be parallel to the 
keel. The part of the circumference which coincides with 
the mark will then shew the point of compass to which the 
keel is directed. To prevent the needle from being affect- 
ed by the motion of the vessel, the box, and brass ring by 
which it is surrounded, have four points of suspension so con- 
trived as to keep the card nearly parallel to the horizon. 



* For the vtwitUion of the needle, see Survktino, Sec. V. 
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The following is a table of the number of degrees and min- 
utes corresponding to each point and quarter point of the 
compass. Sec Fig. 16. 
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36. Plane Sailing is the method of calculating the situ- 
ation and progress of a ship by means of a plane triangle. 
Though the surface of the ocean, conforming to the general 
figure of the earth, is nearly q>herical ;* yet the quantities 
which are the objects of inquiry in plane sailing, have the 
same relations to each other, as the sides and angles of a rec- 
tilinear triangle. The particulars which are either given or 
required are/oi/r, viz. 

1. The Course, 

2. The Distance, 

3. The Difference of Latitude, 

4. The Departure. 

37. The Course is the angle between a meridian line pass- 
ing through the ship, and the direction in which she sails. It 
is described by saying that it is so many points or degrees 
east or west from a north or south line. Thus if the vessel 
steers NE by E, the course is said to be N 5 points E, or K 
56^ 15' E : if SS W, it is said to S 2 points W, or S 
22i*'W. 

A ship is said to continue on the same course^ when she 
cuts every meridian which she crosses at the same angle. 
She is steered in any required direction, by causing the keel 
to make a constant angle with the needle. The line thus de- 
scribed is not a straight line, nor an arc of a circle, but a pe- 
culiar kind of curve called the Loxodromic] spiral or Rhumb- 
line. 

38. The Distance is the length of the line which the ves- 
sel describes in the given time. 

39. Difference of Latitude is the distance between two par- 
allels of latitude, measured on a meridian. It is also called 
^Northing or Southing. 

40. Departure is the deviation of a ship east or west from a 
meridian. If she sails on a parallel of latitude, her departure 
is the length of that portion of the parallel over which she 
passes. But if her course is oblique^ she is continually chan- 



* The tnie figure of the earth is nearer a spheroid than a sphere. But the 
diflerence is too inconsiderable to be taken into account in any calcnlatioDs 
lor which the lines and angles are given from the log and the compass. In 
this and the following sections, therefore^ the earth will be considered as t 
sphere. 

t From Ao|of and dpofiof, an oblique course. 
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ffing ber latitude; and her departure for each instant ought to 
be considered as measured on the .parallel which she is then 
crossing. The measure will not be correct, if it be taken 
wholly on the parallel which the ship has left, or on that upon 
which she has arrived. Suppose she proceeds from A to C. 
(Fig. 16.) Let the whole distance be divided into indefinite- 
ly small portions Am, mriy nC. Draw the meridians PM, 
PM', PM", PM'"; and the parallels AD, om, yn, BC. The 
departure for the first portion is om, fo^ the second «», for 
the third <C. And the whole departure is om+sn^tC^ 
which, on account of the obliquity of the meridians, is leu 
than Bu-|-v<+<C=BC the meridian distance measured on. 
the parallel upon which the ship has arrived, but greater 
than AD the meridian distance on the parallel which she has 
left. 

41. The distance, departure, and difierence of latitude, 
are measured m geographical miles or minutes; one of which 
is equal to the 60th part of a degree at the equator. As the 
circumference of the earth is about 25 thousand English 
miles, a degree is nearly 69^ miles. So that a geographical 
or nautical mile is nearly \ greater than the common English 
mile. A league is three miles. 

42. The peculiar nature of the Rhumb-line gives this im- 
portant advantage in calculation, that the distance, departure, 
and difierence of latitude, though they are curved lines, may 
be exactly given in length by the sides of a right angled plane 
triangle^ in which one of the angles is equal to the course. 
Suppose a ship proceeds from A to C, (Fig. 18.) describing 
the rhumb-line AmnC, on which the angles MAm, M'mn, 
M"nC are equal. Let the whole distance be divided into 
portions so small, that the triansles Amo, mns^ nC^, shall not 
differ sensibly from plane triangles. The meridians and par- 
allels being drawn, the several difierences of latitude are 
Ao, m«, nt ; and the departures om, m, tC (Art. 40.) 

In the straight line A'C (Fig. 19.) make AW=Am, (Fig. 
18.) mW=:mn, n'C'=iiC, and the angle C'A'B'=mAoi 
Draw m'w' and n'f parallel to A'B'; and m'o\ n[y\ and C'B' 
perpendicular to A'B'. Then the triangles Amo, h!m'o\ mns^ 
mWs\ Cm, and C'£'n' are all similar to A'B'C. The differ- 
ence of latitude is 

AB^Ao+ms+nt:=^AV+m'8'+n't'=A'B\ 

And the departure is 

om+8n+tC=^oW+s'n'+t'C'=:JiV\ 
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43. In plane sailing, then, the process of calculation is as 
accurate,* and as simple, as if the surface of the ocean were 
a plane. Let NS (Fi^. 20.) be a meridian Hne. If a ship 
sails from A to C, and BC is perpendicular to NS; then 

The Course is the angle at A ; and the complement of the 
course, the angle at C ; 

The Distance is the hypothenuse AC ; 

The Departure is the base BC, which is always opposite 
to the course ; and 

The Difference of Latitude is the perpendicular AB, which 
is opposite to the complement of the course. 

Of these four quantities, any two being given, the others 
may be found by rectangular trigonometry. (Trig. 116.) 
The parts given may be 

1 . The course and distance ; or 

2. The course and departure ; or 

3. The course and difference of latitude ; or 

4. The distance and departure ; or 

5. The distance and difference of latitude; or 

6. The departure and difference of latitude. 

The solutions may be made by arithmetical computatioD, 
by Gunter's scale or sliding rule, or by geometrical construc- 
tion. (Trig. Sec. Ill, V, VI.) The first method is by far 
the most accurate. As the student is supposed to be already 
familiar with trigonometry, the operations will not be repeat- 
ed here. In the geometrical construction, it will be proper 
to consider the upper side of the paper as norths and the low- 
er side south. The right hand will then be east, and the left 
hand west. 

Case L 

AA ri^^r^ S The course, > . /* ^S The departure aod 
44. Given J ^^^ distance; \ ^^ «"^ \ Difference of latitude. 

Here we have the hypothenuse and angles given, to find 
the base and perpendicular. (Trig. 1 34.) 

Making then the distance radius, 

Rad. : Dist. : : 5 ^'"- ^°"'^« ; ^^".T' 

( Cos. Course : Diff. Lat. 

Example 1. 

A ship sails from A (Fig. 20.) SW. by S., 38 miles to C. 
Required her departure and difference of latitude? 

* See Note B. 
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The course is 3 points, or 33^ 45' (Art. 35.) 
u , ^o. . ^ Sin. 33° 45' : 21.l=Depart. 
*^ • ^**- • ^ Cos. SS^' 45' : 31.6^Diff. Ut. 

Example 2, 

A ship sails S. 39° E., 34 leagues. Her departure and dif- 
ference of latitude are required. 

Ans. 16.5 and 29.7 leagues. 
The proportions in this and the following cases may be va- 
ried, by making different sides radius, as in Trigonometry 
Sec. III. 

Case II. 



45. Given 



( The course 1 . g i ( The distance, and 
( And departure ; 5 ( Difference of lat. 

Making the distance radius, (Trig. 137.) 

a- r* ^ • T\ 4 . . ^ Rad. : Distance 
.Sin. Course : Depart: . J ^^^ bourse : Diffi Lat 

Example 1. 

A ship leaving a port in latitude 42° N. has sailed S. 37° 
W. till she finds her departure 62 miles. What distance has 
she run, and in what latitude has she arrived 7 

q;« Q70 . Ao- 5^^^- • 103=Distance. 

bm. 37 . b^, . ^ (j^g 3^o . 82.3=Diff. of latitude. 

The difference of latitude is 82.3 miles, or 1° 22'.3. (Art. 
41 .) This is to be subtracted from the original latitude of the 
ship, because her course was towards the equator. The 
remainder is 40° 47'.7, the latitude on which she has ar- 
rived. 

Example 2. 

A ship leaves a«port in latitude 63° S., and runs N. 54° E. 
till she makes a harbor where her departure is found to be 
74 miles ; how great is the distance of the two places, and 
what is the latitude of the latter ? 

Thedistancp is 91^ miles; and the latitude of the latter 
place is 62° 06'.2. 

Case III. 

Ar r>:.f^^ S The course, and ) . n^^ ( The distance, 
46. Qmn J Dig. ^f latitude ;( ^^ '^"^ [ And departure. 

Making the distance radius, 

. <=-»• C°«™ •■ "iff- La<- : : 5 ^f <i,ST&p.rt„,e. 
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Excunple^ 

A ship sails S. 50'' £. from latitude 7"" N., to latitade 4' S. 
Required her distance and departure. 

As the two latitudes are on different sides of the equator, 
the distance of the parallels is evidently equal to the itiaof 
the given latitudes. This is 11 °, or 660 miles. The distance 
is 1026.8 miles, and the departure 786^. 

Case IV. 

A '9 r«*-«^ S The distance, ) . |-„ . ( The course, and 
47. Given I ^„ ^ departure ; \ *^ ^°^ J Diff. of latitude. 
Making the distance radius, (Trig. 135.) 
Dist : Rad. : : Depart : Sin. Course, 
Rad. : Dist: :Cos. Course : Diff. lat 

Example* 

• 

A ship having left a port in Lat 3° N., and sailing between 
S. and £. 400 miles, finds her departure 180 miles. What 
course has she steered, and what is her latitude ? 

Her latitude is 2"* 57^' S., and her course S. 26"" 44^ E. 

Cask V. 

Making the distance radius, 
Dist : Rad. : *. Diff. Lat. : Cos. Course, 
Rad. f Dist:: Sin. Course : Departure. 

Excnnple, 

A vessel sails between N. and E. 66 miles, from Lat 34^50' 
to Lat 35^ 40'. Required her course and departure. 
The course is N. 40^ 45' E., and the departure 43.08 miles. 

Case VL 

Ao p;««« S 'l'*^® departure, and ) . -^ , C The course, 
49. Given J Q-^g of latitude ; { ^^ ^"^ \ And distance. 

Making the difference of latitude radius, (Trig. 139.) 
Diff. Lat. : Rad.: : Depart : Tan. Course, 
Rad. : Diff Lat :: Sec. Course : Distance. 

Example. 
A ship sails from the equator between S. and W., till ^^ 
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latitude is b"" 53', and her departure 264 miles. Required 
her course and distance. 
The course is S. 36° 524' W, and the distance is 440 miles. 

Examples for practice, 

1. Given a ship^s course S. 46^ E., and departure 59 miles; 
to find the distance and difference of latitude. 

2. Given the distance 68 miles, and departure 47 ; to find 
the course and difference of latitude. 

3. Given the course SSE., and the distance 57 leagues; 
to find the departure and difference of latitude. 

4. Given the course NW. by N., and the difference of 
latitude 2° 36' ; to find the distance and departure. 

5. Given the departure 92, and the difference of latitude 
86 ; to find the course and distance. 

6. Given the distance 123, and the difference of latitude 
96 ; to find the course and departure. 



THE TRAVERSE TABLE. 

• 

50. To save the labor of calculation, tables have been 
prepared, in which are given the departure and difference of 
latitude, for every degree of the quadrant, or for every quar- 
ter of a degree. These are called Traverse tables^ or tables 
of Departure and Latitude. The distance is placed in the 
left hand column, the departure and difference of latitude di- 
rectly opposite, and the degrees if less than 45° or 4 points, at 
the top of the page, but if more than 45°, at the bottom. The 
titles at the top of the columns correspond to the courses at 
the top; and the titles at the bottom, to the courses at the bot- 
tom ; the difference of latitude for a course greater than 45°, 
being the same as the departure for one which is as much 
less than 45°. See Trig. 104. 

If the given distance is greater than any contained in the 
table, it may be divided into parts^ and the departure and dif- 
ference of latitude found for each of the parts. The sums of 
the numbers thus found will be the numbers required. 
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f 

The departure and diflference of latitude for decimal parts 
may be found in the same manner as for whole numbers, by 
supposing the decimal point in each of the columns to be 
moved to the left, as the case requires. 

With the aid of a traverse table, all the cases of plane sail- 
ing may be easily solved by inspection. 

Ex. 1. Given the course 33^ 45'; and the distance 38 
miles ; to find the departure and difference of latitude. 

Under 33|°, and opposite 38, will be found the difference 
of latitude 31.6, and the departure 21.11; the same as in 
page 2 1 . 

2. Given the course 57% and the distance 163. 

The departure and difil of lat. for 100 are 83.87 and 54.46 

for 63 52.84 34.31 



for 163 136.71 88.77 



3. Given the course 39°, and the distance 18.23. 
The departure and diff. of laL for 1 8. are 1 1 .33 and 1 3.99 

for .23 0.14 0.18 



for 18.23 11.47 14.17 



4. Given the course 41° 15', and the departure 60. 
Under 41^°, and against the departure 60, will be found 

the difference of latitude 68.42 and the distance 91. 

5. Given the distance 63, and the departure 56, 
Opposite the distance 63, find the departure 56 ; in the 

adjoining column will be the latitude 28.85, and at the bot- 
tom, the course 62|°. 

6. Given the departure 72, and the difference of latitude 
37. 

Opposite these numbers in the columns of latitude and de- 
parture, will be found the distance 81, and at the foot of the 
columns, the course 62|°. 

51. The traverse table is useful, not only for taking out 
departure and difference of latitude ; but for finding by in- 
spection the sides and angles of any right angled triangle 
whatever. In plane sailing, the distance is the hypothenuse, 
(see Fig. 20.) the difference of latitude is the perpendicular, 
the departure is the base, and the course is the acute angle 



PARALLEL SAILING. 35 

at the perpendicular. If then the hypofhenuse of any right- 
angled triangle whatever, be found in the column of distances, 
in the traverse table ; the perpendicular will be opposite in 
the latitude column, and the base in the departure column ; 
the angle at the perpendicular, being at the top or bottom of 
the page. 

Ex. 1. Given the hypothenuse 24, and the angle at the 
perpendicular 54°^; to find the base and perpendicular by 
inspection. 

Opposite 24 in the distance column, and over 54°^ will be 
found the base 19.54 in the departure column, and the per- 
pendicular 1 3.94 in the latitude column. 

2. Given the angle at the perpendicular 37^}, and the base 
46 ; to find the hypothenuse and perpendicular. 

Under 37° j^, look for 46 in the departure, column ; and 
opposite this will be found the perpendicular 60.5 in the lati- 
tude column, and the hypothenuse 76 in the distance col- 
umn. 

3. Given the perpendicular 36, and the base 30.21 ; to 
find the hypothenuse and angles. 

Look in the columns of latitude and departure, till the num- 
bers 36 and 30.21 are found opposite each other ; these will 
give the hypothenuse 47, and the angte at the perpendicular 
40^ 



SECTION II. 

PARALLEL AND MIDDLE LATITUDE SAILING. 

• 

52. By the methods of calculation in plane sailing, a ship^s 
course,distance,departure, and diflference of latitude are found. 
There is one other particular which it is very important to 
determine, the difference of longitude. The departure gives 
the distance between two meridians in mileg. But the situa- 
tions of places on the earth, are known from their latitudes 
and lonffitudes ; and these are measured in degrees. Tba 
lines of longitude, as they are drawn on the globe, are ffirthest 
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from each other at the equator, and gradually converge to- 
wards the poles. A ship, in making a hundred miles of 
departure, may change her latitude in one case 2 degrees, in 
another 10, and in another 20. It is important, then, to be 
able to convert departure into difference of longitude ; that is, 
to determine how many degrees of longitude answer to any 
given number of miles, on any parallel of latitude. This is 
easily done by the following 

Theorem. 

53. As THE cosine of latitude. 
To radius; 

So IS THE DEPARTURE, 

To THE DIFFERENCE OF LONGITUDE. 

By this is to be understood, that the cosine of the latitude is 
to radius ; as the distance between two meridians measured 
on the given parallel, to the distance between the same me- 
ridians measured on the equator. 

Let P (Fig. 21.) be the pole of the earth, A a point at the 
equator, L a place whose latitude is given, and LO a line per- 
pendicular to PC. Then CL or CA is a ^emi-diameter of 
the earth, which may be assumed as the radius of the tables; 
PL is the complement of the latitude, and OL the sine of PL, 
that is, the cosine of the latitude. 

If the whole be now supposed to revolve about PC as an 
axis, the radius CA will describe the equator, and OL the 
given parallel of latitude. The circumferences of these cir- 
cles are as their semi-diameters OL and CA, (Sup. Euc. 8. 
1 .) And this is the ratio which any portion of one circum- 
ference has to a like portion of the other. Therefore OLis 
to CA, that is, the cosine of latitude is to radius, as the 
distance between two meridians measured on the given par- 
allel, to the distance between the same meridians measured 
on the equator. 

Cor. 1 . Like portions of different parallels of latitude are 
to each other, as the cosines of the latitudes. 

Cor. 2. A degree of longitude is commonly measured on 
the equator. But if it be considered as measured on a paral- 
lel of latitude, the lisngth of the degree will be as the cosine of 
the latitude. 
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The following table contains the length of a degree of longi* 

tudefor each degree of latitude. 



d.I. 
1 


miles. 


d.l. 
16 


miles. 
57.67 


d.l. 
31 


miles. 


d.l. 
46 


miles. 


dLl. 


miles. 


d.l. 
76 


miles. 


59.99 


51.43 


41.68 


29.09 


14.52 


2 


59.96 


17 


57.38 


32 


50.88 


47 


40;92 


62 


28.17 


77 


13.50 


3 


59.92 


18 


57,06 


33 


50.32 


48 


40.15 


63 


27.24 


78 


12.47 


4 


59.85 


19 


56.73 


34 


49.74 


49 


39.36 


64 


26.30 


79 


11.45 


5 

6 


59.77 


20 
21 


56.38 


35 
36 


49.15 


50 
51 


38.57 


65 


25.36 


80 


10.42 


59.67 


56.01 


48.54 


37.76 


66 


24.40 


81 


9.39 


7 


59.55 


22 


55.63 


37 


47.92 


52 


36.94 


67 


23.44 


82 


8.35 


8 


59.42 


23 


55.23 


38 


47.28 


53 


36.11 


68 


22.48 


83 


7.31 


9 


59.26 


24 


54.81 


39 


46.63 


54 


35.27 


69 


21.50 


84 


6.27 


10 
11 


59.08 


25 

26 


54.38 


40 
41 


45.96 


5b 
56 


34.41 


70 
71 


20.52 


85 
86 


5.23 


58.89 


53.93 


45.28 


J3.55 


19.53 


4.19 


12 


58.68 


27 


53.46 


42 


44.59 


57 


32.68 


72 


18.54 


87 


3.14 


13 


58.46 


28 


52.97 


43 


43.88 


58 


31.80 


73 


17.54 


88 


2.09 


14 


58.22 


29 


52.47 


44 


43.16 


59 


30.90 


74 


16.54 


89 


1.05 


15 


57.95 


30 


51.96 


45 42.43 '^60l 


30.00 


75 15.53' 


90 


0.00 



The length of a degree of longitude in different parallels is 
also shown by the Line of Longitude^ placed over or under 
the line of chords, on the plane scale. (See Trig. 165.) 

54. The sailing of a ship on a parallel of latitude* is called 
Parallel Sailing. In this c^se, the departure is equal to the 
distance. The difference of longitude may be found by the 
preceding theorem ; or if the difference of longitude be giv- 
en, the departure may be found by inverting the terms of the 
proportion. (Alg. 380. 3.) 

55. The Geometrical Construction is very simple. Make 
CBD (Fig. 22.) a right angle, draw BC equal to the depar- 
ture in miles, lay off the angle at C equal to the latitude in 
degrees, and draw the hypothenuse CD for the difference of 
longitude. The angle C, and the sides BC and CD, of this 
triangle, have the same relations to each other, as the latitude, 
departure, and difference of longitude. 

- For Cos. C : BC: :R : CD (Trig. 121.) 
And Cos. Lat. : Depart: :R : Diff. Lon. (Art 53.) 



* See Note C. 
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56. The parts of the triangle may be found l^y inspection 
in the traverse table. (Art. 51.) The angle Opposite the 
departure is D the complement of the latitude, ana ilie differ- 
ence of longitude is the hypothenuse CD. If then the de- 
parture be found in the departure column under or over the 
fpven number of degrees in the co-latitude, the difference of 
ongitude will be opposite in the distance column. 

Example I. 

A ship leaving a port in Lat. 38° N. Lon« 1$^ £. sails west 
on a parallel of latitude 117 miles in 24 hours* What is her 
longitude at the end of this time ? 

Cos. 38*^ : Rad.::il7 : 148i'=2^ 28V the difference of 
longitude. 

This subtracted from 1 G'' leaves 1 3° 31 f the longitude re- 
quired. 

Example II. 

What is the distance of two places in Lat 46° N. if the 
longitude of the one is 2° 13' W. and that of the other T 
1 7'TE.? 

As the two places are on opposite sides of the first meridian, 
the difference o# longitude is 2° 13'+1° 17'=3° 30', or 210 
minutes. Then 

Rad : Cos. 46°: :210 : 145.88 miles, the departure, or the 
distance between the two places. 

Example III. 

A ship having sailed on a parallel of latitude 1 38 miles, 
finds her difference of longitude 4° 3' or 243 minutes. What 
is her latitude? 

Diff. Lon. 243 : Dep. 138: : Rad. : Cos. Lat. 55'' 23|', 

Example IV. 

On what part of the eaith are the degrees of longitude half 
as long as at the equator? Ans. In latitude 60. 
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57. By the method just explained, is calculated the differ- 
ence of longitude of a ship sailing on a parallel of latitude. 
But instances of this mode of sailing are comparatively few. 
It 18 necessary then to be able to calculate the longitude when 
the course is oblique^ If a ship sail from A to C, (Fig. 1 8.) 
the departure is equal to om+sn+tC, But the sum of 
these small lines is Ze^^ than BC, and greater than AD. (Art. 
40.) The departure, then, is the meridian distance measur- 
ed not on the parallel from which the ship sailed, nor on 
that upon which she has arrived, but upon one which is be- 
tween the two. If the exact situation of this intermediate 
parallel could be determined, by a process sufficiently sim- 
ple for common practice, the difference of longitude would 
be easily obtained. The parallel usually taken for this pur*" 
pose, is an arithmetical mean between the two extreme lati- 
tudes. This is called the Middle Latitude. The meridian 
distance on this parallel is not exactly equal to the depar- 
ture. But for small distances, the error is not material, ex- 
cept in high latitudes. 

The middle latitude is equal to half the sum of the two ex- 
treme latitudes, if they are both north or both south : but 
to half their difference^ if one is north and the other south. 

58. In middle latitude sailing, all the calculations are 
made in the same way as in plane sailing, excepting the pro- 
portions in which the difference of longitude is one of the 
terms. The departure is derived from the difference of lon- 
gitude, and the difference of longitude from the departure, 
in the same manner as in parallel sailing, (Arts. 53, 54.) only 
substituting in the theorem the term middle latitude for lat- 
itude. 

Theoiiem I. 

As the cosine of MIDDLE LATITUDE, 

To RADIUS ; 

So IS THE DEPARTURE, 

To THE DIFFERENCE OF LONGITUDE. 

59. The learner will be very much assisted in stating the 

I)roportions, by keeping the geometrical construction steadi- 
y in his mind. In Fig. 20 we have the lines and Angles in 
plane sailing, and in Fig. 22, those in parallel sailing. By 
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brinsinff these together, as in Fig. 23, we have all the parts 
in middle latitude sailing. The two ri^ht angled triangles, 
being united at the common side BC, which is the departure, 
form the oblique angled triangle ACD. 

60. The angle at D is the complement of the middle lat- 
tude. (Art. 55.) Then in the triangle ACD^ (Trig. 143.) 

Sin D : AC: :Sin A : DC ; that is. 
Theorem IL 
as the cosine of middle latitude, 

To THE DISTANCE ; 

So IS THE SINE or THE COURSE, 

To THE DIFFERENCE OF LONGITUDE. 

61. The two preceding theorems, with the proportions in 

f)lane sailing, are sufficient for solving all the cases in middle 
atitude saihng. A third may be added, for the sake of re- 
ducing two proportions to one. 

In the triangle BCD (Fig. 23.) Cos. BCD : R: :BC : CD 

And in the triangle ABC, AB : R: :BC : Tan A 

The means being the same in these two proportions, the 

extremes are reciprocally proportional. (Alg. 387.) We 

have then 

Cos BCD : AB: :Tan A : CD; that is. 

Theorem III. 

As the cosine of middle latitude. 
To the difference of latitude ; 
So is the tangent of the course, 
.To the difference of longitude. 

Among the other data in middle latitude sailing, one of the 
extreme latitudes must always be given. 

Example I. 

At what distance and in what direction, is Montock Point 
from Martha^s Vineyard ; the former being in Lat 4P 04'N. 
Lon. 72° W., and the latter in Lat. 41° 17' N. Lon. 70° 48' 
W.? 

Here are given the two latitudes and longitudes, to find 
the course and distance. 

The difference of longitude is 72' 
The difference of latitude 13' 

The middle latitude 4 1 "^ 1 0'^ 
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Beginning with the triangle in which there are two parts 
given, by theorem I, 

R : DiflF. Lon.: :Co8. Mid. Lat. : Depart. =*= 54.2. 

And by plane sailing. Case VI, 
DifF. Lat : Rad.: :Depart : Tan. Course=76° 30f . 
Or to find the course at a single statement, by theorem 

III, 

Diff. Lat : Cos Mid. Lat : -.DiflF. Lon. : Tan Course=76° 30|' 

To find the distance by plane sailing. Case III, 

Cos. Course : Diflf LatriRad. ;Dist= 55.73. 

Example IL 

A ship leaving New York light^house in Lat 40^ 38' N. 
and Lon. 74"^ 08' W. sails SE. 67 miles in 24 hours. Re* 
quired her latitude and longitude at the end of that time. 

By plane sailing, 
Rad. : Dist : :Cos. Course : Diff. Lat.=47.4'. 
The latitude required, therefore, is 39*^ 40.6', and the mid* 
die latitude 40"" 04.3'. 

Then by Theorem II, 
Cos. Mid. Lat : Dist :: Sin. Course : Diff. Lon.=G1.9'. 

Or by Theorem III, 

Cos. Mid. Lat : Diff. Lat: :Tan. Course : Diff. Lon.=61.9'. 

The longitude required is 73° 06.1'. 

Example III. 

A ship leaving a port in Lat 49° 57' N. Lon. 5° 14' W. 
sails S. 39° W. till her latitude is 45° 31'. Required her 
longitude and distance. 

Ans. 10° 34.3' W. and 342.3 miles. 

Example IV. 

A ship sailing from Lat 49° 57' N. and Lon. 5° 14' W. 
steers west of south, till her longitude is 23° 43', and her de- 
parture 789 miles. Required her course, distance, and lat- 
itude. 

Course 51° 5' W. 

Latitude 39° 20' N. 

Distance 1014 miles. 



33 nAvioatioh. 



SECTION III. 

MERCATOR^S SAILING.* 

Art. 62. The calculations in middle latitude saiKng are 
simple, and sufficiently accurate for short distances, par- 
ticularly near the equator. But they become quite erro- 
neous, when applied to great distances, and to high lati- 
tudes. The only methoa in common use, which is strict- 
ly accurate, is that called Mercator^t Sailing, or Wright^s 
Sailing. This is founded on the construction of a cliart, pub- 
lished m 1556 by Gerard Mercator. About forty years after, 
Mr. Edward Wright gave demonstrations of the principles of 
this chart, and applied them to the solution of problems in 
navigation. 

63. In the construction of Mercator^s chart, the earth is 
supposed to be a sphere. Yet the meridians, instead of con- 
verging towards the poles, as they do on the globe, are drawn 
parallel to each other. The distance of the meridians, there- 
fore, is every where too great, except at the equator. To 
compensate this, the degrees of latitude are proportionally 
enlarged. On the artificial globe, the parallels of latitude 
are drawn at equal distances. But on Mercator^s chart, the 
distances of the parallels increase from the equator to the 
poles, so as every where to have the same ratio to the dis- 
tances of the meridians, which they have on the globe. 
Thus in latitude 60^, where the distance of the meridians 
must be doubled^ to make it the same as at the equator, a de- 
gree of latitude is also made twice as great as at the equa- 
tor. The dimensions of places are extended in the projec- 
tion, in proportion as they are nearer the poles. The diam- 
eter of an island in latitude 60^ would be represented twice 
as great as if it were on the equator, and its area four times 
as great. 



* Robertson's Navi^tioD, London PhU. Trans, for 1666 and 16d6, Hutton's 
Dictionary, Introduction to Hutton's Mathematical Tables, Bowditch's Prac- 
tical Nuvieator, Emerson's and M'Laurin's Fluxions, M'Kay's NavigatioD, 
Emerson's Pria. Navig., Barrow's NaTigation. 
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64. Tatle of Meridional Parts, — If a meridian on a sphere 
be divided into degrees or minutes, the portions are all equaL 
But in Mercator^s projection, they are extended more and 
more as they are farther from the equator. To facilitate the 
calculations in navigation, tables have been prepared, which 
contain the length of any number of degrees and minutes on 
this extended meridian, or the distance of any point of the 
projection from the equator. These are called tables of 3fe- 
ridional Parts. The common method of computing them 
is derived from the following proposition. 

65. Any minute portion of a parallel ot latitude,. 

Is TO A like portion OF THE MERIDIAN ; 

As RADIUS, 

To THE SECANT OF THE LATITUDE. 

For, by the theorem in parallel sailing, (Art. 53.) the co* 
sine of latitude is to radius, as the departure to the difference 
of longitude measured on the equator; that is, as a part of 
the parallel of latitude, to a like part of the equator. But 
on a sphere, the equator and meridian are equal. 

Therefore Cos. Lat. : Rad. : '.apart of the parallel : a like 
part of the meridian. 

But Cos. Lat. : Rad.: : Rad. : Sec. Lat. (Trig. 93. 3.) 

By equality of ratios then, (Alg. 384.) 
A part of the parol. : a like part of the merid. 1 1 Rad. : Sec. Lat. 

By like parts of the parallel of latitude and the merid- 
ian are here meant minutes, seconds or other portions of a 
degree. The proposition is true when applied either to the 
circles on a sphere, or to the lines in Mercator^s projection. 
For the parts of the latter have the same ratio to each other, 
as the parts of the former. (Art. 63.) The divisions of 
Mercator^s meridian, however, should be made very small ; 
for the measure of each part is supposed to be taken at the 
parallel of latitude, and not at a distance from it. [n the 
common tables, the meridian is divided into minutes. 

66. Suppose then that the length of each minute of a de- 
gree of Mercator's meridian is required. By the proposition 
in the last article, 

I' of the parallel : V of the meridian'. I Rad. : Sec. Lat. 

But in this projection, the parallels of latitude are all equai. 

6 
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(Art 63.) Whatever be the latitade, then, the first term of 
the proportion is equal to a minute at the equator, or a geo- 
graphical mile ; and if this is assumed as the radius of the 
trigonometrical tables, (Trig. J 00.) the first and third terms 
are equal, and therefore the second and fourth must be equal 
also. (Alg. 395.^ That is, the length of any one minuie ojf 
Mercator'^i meriaian is equal to the natural secant of the lati- 
tude of that part of the meridian. 

Thc>«/ ) „5„„t^ ^f the meridian is S?"* ^St 
The second} .»„...i .^ .u- =-^.«* ^f ^Itoo minutes, 
ThelAtnf S «q»«> to the secant of ),A^^g„i„„t^ 

&c. &c. 

The table of meridional parts is formed by adding togeth- 
er the several minutes thus found.* Beginning from the equa- 
tor, an arc of the meridian 

of two minutes=«6C. V+sec, 2', 
of three minutes;s=«ec. V+sec. ^'+sec. 3\ 
of four minutes=«:«ec. V+sec. 2'+sec. S'+sec, A\ 

&Cn &c« 
See the table at the end of this number. 

To find from the table the length of any given number of 
degrees and minutes, look for the degrees at the top of the 
paffe, and the minutes on the side; then against the minutes, 
and under the degrees, will be the length of the arc in nau- 
tical miles; 

67. Meridional Difference of Latitude. — An arc of Mer- 
cator^s meridian contained between two parallels of latitude, 
is called meridional difference of latitude. It is found by 
subtracting the meridional parts for the less latitude from the 
meridionar parts for the greater, if both are north or south; 
or by adding them, if one latitude is north and the other 
south. 

Thus the lat. of Boston is 42° 23' Mend, parts 2813 

Baltimore is Sd"" 23' Merid. parts 2575 

proper difference of lat. 3"^ Merid. diff. of lat 238. 

68. If one latitude and the meridional difference of lati- 
tude be given^ the proper difference of latitude is found by 
reversing this process. 

* See Note D. 
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When the two latitudes are on the same side of the 
equator, subtractinff the meridional difference of latitude 
from the meridional parts for the greater, will give the roe- 
ridional parts for the less ; or adding the meridional differ- 
ence to the parts for the less latitude, will give the parts 
for the greater. But if the two latitudes are on opposite 
sides of the equator, subtracting the parts for the one lat- 
itude from the meridional difference, will give the parts for 
the other. 

Thus the meridional difference of latitude between 
New York and New Orleans, is 793 

The lat. of N. Orleans is 29'' 57' Merid. parts 1885 

The lat. of New York 40° 42' Merid. parts 2678 

69. Solutions in Mercator'^s Sailings — The solutions in 
Mercator^s sailing are founded on the similarity of two right" 
angled triangles^ in one of which the perpendicular sides are 
the proper difference of latitude and the departure; and in 
the other^ the meridional difference oflatiluae and the differ'^ 
ence of longitude. 

According to the principle of Mercator^s projection, the 
enlargement of each minute portion of the meridian is pro- 
portioned to the enlargement of the parallel of latitude which 
crosses it. (Art. 63.) Any part of the meridian before it is 
enlarged, is proper difference of latitude ; and after it is en- 
larged, is meriaional difference of latitude, A part of the 
Imrallel, before it is enlarged, is departure; and after it is en- 
arged, is equal to the corresponding Ji/ference of longitude; 
because in this projection, the distance of the meridians is 
the same on any parallel, as at the equator, where longitude 
is reckoned. 

If then we take a small portion of the distance which a 
ship has sailed, as Am, (Fig. 18.) 
Prop. Diff. Lat. Ao : Depart, om : : Merid. Diff. Lat. : Diff. Lon^ 

In the triangle ABC, (Fig. 24.) let the angle at A » 
the course oAm, (Fig. 18.) AB =s the proper difference 
of latitude, AC=^Am+mn+nC the distance, and BCs 
&m+sn+tC the -departure. Then as the triangles Aom, 
mm, ntC are each similar to the triangle ABC, (Fig. 
24.) the difference of latitude for any one of the small dis- 
tances as A^i is to the corresponding departure ; as the 
whole difference of latitude AB to the whole departure BC, 
Therefore, 
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(for Am: (for Am, 

P. Diff. Lat. AB : Dep. BC : : Mer. Diff. Lat. ^for mn : Diff. Loo. ^for mn, 

(fornC:^ ^fornC. 

But the whole meridional difTerence of latitude for the dis- 
tance AC, is equal to the sum of the differences for Am, mn, 
and liC ; and the whole difference of longitude is equal to the 
sum of the differences for Am, mn, nC. Therefore, (Alg. 
388, Cor. 1.) 
Prop. Dif. Lat. AB : Dep. BC: :Merid. Dif. Lat. : Dif. Lon. 

Extend AB, (Fig. 24.) making AL equal to the meridional 
difference of latitude corresponding to the proper difference 
of latitude AB ; fromL draw aline parallel to BC, and ex- 
tend AC to intersect this in D. Then is DL the difference 
of longitude. For it has been shown that the difference of 
longitude is k fourth proportional to the proper difference of 
latitude, the departure, and the meridional difference of lati- 
tude ; and by similar triangles, 

AB :BC::AL : LD. 

70. To solve all the cases, then, in Mercator^s sailing, we 
have only to represent the several quantities by the parts of 
two similar right angled triangles, as ABC and ALD, (Fig. 
24.) and to find their sides and angles. In the smaller trian- 
gle ABC the parts are the same as in plane sailing, and the 
calculations are made in the same manner. The sides AL 
and DL are added for finding the difference of longitude ; or 
when the difference of longitude is given, to derive from it 
one of the other quantities. The course is common to both 
the triangles, and the complement of the course is either 
ACB or ADL. The hypothenuse AD is not one of the 
quantities which ar^ given or required in navigation. 

71. In the similar triangles ABC, ALD, (Fig. 24.) 

AB : AL::BC : LD; that is, 

Theorem I. 

As THE PROPER DIFFERENCE OF LATITUDE, 

To THE MERIDIONAL DIFFERENCE OF LATITUDE ; 

So IS THE DEPARTURE, 

To THE DIFFERENCE OF LONGITUDE. 

72. In the triangle ALD, if AL be made radius, 

Rad. : Tan. A : : AL : DL ; that is. 
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Theorsm II. 

As RADIUS, 

To THE TANGENT OF THE COURSE ; 

So IS THE MERIDIONAL DIFFERENCE OF LATITUDE, 

To THE DIFFERENCE OF LONGITUDE. 

By this theorem, the difference of longitude may be calcu- 
lated, without previously finding the departure. 

73. In Mercator^ as well as in middle latitude sailing, 
one latitude must always be given. This is requisite in con- 
verting proper difference of latitude and meridional difference 
of latitude into each other. (Arts. 67, 68.) 

74. When the difference of latitude is very small^ the dif- 
ference of longitude will be more correctly found by middle 
latitude sailing, than by Mercator^s sailing ; unless a table is 
used in which the meridional parts are given to decimals. 
Mercator^s sailing is strictly correct in theory. But the com- 
mon tables are not carried to a degree of exactness, sufficient 
to mark very minute differences. On the other hand, the 
error of middle latitude sailing is diminished^ as the differ- 
ence of latitude is lessened. 

Example I. 
ThelatitudesofMontock and Martha Wineyard are I .. 17'Tj' 
Their longitudes \]oo4zZ\ 

Required the course and distance from one to the other. 
Lat. of Martha's Vin. 41° 17' Merid. parts 2724 
of Montock 41 04 Merid. parts 2707 

Proper Diff. of Lat. 1 3' Men Diff. Lat. 1 7 (Art. 67.) 

The difference of longitude is 1° 12'=72 miles. 

» 

To find the course by theorem II, (Fig. 24.) 
Merid. Diff. Lat. : Diff. Lon.: :Rad. : Tan. Course=76° 43'. 

To find the distance by plane sailing, 
Cos. Course : Prop. Diff. Lat.: :Rad. : Dist.:s56.58. 

The results by middle latitude sailing, page 31, are a little 
different, as that method is not perfectly accurate. 
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Example IL 

A ship sailing from the Lizard in Lat. 49° 5T N. Lon. 5' 
t4'W. proceeds S. 39° W. till her latitude is found by obser- 
vation to be 45° 3r N. What is then her longitude, and 
what distance has she run? 

Here are given the difference of latitude and the course, to 
find the distance and the difference of longitude. 

The proper difference of latitude is 4° 36'=266' 
The meridional difference of latitude. 396 

Then by plane sailing, 
Cos. Course : Prop. Diff. Lat.^ :Rad. : Di8t=s343.3. 

And by theorem II, 

Rad. : Tan. Course : : M.Diff. Lat. : Diff. Lon. =320'.7 ssS^SC.?. 
This added to the longitude of the Lizard 5° 14' gives the 
longitude of the ship 10°34'.7 W. 

Example III. 

A ship sailing from Lat. 49°57' N. and Lon. 5° 1 4' W. 
steers west of south, till her latitude is 39° 20' N. and her 
departure 789 miles. Required her course, distance, and 
longitude. 

The proper difference of latitude is 10° 37'=637' 
The meridional difference of latitude 899 

Then by theorem I, (Fig. 24.) 
P. Diff. Lat. : M. Diff. Lat.: :Dep. : Diff. Lon.=1113'.5= 

1 8°33'.5. 
The longitude of the ship is therefore 23° 47'^. 
And by plane sailing, 
Prop. Diff. Lat. : Rad.: : Depart. : Tan. Course =5 1°5'. 
Rad. : Prop. Diff. Lat. :: Sec. Course : Distances 101 4 miles. 

Example IV. 

A ship sailing from a port in Lat. 14° 45'N. Lon. 17° 33' 
W. steers S. 28° 7'i W. till her longitude is found by ob- 
servation to be 29° 26' W. Required her distance and latitude. 
The difference of longitude is 1 1° 53'=s713'. 

By theorem II, 

Tan. course : : Rad. : : Diff. Lon. : M.DiCLat. = 1 334 S. 
Lat. of the port 14° 45' N. Merid. parts 895 N. 

of the ship 7 18 S. Merid. parts 439S.(Art.68.) 
Diff. of Lat. 22° 3'= 1323'. 
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By plane sailing, 
Cos. Course : Diff. Lat.: :Rad. : Di8tance=1500 miles. 

Example V. 

A ship sails 300 miles between north and west, from Lat. 
37° N. to 41°N. What is her course and difference of longi- 
tude ? 

The course is N. 36° 52' W., and the difference of longi- 
tude 3° 52'. 

Example VI. 

A ship sails S. 67° 30' E. from Lat. 50° 10' S. till her de- 

f>arture is 957 miles. What is her distance, difference of 
atitude, and difference of longitude 1 

The distance is 1036 miles.- 

TJie difference of latitude 6°36'.4 

The difference of longitude 26°53'. 

Example VIL 

A ship sailing from Lat. 26° 13' N. proceeds S. 27° W. 
231 miles. What is her difference of latitude and difference 
of longitude 7 

Example VIII. 

A ship sailing from Lat 14° S. 260 miles, between south 
and west, makes her departure 173 miles. What is her 
course, difference of latitude, and difference of longitude ?* 

* S«e Note E. 
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SECTION IV. 



TRAVERSE SAI];.|1^0, 

Art. 75. By the methods in the preceding sections, are 
found the difference of latitude, departure, &c. for a single 
course. But it is not often the fact that a ship proceeds 
from one port to another in a direct line. Variable and 
contrary winds frequently render a change of direction ne- 
cessary every few hours. The irregular path of the ship, 
sailing in this manner, is called a traverse. 

Resolving a traverse is reducing the compound course to 
a single one. This is commonly done at sea every noon. 
From the several courses and distances in the log-book, the 
departure, difference of latitude, &c are determined for the 
whole 24 hours. In the same manner, the courses of several 
successive days are reduced to one, so as to ascertain, at any 
time, the situation of the ship. The following methods by 
construction and by calculation, are sufficiently acoumte for 
^ short distances, at least near the equator. 

76. Geometrical construction of a traverse. — ^To construct 
a traverse, draw a meridian line and lay down the first course 
and distance ; from the end of this, lav down the second 
course and distance ; from the end of that, a third course, 
&c. Then draw a line connecting the extremities of the first 
and last of these, to show the whole distance, and the direc* 
tion of the ship from the point of starting. 

This will be easily understood by an example. 

Example I. 

A ship sails from a port in Lat. 32° N., and in 34 hours 
makes tKe following courses ; 

1. N. 25° E. 16 miles, 

2. S. 54° E. 11, 

3. N. 13° W. 7, 

4. N. (Bi° E. 5, 

5. N. 38° W. 18. 

It is required to find the departure, difference of latitude, 
distance, and course, for the whole traverse. 



\ 
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On A as a center (Fig. 25.) describe a circle and draw the 
meridian NAS. Then considering the upper part as north, 
the right hand east, and the left hand west, draw the lines 
Al, A2, Ad, A4, and A5, to correspond with the several 
courses; that is, make the angle NAl=25% SA3='54^; 
NA3=l3^ NA4=61^ and NA5s=38^ 

Make AlB»16, BCall andpari^llel to A2, CD^i? 
and parallel to A3, DF»5 and parallel to A4, FGslB 
and parallel to Ad ; join* AG, and draw GP perpendicular 

to Na 

Then if the surface of the earth be considered as a plane, 
G is the place of the ship at the end of 24 hours, AG the 
distance from port, PG the departure^ AP the difference of 
latitude^ and GAP the course. The an^es may be measured 
by a line of chords, and the distances taken from a scale of 
equal parts/ (Trig. 148, 1^1, 2.) 

The distance is 32.3 miles. 
The departure 7.38 

The difference of lat. 31.45 

The course 13** 12'. 

77. Resolving a traverse^ by Calculaium or Inspection. 
When a ship sails on different courses for a short time, the 
difference of latitude, at the end of that time, is equal id the 
difference between the sum of the northings and the sum of 
the southings, and the departure is nearly equal to the differ- 
ence between the sum of the eastings and the sum of the 
westings. (See Arts* 78, 79.) If then the. difference of lati* 
tude and the departure for each course be found by Calcula- 
tion or inspection, and placed in separate columns in a table; 
the difference of latitude for the whole time may be obtained 
exactly, and the departure nearly, by addition and subtrac- 
tion ; and the corresponding distance and course may be de- 
termined by trigonometrical calculation or inspection^ as in 
the last case orplane sailing. (Art. 49.) 

The following table contains the courses, distances, depar- 
ture and difference of latitude in the preceding example. 
See Fig. 25. 

* S«e Note F. 
7 
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Courses. 


Distances. 


Diflf. Lat. 1 


Departure. f 


N. 


8. 


E. 

6.76 
8.90 

4.37 


W. 


1. JV. 25° £. 

2. S. 54° E. 

3. N. 13° W. 

4. N. 61° E. 

5. N. 38° W. 

N. 13° 12f E. 


AB 16 
BC 11 
CD 7 
J3F 5 
FG 18 

AG 32.3 


14.50 

6.82 

2.42 

14.18 


6.47 


1.57 
11.08 


37.92 
6.47 


6.47 


20.03 
12.65 


12.65 


31.45 


• 


7.38 


1 



The sum of the northings is 37.92. Subtracting from this 
the southing 6.47, we have the difference of latitude AP 
31.45 N. 

The sum of the eastings is 20.p3. Subtracting from this 
the sum of the westings 12.65 we have the departure GP 
7.38 E. Then (Art. 49.) 

Dif. Lat. : RaA: : Depart : Tan. Course NAG=13° 12f 
Rad. : Dif. Lat.: :Sec. Course : Distance AG =32.3. 



The latitude of the port is 
The difference of latitude 



32° N. 
0°31.45'N. 



The latitude of the ship 32° 31.45' N. 

The meridional difference of lat. 37.5 

Then by Mercator's sailing, 
Rad. : Tan. Course: iMerid. Dif. Lat. : I)if. Lon.=s8.8'. 



Example II. 

A ship sailing from a port in Lat. '42° N. makes the follow- 
ing courses and distances. 

1. S. 13° E. 21 miles, 

2. S. 18° W. leu 

3. N. 84° E. 9, 

4. S. 67°E. 12, 

5. N. 78° E. 14, 

6. S. 12° W. 35. 
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The difference of latitude, departure, &c. are required. 

The departure is 36'. 1 9 E. 

The diff. of latitude, P lO'f S. 
The diff. of longitude, 35'.07 
The direct course, S^ 20^ 1 8'f E. 
The distance, 75^ miles. 

Accurate method of resolving a traverse, 

78. The preceding method of resolving a traverse is fre- 
quently used at sea, because it is simple, and in most cases 
is sufficiently accurate for a run of 24 hours. But it is found- 
ed on the assumption, that when a ship sails from one place 
to another by several cmirses, she makes the same departure^ 
as if she had proceeded by a single course to the same place. 
This is not strictly true. Suppose a vessel, instead of sail- 
ing directly from A toC, (Fig. 18.) proceeds by one course 
from A to H, and then by a different course from H to C. 
In the compound course, the whole departure, is &d+^H+ 
tC ; (Art. 40.) which, on account of the obliquity of the me- 
ridians, is less than om+sn+tC^ the departure on the single 
course. If the compound course had been on the other side 
of the single one, nearer the equator, the departure would 
have been greater, 

79. But the difference of latitude is the same, whether the 
ship proceeds from one place to the other, on a single course, 
or on several. The dinerence of latitude AB (Fig. 18.)= 
Ao+ms+nt=Ab'{'dg'{'Ht. The difference of longitude is 
also the same, whether the course is single or compound. 
For the difference of longitude is the distance between the 
meridians of the two places measured on the equator. 

If then the difference of latitude and difference of longitude 
be calculated for each part of the cotnpound course; the whole 
difference of latitude and difference of longitude will be found 
by addition and subtraction ; and from these may be deter- 
mined the direct course and distance. The difference of 
longitude for each course may be obtained independently of 
the departure, by theorem II. of Mercator^s sailing. 

It will facilitate the calculation of the longitude, to place in 
the traverse table, the latitudes at the beginning and end of 
each of the courses, the corresponding meridional parts, and 
ikk% meridional differences of latitude. 
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In thie following example, the courses and distances mre 
the same as in Art 76. Ex. 1. The port from which the 
ship is supposed to sail, is in latitude 32® N. 



TRAVERSE TABLE. 





» 
















Couraes. 


Dist. 


Diff. Lat 


Lad- 
tttdes. 


Merid. 
Parts. 


Merid. 
dif. lat. 


Diff. LoD^. 


N. 


S. 
6.47 

6.47 


E 


W. 


820 

82 14.60 
82 8.08 
82 14.86 
82 17.27 
32 81.46 


2028 

2046.6 

2088 

2046.8 

2048.8 

2066.6 


17.6 
7.6 
7.8 
2.6 

17.2 


1. N. 26« E. 

2. S. 64° W. 
8. N. 180 w. 
4. N, 61® E. 
6. N. 280 W. 

110 40^87/' 


16 

11 

7 

6 

18 

82.12 


14.60 

6.82 

2.42 

14.18 


8.16 
10.82 

4.51 


1^ 
18.44 


87.92 
6.47 


82.W 
16 24 

7.76 


16.24 


81.46 



The difference of longitude is here found to be 7.75, and 
in Art 77, 8'.8 ; the error there being 1.05. 

To find the direct course and distance from the port to the 
place of the ship. 

Merid. Dif. Lat : Dif. Lon. : : Rad. : Tan. Course^ 1 1 ° 40' 37" 
Rad. : Prop. Dif. Lat: : Sec. Course : Di6taoce=32.12« 

By comparing the results here with those in Art. 77, it will 
be seen that ai small error was introduced there, both into 
the course and the distance^ by making them dependent on 
the departure ; which being obtained from the several cour- 
ses, is not the same as for a single course. (Art. 78.) 

Ex. 2. A ship sailing from a port in latitude 78® 15' N. 
makes the following courses and distances. 

1. N. 67° 30' W. 154 miles. 



2. 


S. 


45 


W. 


96 


3. 


N. 


50 


37 J W. 


89 


4. 


N. 


11 


15 E. 


no 


5. 


N. 


36 


33f W. 


56 


6. 


S. 


19 


44 E. 


78 



Required the difference of latitude, the difference of loo- 

Situde, and the distance the ship must have sailed, to reach 
le same plaoe on a single course . 

The difference of latitude is 3® 7' 
The difference of longitude 22° 29' 
The direct couree N. 63° 1' W. 

The distance 279.9 miles. 
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SECTION V. 



MISCBLLANBOUS ABTIC&BS. 



I, The Plane Chart. 



Art. 80. The cbarUi commoDly used in navigation are 
either Plane charts^ or Mercator'^s charts. The latter are 
generally to be preferred. But plane charts will answer for 
short distances, such as the extent of a harbor or small bay. 

In the construction of the plane chart, that part of the sur- 
face of the globe which is represented on it, is supposed to 
be a plane. The meridians are drawn parallel ; and the 
lines of latitude at equal distances. Islands, coasts, &.c. are 
delineated upon it, by laying down the several parts accord- 
ing to their known latitudes and longitudes. 

81. On a chart extending a small distance, each side of 
the equator^ the meridians ought to be at the same distance 
from each other, as the parallels of latitude. A similar 
construction is frequently applied to diflferent parts of the 
globe. But this renders tne chart much more incorrect 
than is necessary. A circular island in* latitude 60 would, 
by such a construction, be thrown into a figure whose length 
from east to west would be twice as great as from north 
to south ; the comparative distance of the meridians being' 
made twice as great as it ought to be. (Art. 63. Trig. 
96. cor.) 

But when the chart extends only a few degrees, if the 
distance of the meridians is proportioned to the distance 
of the parallels of latitude, as the cosine of the mean kuitude 
to radius; (Art. 53.) the representation will not be mate- 
rially incorrect. The meridian distance in the middle of the 
chart will be exact. On one side, it will be a little too 
great ; and on the other, a little too small. 

83. To construct a Plane Charty then, on one side of the 
paper draw a scale of eaual parts, which are to be counted 
as degrees or minutes of latitude, according to the proposed 
extent of the chart. Through the several divisions, draw the 
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parallels of latitude, and at right angles to these, draw the 
meridians in such a manner, that their distance from each 
other shall be to the distance of the parallels of latitude, as 
the cosine of the latitude of the middle of the chart, to ra- 
dius. 

After the lines on all the sides are graduated, the po* 
sitions of the several places which are to be laid down, 
may be determined, by applying the edge of a rule or strip 
of paper, to the divisions for the given degree of longitude 
on each side, and another to the divisions for the degree 
of latitude. In the intersection of these, will be the point 
required. 

The distance which a ship must sail, in going from 
one place to another, on a single course, may be nearly 
found, by applying the measure of the interval between the 
two places, to the scale of miles of latitude on the side of 
the chart.* 

II. Construction op Mercator^s Chart. 

83. In Mercator^s chart, the meridians are drawn at equal 
distances, and the parallels of latitude at unequal distances, 
proportioned to the meridional differences of latitude. (Arts. 
63, 67.) To construct this chart, then, make a scale of equal 
parts on one side of the paper, for the lowest parallel of lati- 
tude which is to be laid down, and divide it into degrees and 
minutes. Perpendicular to this, and through the dividing 
points for degrees, draw the lines of lonsitude. For the se- 
cond proposed parallel of latitude, find irom the table, (Art 
67.) the meridional difference of latitude between that and 
the parallel first laid down, and take this number of minutes 
from the scale on the chart, for the interval between the two 
parallels. In the same manner, find the interval between the 
second and third parallels, between the third and fourth, &c. 
till the projection is carried to a suflicient extent. 

Places whose latitudes and longitudes are known, may be 
laid down in the same manner as on the plane chart, by the 
intersections of the meridians and lines of latitude passing 
through them. 

If the chart is upon a small scale, the least divisions on the 
graduated lines may be degrees instead of minutes ; and the 
meridians and parallels may be drawn for every fifth or every 
tenth degree. But in this case, it will be necessary to di- 
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vid6 the meridional differences of latitude by 60, to reduce 
them from minutes to degrees. 

84. The Line of Meridional Parts on Gunter^s scale is di- 
vided in the same manner as Mercator^s Meridian, and cor- 
responds with the table of meridional parts ; except that the 
numbers in the latter are minutes^ while the divisions on the 
other are degrees. Directly beneath the line of meridional 

[>arts, is placed a line of equal parts. The divisions of the 
atter bemg considered as degrees of longitude, the divisions of 
the former will be degrees of latitude adapted to the same 
scale. The meridional difference of latitude is found, by ex- 
tending the compasses from one latitude to the other. 

A chart may be constructed from the scale, by using the 
line of equal parts for the degrees of longitude, and the line 
of meridional parts for the intervals between the parallels of 
latitude. 

85. It is an important property of Mercator^s chart, that 
all the rhumb-lines projected on it are straight lines. This 
renders it, in several respects, more useful to navigators, than 
even the artificial globe. By Mercator^s sailing, theorem II. 
(Art. 72.) 

Merid. Diff. Lat. : Diff. Lon.: :Rad. : Tarn Course. 

So that, while the course remains the same, the ratio of 
the meridional difference of latitude to the difference of lon- 
gitude is constant. If A, C, C, and C" (Fig. 26.) be several 
points in a rhumb-line, AB, AB', and AB'', the correspond-- 
ing meridional differences of latitude, and BC, B'C, B"C", 
the differences of longitude ; then 

AB : BC: :AB' : B'C: : AB' : B'C". 

Therefore ABC, AB'C and AB"C", are similar triangles, 
and ACC'C" is a right line. (Euc. 32. 6.) 

III. Oblique Sailing. 

86. The application of oblique angled trigonometry to the 
solution of certain problems in navigation, is called oblique 
sailing. It is principally used in bays and harbors, to de- 
termine the bearings of objects on shore, with their distances 
from the ship and from each other. A few examples will 
be sufficient here, in addition to those already given under 
heights and distances. 
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One of the cases which most frequently obciin, is thai m 
I which the distance of a ship from land is to be determined, 

when leaving a harbor to proceed to sea. This is necessa- 
ry, that her difference of latitude and departure may be reck*- 
onedfrom a fixed point, whose latitude and longitude are 
known. 

The distance from land is found, by taking the bearing ai 
an object from the ship, then running a certain distance, and 
taking the bearing again. The course being observed, there 
will then be given the angles and one side of a triangle, to 
find either of the remaining sides. 

Example I. 

The point of land G, (Fig. 27.) is observed to bear N 67*" 
30' W. from A. The ship then sails S. 67"" 30' W. 9 miles 
from A to B ; and the direction of the point irom B is found 
to be N. IP 15' E. At what distance from land was the 
ship at A ? 

Let NS and N'S' be meridians passing through A and B. 
Then subtracting CAN and BAS each 67^ from 1 80'' we 
have the angle CAB=.45^ And subtracting-CBN' IPj 
from BAS or its equal ABN', we have ABC=56° J. The 
anf^e at C is therefore 78^ 45'. And 

Sin C : AB: :Sin B : AC=7.63 miles. 

Example II. 

NeW'York light-boose on Sandy Point is in Lat. 40^ 38' 
N. Lon. 74° 8' W. A ship observes this to bear N. 76° 16' 
W., and after sailing S. 35° 1 6' W. 8 miles, finds the bearing 
to be N. 1 7° 1 3' W. Required the latitude and longitude 5 
the ship, at the first observation. 

The latitude is 40<> 26'^ 
The longitude 73 58^ 

In this example, as the difference of latitude is small, the 
difference of longitude is best calculated by middle latitude 
sailing. (Art. 74.) 

Example III. 

A merchant ship sails from a certain port S. 51° E. at the 
rate of 8 miles an hour. A privateer leaving another port 7 
miles N. £. of the first, sails at the rate of 10 miles an hour. 
What must be the course of the privateer, to meet the ship, 
without a change of direction in either ? 

Ans. S. 7° 43' E. 
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Example IV. 

Two light-bouses are observed from a ship sailing S. 38* 
W, at the rate of 5 miles an hour. The first bears N. 21* 
W., the other N. 47° W. At the end of two hours, the first 
is found to bear N. 5° E., the other N. 13° W. What is 
the distance of the light-houses from each other ? 

Ans. G miles and 30 rods. 

IV. Current Sailing. 

87. When the measure given by the log-line is taken as 
the rate of the ship^s progress, the water is supposed to be 
at rest. But if there is a tide or current, the log being 
thrown upon the water, and left at liberty, will move with it, 
in the same direction, and with the same velocity. The rate 
of sailing, as measured by the log, is the motion through the 
waten 

If the ship is steered in the direction of the current, her 
whole motion is equal to the rate giVen by the log, added to 
the rate of the current. But if the ship is steerea in opposi- 
tion to the current, her absolute motion is equal to the differ* 
ence between the current, and the rate given by the log. 
In all. other cases, the current will not only aflfect the velocity 
of the ship, but will change its directioiil. 

Suppose that a river runs directly south, and that a boat 
in crossing it is steered before the wind, from west to east. 
It will be carried down the stream as fast, as if it were mere- 
ly floating on the water in a calm. And it will reach the op- 
posite side as soon, as if the surface of the river were at 
rest. But it will arrive at a different point of the shore. 

Let AB (Fig. 28.) be the direction in which the boat is 
steered, and AD the distance which the stream runs, while 
the boat is crossing. If DC be parallel to AB, and BC paral- 
lel to AD ; then will C be the point at which the boat 
proceeding from A, will strike the opposite shore, and AC 
will be the distance. For it is driven across by the wind, to 
the side BC, in the same time that it is carried down by the 
current, to the line DC. * 

In the same manner, if Am be ^ny pcnri of AB, and mn be 
the corresponding progress of the stream, the distjance sailed 
will be 'An. Ana if the velocity of the ship and of the stream 
continue uniform. Am is to mn^ as AB to BC , so that AirC 

8 
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18 a itraighl line. (Euc. 32. 6.) The lines AB, BC, and AC, 
form the three sides of a triangle. Hence, 

88. If the direction and rate of a ship^s motion through 
the water, be represented by the position and length of one 
side of a triansle, and the clirection and rate of the current, 
by a second side ; the absolute direction and dififtance will be 
shown by the third side. 

Example I. 

. If .the breadth of a river running south (Fig. 28.) be 300 
yards, and a boat steers S. 75^ E. at the rate of 10 yards in 
a minute, while the progress of the stream is 24 yards in a 
minute ; what is the actual course, and what distance most 
the boat go in crossing ? 

Cos. BAP : AP: :R : AB=310.6 

And JO : 24 : : AB : BC=745.44. 

Then in the triangle ABC, 
(BC + AB) : (BC-AB)::Tan. ^ (BAC+BCA) : Tan. i 

(BAC— BCA)=17^ 33' 50". 

The angle BAC is 55° 3' 60" Then 
Sin. BAC : BC: :Sin. ABC : AC=879 the distance. 
And DAC=BCA=19° 56' 10" the course. 

Example II. 

A boat moving through the water at the rate of five miles 
an hour, 4s endeavoring to make a certain point Ijring S. 
23|° W. while the tide is ruiyiing S. 78 1° E. three miles an 
hour. In what direction must the boat be steered, to reach 
the point by a single course ? Ans. S. 58° 33' W. 

89. But the most simple method of making th4. calculation 
for the effect of a current, in common cases, especially in re- 
solving a traverse, is to consider the direction and rate of the 
current as an additional separate course and distance; and 
to find the corresponding departure and difierence of latitude. 
A boat sailing from A (Fig. 28.) by the united action or 
the wind and current, will arrive at the same point, as if it 
were first carried by the wind alone from A to B, and then 
by the current alone from B to C. 

Example I. 
A ship sails S. 17° E. for 2 hours, at the rate of 8 miles 
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an hour ; then S. 1 8° W. for 4 hours, at the rate of 7 miles 
an hour ; and during the whole time, a current sets N. 76^ 
W. at the rate of two miles an hour. Required the direct 
course and distance. 



Furst Course 
Second do. 
Current 


S. 17° E. 
S. 18° W. 
N. 76° W. 


Dist. 

16 
28 
12 


W. 


8. 


£. 


w. 


2.9. 


15.3 
26.6 


4.68 


8.65 
11.64 






41.9 
2.9 




20.29 
4.68 






D. Lat. 39. 


Dep, 


15.61 



The course is 21° 48' 50'', and the distance 42 miles. 

Example II. 

A ship sails SE. at the rate of 1 miles an hour by the 
log, in a current setting E. NE. at the rate of 5 miles an 
hour. What is her true course ? and what will be her dis- 
tance at the end of two hours ? 

The course is 66° 13', and the distance 25.56 miles. 

V. Hadlet's Quadrant. 

90. In the preceding sections, has been particularly ex- 

Elained the process of aetermining the place of a ship from 
er course and distance, as given by the compass and the 
log. But this is subject t6 so many sources of error, from 
variable winds, irreffular currents, lee-way, uncertainty of the 
magnetic needle, &C. that it ought not to be depended on, 
except for short distances, and in circumstances which forbid 
the use of more unerring methods. The mariner who hopes 
to cross the ocean with safety, must place his chief reliance, 
for a knowledge of his true situation from time to time^ on 
observations of the heavenly bodies. By these the latitude 
and longitude may be generally ascertained, with a sufficient 
degree of exactness. It belongs to astronomy to explain the 
methods of making the calculations. The subject will not 
be anticipated in this place, any farther than to eive a de- 
scription of the quad/an t of reflection, commonly called Had- 
ley'^s Quadrant^ by which the altitudes of the heavenly bo- 



* See Note U. 
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dies, and their diatances from each other, are usually measur- 
ed at sea. The superiority of this, over most other astrono* 
mical instruments, for the purposes of navigation, is owing to 
the fact, that the observations which are made with it, art 
niA materially affected by the motion of the vessel. 

91. In explaining the construction and use of this quadrant, 
it will be necessary to take for granted the following simple 
principles of Optics. 

1. The progress of light, when it is not obstructed, or turn- 
ed from its natural course by the influence of some contigu- 
ous body, is in right lines. Hence a minute portion of light, 
called a ray, may be properly represented by a line. 

2. Any object appears in the direction in which the light 
from that object strikes the eye. If the light is not made to 
deviate from a right line, the object appears in the direction 
in which it really is. But if the light is reflected, as by a 
common mirror, the object appears not in its true situation, 
but in the direction of the glass, from which the light comes 
to the eye. 

3. The angle of reflection is equal to the angle of incidence; 
that is, the atngle which the reflected and the incident rays 
make with the surface of the mirror, are equal ; as are also 
the angles which they make with a perpendicular to the mir- 
ror. 

92. From these principles is derived the following propo- 
sition ; When light ts reflected by two mirrors successively^ the 
angle which the last reflected ray makes with the incident ray^ 
is DOUBLE the angle between the mirrors. 

If C and D (Fig. 29.^ be the two mirrors, a ray of light 
coming from A to C, will be reflected so as to make the an- 
gle DCM= ACB ; and will be again reflected at D, making 
HDM=CDE. Continue BC and ED to H, draw DG par- 
allel to BH, and continue AC to P. Then is CPM the an- 
gle which the last reflected ray DP makes with the incident 
ray AC ; and DHM is the angle between the mirrors. 

By the preceding article, with Euc. 29. 1, and 15. 1, 

GDC=DCM=ACB=PCM 
And HDM=EDC=EDG-f GDC=DHM-f PCM. 

But by Euc. 32. 1 and 15. 1, 

CPM-f-PCM=DHM+HDM=2DHM+PCM 

Therefore CPM=2DHM. 
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Cor, 1 . If the two mirrors make an angle of a certain num- 
ber of degrees, the apparent direction of the object will be 
changed twice as m.any degrees. The object at A, seen by 
the eye at P, without any mirror, would appear in the direc- 
tion r A. But after reflection from the two mirrors, the light 
comes to the eye in the direction DP, and the apparent place 
of the object is changed from A to R. 

Cor. 2. If the two mirrors he parallel^ they will make no 
alteration in the apparent place of the object. 

93. The principal parts of Hadley^s quadrant are the fol- 
lowing ; 

1. A graduated arc AB (Fig. 17.) connected with the ra- 
dii AC and BC. 

2. An index CD, one end of which is fixed at the center, C, 
while the other end moves over the graduated arc. 

3. A plane mirror called the index glasn^ attached to the 
index at C. Its plane passes through the center of motion 
C, and is perpendicular to the plane of the instrument; that 
is, to the plane which passes through the graduated arc, and 
its center C. 

4. Two other plane mirrors at E and M, called horizon 
glasses. Each of these is also perpendicular to the plane of 
the instrument The one at E, called the /ore horizon glass^ 
is placed parallel to the index glass when the index is at 0. 
The other called the* back horizon glass^ is perpendicular to 
the first and to the index at 0. This is only used occasional- 
ly, when circumstances render it difficult to take a good ob- 
servation with the other. 

A part of each of these glasses is covered with quicksilver, 
so as to act as a mirror ; while another part is left, transpar- 
ent, through which objects may be seen in their true situation. 

5. Two sight vanes at G and L, standing perpendicular to 
the plane of the instrument. At one of these, the eye is 
placed to view the object, by looking on the opposite hori- 
zon glass. In the fore sight vane at G, there are two perfo- 
rations, one directly opposite the transparent part of the fore 
horizon glass, the other opposite the silvered part. The back 
sight vane at L has only one perforation, which is opposite 
the center of the transparent part of the back horizon glass. 

6. Colored glasses to prevent the eye from being injured 
by the dazzling light of the sun. These are placed at H, be- 
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tween the index mirror and the fore horizon glass. They 
may be taken out when necessary, and placed at N between 
the index mirror and the back horizon glass. 

94. This instrument which is in form an octant^ is called a 
quadrant^ because the graduation extends to 90 degrees, al- 
though the arc on which these degrees are marked is only 
the eighth part of a circle. The light coming from the ob- 
ject is first reflected by the index glass C, (Fig. 17,) and 
throws upon the horizon glass E, by which it is reflected to 
the eye at (x. If the index be brought to 0, so as to make 
the index glass and the horizon glass parallel ; the object 
will appear in its true situation. (Art. 93. Cor. S«) Bat if 
the index glass be turned, so as to make with the borizoo 
glass an angle of a certain number of de^ees ; the aopareot 
direction of the object will be changed twice as many aegreei. 

Now the graduation is adapted to the apparent change in 
the situation of the object, and not to the motion of the in- 
dex. If the index move over 45 degrees, it will alter the ap- 
Earent place of the object 90 degrees. The arc is common- 
/ graduated a short distance on the other side of towards 
r. This part is called the arc of excess* 

95. The quadrant is used at sea, to measure the angular 
distances of the heavenly bodies from each other, and their 
elevations above the horizon. One of the objects is seen in 
its true situation, by looking through the transparent part of 
the horizon glass. The other is seen by reflection, by look- 
ing on the silvered part of the same glass. By taming the 
index, the apparent place of the latter may be changed, till 
it is brought in contact with the other. The motion of the 
index which is necessary to produce this change, determines 
the distance of the two objects.* 

96. Tofind the distance of the moon from a star, — Hold the 
quadrant so that its plane shall pass through the two objects. 
Look at the star through the transparent part of the horizon 
glass, and then turn the index till the nearest edge of the im- 
age of the moon is brought in contact with the star. This 
will measure the distance between the star and one edge of 
the moon. By adding the semi-diameter of the moon, we 
shall have the distance of lis center from the star. 



* For the adjmtmetits of the auadrant, see Vidce's Practical AMtnoomjt 
Mackay's Navigation, or Bowditch's Practical Navigator. 
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Hie distance of the sun from the moon, or the distance of 
two stars from each other, may be measured in a shnilar man- 
ner. 

97. To mecuure the altitude of the sun above the horizon. — 
Hold the instrument so that its plane shall pass through the 
sun, and be perpendicular to the horizon. Then move the 
index till the lower edge of the image of the sun is brought 
in contact with the horizon, as seen through the transparent 
part of the glass. 

The altitude of any other heavenly body may be taken in 
the same manner. 

98. To measure altitudes by the back observation. — ^When 
the index stands at 0, the index glass is at right angles with 
the back horizon glass. (Art. 93.) The apparent place of the 
object, as seen by reflection from this glass, must therefore be 
changed 180 degrees; (Art. 92. Cor. 1.) that is, it must ap- 

Cear m the opposite point of the heavens. In taking altitudes 
y the back observation, if the object is in the east, the ob- 
server faces the west ; or if it be in the south, he faces the 
north ; and moves the index, till the image formed by reflect- 
ion is brought down to the horizon. 

This method is resorted to, when the view of the horizon 
in the direction of the object is obstructed by fog, hills, &c. 

99. Dip or Depression of the Horizon. — In taking the alti- 
tude of a neavenly body at sea, with Hadley's Quadrant, the 
reflected ima^e of the object is made to coincide with the 
most distant visible part of the surface of the ocean. A plane 
passing through the eye of the observer, and thus touching 
the ocean, is called the marine horizon of the place of obser- 
vation. If BAB' (Fig. 13.) be the surface of the ocean, and 
the observation be made at T, the marine horizon is TA. 
But this is diflerent from the true horizon at T, because the 
eye is elevated above the surface. Considering the earth as 
a sphere, of which C is the center, the true horizon is TH 
perpendicular to TC. The marine horizon TA falls belmv 
this. The angle ATH is called the dip or depression of the 
horizon. This varies with the height of the eye above the 
surface. Allowance must be made for it, in observations for 
determining the altitude of a heavenly body above the true 
horizon. 

In the right angled triangle ATC, the angle ACT is equal 
to the angle of depression ATH ; for each is the complement 
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of ATC. The «ide AC is the semi-diameter of the earth, 
and the bypothenuse CT is equal to the same semi-diameter 
added to BT the height of the eye. Then 

AC : R: :TC : Sec. ACT=ATH the depression.* 

1 00« Artificial Horizon. — Hadley^s Quadrant is particnla- 
]y adapted to measuring altitudes at sea. But it may be 
made to answer the same purpose on land, by means of what 
is called an artificial horizon. This is the level surface of 
some fluid which can be kept perfectly smooth. Water will 
answer, if it can be protected from the action of the wind, 
by a covering«of thin glass or talc which will not sensibly 
change the direction of the rays of light. But quicksilver, 
Barbadoes tar, or clear molasses, will not be so liable to be 
disturbed by the wind. A small vessel containing one of 
these substances, is placed in such a situation that the object 
whose altitude is to be taken may be reflected from the sur- 
face. As this surface is in the plane of the horizon, and as 
the angles of incidence and reflection are equal, (Art 91.) 
the image seen in the fluid must appear as far below the hori- 
zon, as the object is above^ The distance of the two will, 
therefore, be double the altitude of the latter. This distance 
may be measured with thequadrant,by turning the index so as 
to bring the image formed by the instrument to coincide with 
that formed by the artificial horizon. 

101. The Sextant is a more perfect instrument than the 
quadrant, though constructed upon the same principle. Its 
arc is the sixth part of a circle, and is graduated to 1 30 de- 
grees. In the place of the sight vane, there is a small tele- 
scope for viewing the image. There is also a magnifying 
elass, for reading off the degrees and minutes. It is common- 
ly made with more exactness than the quadrant, and is bet- 
ter fitted for nice observations, particularly for determining 
longitude, by the angular distances of the heavenly bodies. 

A still more accurate instrument for the purpose is the 
Circle of Reflection. For a description of this, see Borda on 
the Circle of Reflection, Rees^ Cyclopedia, and Bowditch^s 
Practical Navigator. 

See Note I, and Table II. 
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SURVEYING, 



SECTION I. 



SURVEYING A FIELD BT MEASURING ROUND IT. 

Art. 105. The most common method of surveying a field 
is to measure the length of each of the sides, and the angles 
which they make with the meridian. The lines are usually 
measured with a chain, and the angles with a compass. 

106. The Compass. — ^The essential parts of a Surveyor's 
Compass are a graduated circle, a magnetic needle, and sight 
holes for taking the direction of any object. There are ue- 
quently added a spirit level, a small telescope, and other ap- 
pendages. The instrument is called a Theodolite, Circum- 
ferentor, &c. according to the particular construction, and 
the uses to which it is applied. 

For measuring the angles which the sides of a field make 
with each other, a graduated circle with sights would be suf- 
ficient But a needle is commonly used for determming the 
position of the several lines with respect to the meridian. 
This is important in running boundaries, drawing deeds, &c. 
It is true, the needle does not often point directly north or 
south. But allowance may be made for the variation, when 
thb has been determined by observation. See Se6. V. 

107. The Chain. — The Surveyor's or Gunter's chain is 
four rods long, and is divided into 100 links. Sometimes a 
half chain is used, containing 50 links. A rod, pole, or perch, 
is 16| feet. Hence 

1 Link =7.92 inches =| of a foot nearly. 
1 Rod = . 35 links =16} feet. 
1 Chain =100 links =66 feet. 

9 
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108. The measuring unit for the area of a field is the acre^ 
which contains 160 square rods. If then the contents in 
square rods be divided by 160, the quotient will be the num- 
ber of acres. But it is commonly most convenient to make 
the computation for the area in square chains or hnks, which 
are decimals of an acre. For a square cham =4X4 = 16 
square rods, which is the tenth part of an acre. And a 
square link=TiTXT4ir=T^iTr7ofa square cham=TY^VFi 01 

an acre. Or thus, 

625 links, or ^^^ feet =1 square rod, 
10000 4356 =1 chain or 16 rods, 

25000 1 0890 =1 rood or 40 rods, 

100000 43560 =1 acre or 160 rods. 

109. The contents, then, being calculated in chains and 
links ; \(four places of decimals be cut off, the remaining fig- 
ures will be square chains ; or \tjive places be cut off, the 
remaining figures will be acres. Thus the square of 1 6.32 
chains, or 1632 links, is 2663424 square links, or 266.3424 
square chains, or 26.63424 acres. If the contents be con- 
sidered as square chains and decimals^ removing the decimal 
point one place to the left will give the acres. 

110. In surveying a piece of land, and calculating its con- 
tents, it is necessary, in all common cases, to suppose it to 
be reduced to a horizontal level If a hill or any uneven 
piece of ground, is bought and sold ; the quantity is compu- 
ted, not from the irregular surface, but from the level base 
on which the whole may be considered as resting. In run- 
ning the lines, therefore, it is necessary to reduce them to a 
level. Unless this is done, a correct plan of the survey can 
never be exhibited on paper. 

If a line be measured upon an ascent which is a regular 
plane^ though oblique to the horizon ; the length of the cor- 
responding level base may be found, by taking the angle of 
p1 6 V ation 

Let AB (Fig. 30.) be parallel to the horizon, BC perpen- 
dicular to AB, and AC a line measured on the side of a hill. 
Then, the angle of elevation at A being taken with a quad- 
rant, (Art. 4.) 

R : Cos. A : : AC : AB, that is. 

As radius^ to the cosine of the angle of elevation ; 
So is the oblique line measured\ to \ne corresponding 
horizontal base. 
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If the chidn, instead of being carried parallel to the sbrface 
of the ground, be kept constantly parallel to the horizon; the 
line thus measured will be the base line required. The line 
AB (Fig. 30.) is evidently equal to the sum of the parallel 
lines abj cd^ and eC. 

PLOTTING A SURVBT. 

111. When the sides of a field are measured, and their 
bearinffs taken, it is eas;^ to lay down a plan of it on paper. 
A north and south line is drawn, and with a Une of chords, 
a protractor, or a sector, an angle is laid off, equal to the an- 
gle which the*first side of the field makes with the meridian, 
and the length of the side is taken from a scale of equal parts. 
(Trig. 156 — 161.) Through the extremity of this, a second 
meridfan is drawn parallel to the first, and another side is laid 
down ; from the end of this, a third side, &c. till the plan is 
completed. Or the plot may be constructed in the same 
manner as a traverse in navigation. (Art. 76.^ If the field is 
correctly surveyed and plotted, it is evident the extremity of 
the last side must coincide with the beginning of the first. 

Example I. 

Draw a plan of a field, from the following courses and dis- 
tances, as noted in the field book ; 

Ch. Links. 

1. N. TS** E. 2 46 

2. S. 16° W. 3 54 

3. N. 83° W. 2 72 

4. N. 12° E. 2 13 

5. N. 60i°E. 95 

Let A (Fig. 31.) be the first corner of the field. 

Thro' A, draw the merid. NS, make BAN=7.8°, & AB=2.46 
Thro' B, draw N'S'par. to NS, make S'BC= 16°, & BC=3.54 
Thro'C,drawN"S"par.toNS,makeDCN"=:83°,&CD=2.72 

&c. &C. 

112. To avoid the inconvenience of drawing parallel lines, 
the sides of a field may be laid down /rom the angles which 
they make with each other y instead of the angles which. they 
make with the meridian. The position of the line BC (Fig. 
31.) is determined by the angle ABC, as well as by the an- 
gle S'BC. When the several courses are given, the angles 
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which any two contiguous sides make' with each other, may 
be known by the following rules. 

1. If one course is North and the other South, one East 
and the other West ; subtract the less from the greater* 

2. If one is North and the other South, but both East or 
West ; add them together. 

3. If both are North or South, but one East and the other 
West; subtract their sum from 180 degrees. 

4. If both are North or South, and both East or West; 
add together dO degrees^ the less course^ and the complement 
of the greater. 

The reason of these rules will be evident by applying them 
to the preceding example. (Fig. 31.) 

The first course is BAN, which is equal to ABS'. (Euc 
29. 1.) If from this the second course CBS' be subtracted, 
there will remain the angle ABC. 

If the second course CBS', or its equal BCN", be added 
to the third course DCN" ; the sum will be the angle BCD. 

The sum of the angles CDS, NDE, and CDE, is 1 80 de- 
grees. (Euc. 13. 1.) If then the two first be subtracted from 
180 degrees, the remainder will be the angle CDE. 

Lastly, let EP be perpendicular to NS. Then the sum of 
the angles DES, PES, and AEP the complement of AEN, 
is equal to the angle DEA. 

We have then the angle ABC=62°, DEA=13^^ 

BGD=99°, EAB=162i^ 

CDE =85% 

With these angles, the field may be plotted without draw- 
ing parallels, as in Trig. 173. 

FINDING THE CONTENTS OF A FIELD. 

« 

1 1 3. There are in common use two methods of finding the 
contents of a piece of land, one by dividing the plot into fn- 
angles^ the other by calculating the departure and difference 
of latifudefoT each of the sides. 

When a survey is plotted, the whole figure may be divided 
into triangles, by drawing diagonals from the diflferent an- 
gles. The lengths of the diagonals, and of the perpendicu- 
lars on the bases of the triangles, may be measured on the 
same scale of equal parts from which the sides of the field 
were laid down. The area of each of the triangles is equal 
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to half the product of its base and porpendicular ; and their 
sum is the area of the whole figure. (Mens. 13.) 

Example I. 

Let the plan Fig. 32 be the same as Fig. 31, the sides of 
which with their bearings, are given in Art. 111. 

Then the triangle ABC=BCxiAP =3.84 sq. chains. 

ACE=ACxiEP'=1.53 
DCE=?=ECxiDP"=2.89 

The contents of the whole =8.26. 

1 1 4. This method cannot be relied on, where creat accur- 
acy is required, if the lines are measured by a scale and com- 
passes only. But the parts of the several triangles may be 
found by trigonometrical calculation^ independently oi the 
projection ; and then the area of each may be computed, 
either from two sides and the included angle, or from the 
three sides.* (Mens. 9, 10.) 

The sides of the field and their bearings being given by the 
survey, the angles of the original figure may all be known. 
(Art 1 12.) Then in the triangle ABC ^ig. 32.J we have the 
side AB and BC, 'with the angle ABC, to find the other 
parts. (Trig. 153.) And in the triangle CDE, we have the 
sides DC and DE, with the angle CDE. Subtracting the 
angle BAC from BAE, we shall have CAE ; and subtracting 
DEC from DEA, we shall have CEA. There will then be 
given in the triangle ACE, the side EA and the angles. 
(Trig. 150.) 

The sides and bearings, as given in Art. Ill, are 

1. AB N. 78° E. 2.46 chains. 

2. BC S. 16 W.3.54 

3. CD N. 83 W.2.72 

4. DE N. 12 E. 2.13 

5. EA N. 60iE. 0.95 

Then by Mensuration, Art. 9, 
R : Sin. ABC: : AB XBC : 2 area ABC =7.69 sq. chains. 
R : Sin. AEC::AExEC : 2 area AEC=3.06 
R : Sin. CDE: :CDxDE : 2 area CDE=5.77 



2)16.52 



Contents of the whole field, 8.26. 
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Or the areas of the several triangles may be foniid by the 
rule in Mensuration, Art 10 ; viz. If a, 6, and c, be the sides 
of any triangle, and A =half their sum; 

TAearca=v/Ax(A-a)X(A—6)X(A— c). 

Example 11. 

Counef. Ch. Links. 

1. E. 26 34 

2. S. lO*' SV E. 32 26 

3. N. 42 W. 1 8 35 

4. S. 58 W.23 52 

5. N. 30 55 
Contents of the fie]d, 69.735 acres. 

The method which has been explained, of ascertaining the 
contents of a piece of land by dividing it into triangles, is of 
use in cases which do not require a greater degree ot accura- 
cy, than can be obtained by the scale and compasses. But 
if the areas of the triangles are to be found by tpigonometri- 
cal calculation, the process becomes too laborious for com- 
mon practice. The following method is often to be preferred. 

FINDING THE AREA OF A FIEI.D BY DEPARTURE AND DIFFER- 
ENCE OF LATITUDE. 

1 15. Let ABCDE (Fig. 33.) be the boundary of a field. 
At a given distance from A, draw the meridian line NS. 
Parallel to this draw L'R', AG, BH, and DK. These may 
be considered as portions of meridians passing through the 
points A, B, D, and £. For all the meridians which cross a 
field of moderate dimensiofis, may be supposed to be poral- 
lei, without sensible error. At right angles to NS draw the 
parallels AL, BM, CO, EP, and DR. These will divide the 
figure LABCDR into the three trapezoids ABML, BCOM, 
and CDRO; and the figure LAEDR, into the two trapezoids 
DEPR and EALP. The area of the field is evidently equal 
to the diflerence between these two figures. 

The sum of the parallel sides of a trapezoid, {nultiplied in- 
to their distance, is equal to twice the area. (Mens. 1 2.) 
Thus 

(AL+BM) X AG=2 area ABML. 

Now AL is a given distance, and BM=AL+BG. But 
BG is the departure^ and AG the difference of latitude, cor- 



' 
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respondiog to AB one of the sides of the field. (Arts. 39. 40.) 
And by Art. 44 « 

i> A • n- ♦ AH. . $ Sin. BAG : Depftrt BG 
Rad. S Dist AB. . J ^os. BAG : Dift Lat. AG. 

Or the departure and dinerence of latitude may be taken 
from the Traverse tablcj as in Navigation. (Art. 50.) 

In the same manner, from the sides BC, CD, DE, and EA, 
may be found the departures CH, CK, DR\ AL', and the dif- 
ferences of latitude BH, DK, ER', and EL'. We shall then 
have the parallel sides of each of the trapezoids, or the dis- 
tances of the several corners of the field from the meridian 
NS. For 

BM=AL+BG, DR=CO-CK, 

CO=BM+CH, EP=DR-DR'. 

If the field be measured in the direction ABODE, the dif- 
ferences of latitude AG, BH, and DK, will be Southings^ 
while R'E and EL' will be Northings. The former are the 
breadths of the three trapezoids which form the figure 
LABCDR ; and the latter are the breadths of the two trape- 
zoids which form the figure LAEDR. The difierencer, then, 
between the sum of the products of the northings into the cor- 
responding meridian distances, and the sum of the products 
of the southings into the corresponding meridian distances, 
is twice the area of the field. 

It will very much facilitate the calculation, to place in a 
table the several courses, distances, northings, southings, &c. 
We have, then, the following 

RULE. 

116. Find the northing or southings and the easting or west- 
ing, for each side of the field, and place them in distinct col- 
umns in a table. To these add a column of Meridian Distan- 
ces, for the distance of one end of each side of the field from a 
given meridian ; a column of Aiultipliers, to contain the pairs 
of meridian distances for the two ends of each cf the sides; 
and columns for the north and south Areas. See Fig. 33, 
and the table for example L 

Suppose a meridian line to be drawn without the field, at any 
given distance from the first station ; and place the assumed 
distance atihe head of the column (^Meridian Distances. To 
this add the first departure, if both be east or both west; but 
subtract, if one be east and the other west ; and place the sum 
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or difference in the eolwnn of Meridian Distaaces, against the 
firtt course. To or from the last number^ add or subtract the 
second departure^ ^. ^. 

For the column of Multipliers y add together the first and se- 
cond numbers in the column of Meridian Distances ; the se- 
cond and thirds the third ana fourth^ ^. placing the sums 
opposite the several courses. 

Multiply each number in the column of Multipliers into its 
corresponding northing or southings ana place me product in 
the column of north or south ea-eas. The difference between 
the sum of the north areas^ and the sum of the south areds^ 
will be twice the area of the field. 

This method of finding the contents of a field, as it depends 
on departure and difference of latitude, which are calculated 
by right-angled trigonometry, is sometimes called ReeSang- 
tuar Surveying, 

117. If the assumed meridian pass through the eastern or 
western extremity of the field, as L'ER' (Fig. S3.) the dis^ 
tance EP will be reduced to nothing, and the figures AEL' 
and EDR' will be triangles instead of trapezoids. If the sur- 
vey be made to begin at the point E, cipher is to be placed 
at the head of the column of meridian distances, and the first 
number in the column of multipliers will be the same, as the 
first in the column of meridian distances. See example II. 

1 1 8. When there is a re-entering angle in a field, situated 
with respect to the meridian as CDE ; (Fig. 34.) the area 
EDM, being included in the figure BCR A, will be repeated in 
the column of south areas. But, as it is also included in the 
figure DCRM, it will be .contained in the column of north 
areas. Therefore the difference between the north areas and 
the south areas, will be twice the area of the field, in this 
case, as well as in others. 

119. If any side is directly east or west^ there will be no 
difference of*^ latitude, and consequently no number to be 
placed against this course, in the columns of north and south 
areas. See example II, Course 1. AB. (Fig. 34.) 

The number hi the columns of areas will be wanting also, 
when any side of the field coincides with the assum^ me- 
ridian. See example II, Coursed. E A. (Fig. 34.) 
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tSHk lo fittdiog the departure and difbrence of iatitiide 
iW>m the traverse table, the numbers for the links may be 
looked out separately ; care being taken to remove the deei- 
mal point two places to the left, because a link is the 100th 
part of a chain. 

Thus if the course be 29^ and the distance 23.46 chains ; 

The diff. of lat. & depart; for 23 chains are 20. 1 2 and 11.15 

for 46 links .40 .22 



for 23.46 



20.52 
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Example I 


. See Fig. 33. 






Counefl. 


Dist 

. AB 
BC 

10 


biff. Lat 1 


Departure. 1 


M.D. 

A.L- 
80 £. 

BK 

46.96 

CO 

49:88 

DB 

82.17 

XF 

14.04 

AL 

20. 


Malt. 


N. Areas. 


8. Areae. 


N. 

• 


S. 

AO 

18.15 

BK 

9.70 

KD 

84.57 


E. 

GB 

26.96 

HC 

2.42 

i'A 

5.96 
85.84 


W. 

"ex" 
17.21 

db' 
18.18 

85.84 


1. BAG 

1. 64<> X. 


AL+BM 

66.96 




2 ABML 

880.5840 


2. CBR 

■. 140 a. 


BM+CO 

96.84 


a 


2 BMOC 

984.4980 


8. CDK 

f . 86<>w. 


CD 

80 

BX 

80 

XA 

89.42 


COfDB 

81.55 




2 CSBO 

2008.6885 


4. XBX 

ir.65«W. 


B'X 

8.45 




DB+XP 

46.21 


2DXPB 

890.4745 




6. I.'XA 

H.8'>42'x. 


XI.' 

88.97 
47.42 


47!42* 


XP+AI. 

84.04 


2XPZ.A 

1826.5888 








1717.01888818.70651 



Twice the figure ABCDRL is 3818.7055 square chains ; 
Twice the figure AEDRL 1 71 7.01 33 



The diflkrence 
The contents of the field 
acres. (Art. 109.) 



2101.6922 

1050.8461 sq. ch. or 105.0846 
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Example IL See Fig. 34. 



Courses. 


Dist 

AB 

26.34 


Diff. Lat. 1 


'fO'* uro.| 


Dist. 
00 

AB 

26.84 

cm 
32.22 

DM 

19.96 
00 
00 


Miilt. 


N.Areas 


S. Areas. 

• 


N. 
00 

18.64 

30.66 
44.19 


S. 

00 
31.72 

12.47 
44Ti9 


E. 

16.34 
6.88 

00 


W. 

12.27 

19.95 

00 


1. ■. 


00 


00 


00 


S.s.lOJ^'x. 


BC 

82.26 


AB+CB. 

68.66 


• 


2 ABCB 

1857.5282 


8. If. i20w. 


CD 

18.86 

DB 

28.52 

XA 

80.66 


CB DM 
62.17 


2 CDMB 

711.6^ 


■ 


4. ■. 6SO w. 


' DM 

19.95 




2 DMX 

248.7766 


5. ir. 


00 










711.5988 


2106.2997 



The contents of the field =i(2 106,3— 71 1.6)=697.35 sq. ch. 

Or 69.736 acres. 
Id this example, the meridian distance of the first station 
A being nothing, cipher is placed at the head of the column 
of meridian distances. (Art, 117.) The first side AB being 
directly east and west, has no difierence of latitude, and 
therefore the number in the column of areas against this course 
is wanting, als it is against the fifth course, which ia direcdy 
north. (Art, 119.) The number against the fourth course, 
in the column of multipliers, is only the length of the line 
DM ; the figure DME being a triangle^ instead of a trapc- 
i:oid. 

Example III. 

Find the contents of a field bounded by the foRowing lines; 

1 . N. 35"^ 30' E. 1 5 cb, 50 links. 

2. N. 72 45 E. 18 70 

3. S. 70 45 E. 18 70 

4. 8. 53 W. 12 45 

5. S. 83 15 E, 24 10 
6; S, 31 15 W. 15 20 

7. S. 62 45 W. 22 60 

8. N. 73 30 W. 27 30 

9. N. 17 25 W. 14 56 
The area is 145^ acies. 
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121. When a field is correctly sarveyed, and the depar* 
tares and differences of latitude accurately calculated ; it is 
evident the sum of the northings must be equal to the sum of 
the southing^, and the sum of the eastings equal to the sum 
of the westings. If upon adding up the numbers in thede* 
parture and latitude columns, the northings are not found to 
agree nearly with the southings, and the eastings with the 
westings, there must be an error, either in the survey or in 
the calculation, which requires that one or both should be 
revised. But if the difference be small, and if there be no 
particular reason for supposing it to be occasioned by one 
part of the survey rather than another ; it may be apportion^ 
ed among the several departures or differences of latitude^ 
according to the different lengths of the sides of the field, by 
the following rule ; 

As the whole perimeter of the field, 
To the whole error in departure or latitude \ 
So is the length of one of the sides, 
To the correction in the corresponding departure or 
' latitude. 

This correction, if applied to the column in which the sum 
of the numbers is too ism all, is to be <Mdded ; but if to the oth* 
er column, it is to be 9uhtracted.* See the example on the 
next page. 
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-QQ, . Ig. . > .34 : .06 the error in latitude. 
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In this example the whole perimeter of the field is 100^ 
chains, the whole error in latitude .34, the whole error in 
departure .42, and the' length of the first side 1 8. To find 
the corresponding errors, 

" ( .43 : .08 the error in departure. 

The error in latitude is to be added to 10.26 making it 
10.32, as in the column of corrected northings ; and the er- 
ror in departure is to be added to 14.79 making it 14.87, as 
in the column of corrected eastings. After the corrections 
are made for each of the courses, the remaining part of the 
calculation is the same as in the preceding examples. 

122. If the length and direoti€» of each of the sides of a 
field except one be given, the remaining side may be easily 
found by calculation. For the difierence between the sum 
of the northings and the sum of the southings of the given 
sides, is evidently equal' to the northing or southing of the re- 
maining side ; and the difference between the sum of the 
eastings and the sum of the westings of the given sides, is 
equal to the easting or westing of the remainibg side* Hav- 
ing then the difierence of latitude and departure for the side 
required, its length and direction may be found, in the same 
maMier as in tM sixth case of plane sailing. (Art 49.) 

Example V. 

What is the area of a field of six sides, of which five are 
given, viz. 

1. S. S^E. 4.18 phains. 

2. N. 21 E. 4.80 

3. N. 56 W. 3.06 

4. S. 21 W. 0.13 

5. N. 66iW. 1.44 

6. 

The area is two acres. 

Example VI. 

I..JV. 38° W. 17.21 chains. 

2. N. 13 E. 2t.l6 

3. N. 72 E. 24.11 

4. S. 41 E. 19«26 

5. S. 1 1 W. 24.35 
«. 
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123. putting bff departure and difference of latitvde.^^k 
survey may be easily plotted from the nortbings and south' 
iDgK, eastingg and westings* For this purpose^ the column of 
Meridian Distances is used. It will be convenient to add 
also another column, containing the distance of each station 
from a given parallel of latitude^ and formed by adding the 
northings and subtractmg the southings, or adding the south- 
ings and subtracting the northings. 

Let AT (Fig. 33.) be a parallelof latitude passing through 
the first station of the field. Then the southing TB or LM is 
the distance of B, the second station, from the given parallel. 
To this adding the southing BH, we have LO the distance 
of CO from LT. Proceeding in this manner for each 
of the sides of the field, and copying the 7th column in the 
table, p. 65| we have the following differences of latitude and 
meridian distances. 

Diff, Lat. Merid. Dist, 

AL 20 

1. LM 13.15 BM 46.96 

2. LO 22.85 CO 4&.38 

3. LR 47.42 DR 32,17 

4. LP 38.97 E/ 14.04 

To plot the field, draw the meridian NS, and perpendtcu' 
tar to this, the parallel of latitude LT. From L set off the 
differences of latitude LM, LO, LR, and LP. Through 
L, M, O, R, and P, draw lines parallel to LT ; and set off 
the meridian distances AL, BM, CO, DR, and £P. The 
points A, B, C, D^ and E, will then be given. 

124. When a field is a regular figure^ as a parallelogram, 
triangle, circle, &c. the contents may be found by the rules 
in Mensuration, Sec. I, and IL « 

125. The area of a field which has been' plotted, is some- 
times found by reducing the whole to a triangle of the s(vne 
area. This is done by changing the figure in such a manner 
as, at each step, to'*make the number of sides one less^ till they 
are reduced to three.Q 

Let the side AB (Fig. 35.) be extended indefinitely both 
ways. To reduce the two sides BC and CD to one, draw a 
line from D to B, and another parallel to this from C, to in- 
tersect AB continued. Draw also a line from D to the point 
of intersection G. Then the triangles DBC .and DBG are 
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' Moal. (Eqc 37« 1.) Taking from each the comniof! part 
DBH, there remains B6H equal to DCH. If then the 
triangle DCH be thrown out of the plot, and BGH be added, 
we shall have the five-sided figure AGDEF. equal to the six- 
sided figure ABCDEF. 

In the same manner, the line £L may be substituted 
for the two sides AF and EF; and then DM, for EL and 
ED. This will reduce the whole to the triangle M6D, 
which is equal to the original figure. The area of the trian- 
gle may then be found by multiplying its base into half it3 
Height ; and this will be the contents of the field. 

In practice, it will not be necessary actually to draw the 
parallel lines BD, GC, &.c. It will be sufficient to lay the 
edge of a rule on C, so as to be parallel to a line supposed to 
pass through B and D, and to mark the point of intersec- 
tion 6. 

126. If after a field has been surveyed, and the area com- 
puted, the chain is found to be too long or too shorty the 
true contents may be found, upon the principle that similar 
figures are to each other as the squares of their homologous 
sides. (Euc. 20. 6.) The proportion may be stated thus; 

As the square of the true chain, to the square of that by 

which the survey was made ; 
So is the computed area of the field, to the true area. 

Ex. If the area of a field measured by a chain 66.4 feet 
long, be computed to be 32.6036 acres ; what is the area as 
measured by the true chain 66 feet long ? 

Ans. 33 acres. 

1 27. A plot of a field may be changed to a different scdle^ 
that is, it ma^ be enlarged or diminished in any given ratio, 
by drawing hues parallel to each of the sides of the original 
plan. 

To enlarge the perimeter of the figure ABODE (Fig. 36.) 
in the ratio of aG to AG ; driiw lines from G through each 
of the angular points. Then beginning at a, draw ob paral- 
lel to AB, he parallel to BC, &c. 



72 SORTBYIlia. 

It » evideot that the mgleM are the same in the enlaiged' 
figure, as in the original one. And by similar triangles^ 

AG:aG::BG : JG:;CG :cG:;&c. 

And 

AG :€iG::AB:ci6::BC:ic::&c. 

Therefore ABODE and tAcie are similar figures. (Euc 
Def. 1.6.) 

In the same manner, the smaller figure dVc't^ mar be 
drawn, so as to have its perimeter proportioned to ABCDE 
as a'G to AG. 



SURVEYIZrO. 73 



SECTION II. 



METfiODS or SURVEYING lU PARTICULAR CASES. 

Art. 1^8. Measuring round a fields in the nminner eX" 
plained in the preceding section, is by far the most common 
method of surveying. The following problems are some*- 
times useful. They may serve to verify or correct the sur* 
veys which are made by the usual method. 

Problem I. 

To surcey afield from two stations^ 
129. Find The distance of the two stations^ and 

THEIR bearings FROlf EACH OTHfiR ; THEN TAKE ttlE BEAR* 
INGS or THE SEVERAL CORNERS OF THE FIELD FROM EACH 
OF THE STATIONS. 

In the field ABCDE^ (Fig. 37.) let the distance of the two 
Stations S and T be given, and their bearings from each othen 
By taking the bearing of A from S and T, or the angles 
AST and ATS, we have the direction of the lines drawn 
from the two stations to one of the corners of the field» 
The point A is determined by ihe,'inters€ction of these lines* 
In the same manner, the point B is determined by the inter- 
section of SB and TB ; the point C, by the intersection of 
SC and TC ; &c. Slc. The sides of the field are then laid 
down, by connectinj^ the points ABCD, &c. 

The area is obtained, by finding the areas of the several 
triangles into which the field is divided by lines drawn from 
one of the stations. Thus the area of AbCDE (Fig.^37*) is 
equal to 

ABT+BCT+CDT+DET+EAT 

or to 
ABS+BCS+CDS+DES+EAS. 

Now we have the base line ST siven and the andes, in the 
triande AST, to find AS and AT ; in the triangle BST, to 
find Ss and BT, &c. After these are found, we have two 

II 



j 74 SURVEYINO. 



sides and the included angle in the triangles ABT, BCT, &.c. 
from which the areas may be calculated. (Mens. 9.) 

Example. 

Let the station T (Fig. 37.) be N. 80^ E. from S, the dis- 
tance ST 27 chains, and the bearings of the several corners 
of the field from S and T as follows ; 

TA N. 30° W. SA N. 17° E. 

TB N. 1 5 E. SB N. 55 E. 

TC S. 53 E. SC S. 73 E. 

TD S. 55 W. SD S. 24 W. 

TE N. 70 W. SE N. 26 W. 

These will give the following angles ; 
ATS= 70° AST= 63° ATB= 45° 
BTS=n5 BST= 25 BTC=112 

CTS=133 CST= 27 CTD=108 

DTS^ 25 DSTt=124 DTE= 55 

ETS= 30 EST=106 ETA= 40 

From which, with the base line ST, are calculated the fol- 
lowing lines and areas. 

AT=32.89 chains. ABT=206.45 sq. chains. 

BT= 1 7.75 BCT=294.95 

CT=:36,84 CDT:=740.7 

DT=43.46 DEt=665.1 

ET=37.36 EAT=395. 



Contents of the field, =^230.22 acres. 

fl 

The course and length of each of the sides of the field may 
be found, if necessary. After the parts mentioned above are 
calculated, there will be given two sides and the included an- 
gle, in the triangle ATB, to find AB, in BTC to find BC, 
&c. 

If the base line between the two stations be too short, com- 
pared with the sides of the field and their distances, the sur- 
vey wilt be liable to inaccuracy. It should not generally be 
less than one tenth of the longest straight line which can be 
drawn oii the ground to be measured. 

130. It is not necessary that the base line, from the extre- 
mities of Which the bearings arc taken, should be within the 
field. It may be one- of the sides, or it may be entirely with- 
out the field. 
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Let 8 and.T (Fig. 38.) be two stations from which all the 
corners of a field ABCDE may be seen. If the direction 
and length of the base line be measured, and the bearings of 
the points A, B, C, D, and £, be taken at each of the sta- 
tions the areas of the several triangles may be found. The 
figure ABCTDE is equal to 

DET+EAT+ABT+BCT 

« 

From this subtracting DCT, we have the area of the field 
ABCDE. 

In this manner, a piece of ground may be measured which, 
from natural or artificial obstructions, is inaccessible. Thus 
an island may be measured from the opposite bank, or an 
enemy^s camp, from a neighboring eminence. 

' 131. The method of surveying by making observations 
from two stations, is particularly adapted to the measurement 
of a bay or harbor. 

The survey may be made on the water, by anchoring two 
vessels at a distance from each other, and observing from 
each the bearings of the several remarkable objects near the 
shore. Or the observations may be made from such eleva- 
ted situations on the land, as are favorable for viewing the 
figure of the harbor, tf all the parts of the shore cannot be 
seen from two stations,' three or more may be taken. In this 
case the direction and distance of each from one of the oth- 
ers should be measured. 

Problem II. 

To survey afield by measuring from one station. 

132. Take the bearings op the several corners op 
the pield, and measure the distance op each prom. the 
given station. 

If the length and direction of the several lines AT,* BT, 
CT, DT, and ET, (Fig. 37.) be ascertained ; there will be > 

given two sides and the included angle of each of the trian- 
gles ABT, BCT, CDT, DET, and EAT; from which their 
areas may be calculated, (Mens. 9.) and the sum of these 
will be the contents of the whole figure. 
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ries of trianglesr be arranged in socb a manner between tben, 
that one side shall be common to the first and second, as 
BC, to the second and third as CD, to the third and fourth, 
dLc. Then measure the length of BC for a base line, take 
the bearing of the side AB, and measure the angles of each 
of the triangles. 

These data are sufficient to determine the length and bear- 
ing of each of the sides, and the distance and bearing of I 
from A. For in the two first triangles ABC and BCD, the 
angles are given and the side BC, to find the other sides. 
When CD is found, there are given, in the third triangle 
CDE, one side and the angles, to find the other side. Id 
the same manner, the calculation may be carried from one 
triangle to another, till all the sides are found. 
. The bearings of the sides, that is, the angles which they 
make with the meridian, may be determined from the bear- 
ing of the first side, and the angles in the several triangles. 
Thus if NS be parallel to AM, the angle BAP, or its equal 
ABN subtracted from ABD leaves NBD ; and this taken 
from 180 degrees leaves SBD. 

From the bearing and length of AB may be found the 
southing AP, and the easting PB. In -the same manner are 
found the several southings PP', PT", P"P'", F"M. The 
sum of the southings is the line AM. And if the distance is 
so small, that the several meridians may be considered paral- 
lel, the difierence between the sum of the eastings and the 
sum of the westings, is the perpendicular IM. We have 
then, in the right angled triangle AMI, the sides AM and MI, 
to find the distance and bearing of I from A. 

1 37. This problem is introduced here for the purpose of 
giving the general outlines of those important operations 
which have been carried on of late years, with such admira- 
ble precision, under the name of Trigonometrical Surveying. 

Any explanation of the subject, however, which can be 
made in this part of the course, must be very imperfect. In 
the demonstration of the problem, the several triangles are 
supposed to be in the same plane, and the distances of the 
meridians so small, that they may be considered parallel. But 
in practice, the ground upon which the measurement is to be 
made is very irregular. The stations selected for the angular 
points of the triangles, are such elevated parts of the country 
as are visible to a considerable distance. They should 



SVRVVTINCI. 79 

be fik> situated, that a signal staff, tower, or other conspicuous 
object in any one of the angles, may be seen from the other 
two angles in the same triangle. It will rarely be the case 
that any two of the triangles will be in the same plane, or 
any one of them parallel to the horizon. Reductions will 
therefore be necessary to bring them to a common level. 
But even this level is not a plane. In the cases in which this 
kind of surveying is 'commonly practiced, the measurement 
is carried over an extent of country of many miles. The se- 
veral points, when reduced to the same distance from the 
center of the earth, are to be considered as belonging to a 
spherical BurfBLce, To make the calculations then, if the line 
to be measured is of any considerable extent, and if nice ex- 
actness is required, a knowledge of Spherical Trigonometry 
is necessary. 

138. The decided superiority of this method of surveying, 
in point of accuracy, over all others which have hitherto been 
tried, particularly whe^e the extent of ground is great, is ow- 
ing partly to the fact that almost all the quantities measured 
are angles; and partly to this, that for the single line which 
it is necessary lo measure, the ground may be chosen, any 
where in the vicinity of the system of triangles. It would 
be next to impossible to determine the precise horizontal dis- 
tance between two points, by carrying a chain over an irregu- 
lar surface. But in the trigonometrical measurements 
which are made upon a great scale, there can generally be 
found somewhere in the country surveyed, a level plane, a 
heath, or a body of ice on a river or lake, of sufficient extent 
for a base. This is the only line which it is absolutely neces- 
sary to measure. It is usual however, to measure a second, 
which is called a line of verification. If the length of the 
baseBC (Fig. 41.) and the angles be given, all the other 
lines in the figure may be found by trigonometrical calcula- 
tion. ButifGH be also measured, it will serve to detect 
any error which may have been committed, either in taking 
the angles, or in computing the sides, of the series of trian- 
gles between BC and GH. "% 

• 

139. In measuring these lines, rods of copper or platina 

have been used in France, and glass tubes or steel chains in 
England. The results have in many instances been extreme- 
ly exact;- A base was measured, on Hounslow Heath, by 
General Roy, with glass rods. Several years after, it was re- 
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measured by Colonel Mudge, with a steel chain of very nice 
construction. The difference in the two measurements was 
less than three inches in more than five miles. Two parties 
measured a base in Peru of 6272 toises, or more than seven 
miles ; and the difierence in their results did not exceed two 
inches. 

Exact as these measurements are, the exquisite contrac- 
tion of the instruments which have been used for taking the 
anffles^ has given to that part of the process a still higher de- 
gree of perfection. The amount of the errors in the angles 
of each of the triangles, measured by Ramsden^s The- 
odolite, did not exceed three "seconds* In the great surveys in 
France, the angles were taken with nearly the same cor- 
rectness. 

1 40. One of the most important applications of trigono- 
metrical surveying, is in measuring arcs of the meridian^ or o( 
paraUeh of latitude^ particularly the former. This is neces- 
sary in determining the figure of the earthy a very essential 
Eroblem in Geography and Astronomy. A degree of zeal 
as been displayed on this subject, proportioned to its prac- 
tical importance. Arcs of the meridian have been measured 
at great expense, in England, France, Lapland, Pera, &c. 
Men of distinguished science have engaged in the under- 
taking. 

A meridian line has been measured, under the direction of 
General Roy and Colonel Mudge, from the Isle of Wight, to 
Clifton in the north of England, a distance of about 200 
miles. Several years were occupied in this survey. An- 
other arc passing near Paris, has been carried quite through 
France, and even across a part of Spain to Barcelona. In 
measuring this, several distinguished mathematicians and as- 
tronomers were engaged for a number of years. These two 
arcs have been connected by a system of triangles runnins 
across the English Channel, the particular object of which 
was to determme the exact difierence of longitude between 
the observatories of Greenwich and Paris. Besides the me- 
ridian arcs, other lines intersecting them in various directions 
have been measured both in England and France. With 
these, the most remarkable objects over the face of the 
country have been so connected, that the geography of the 
various parts of the two kingdoms is settled, with a precision 
which could not be expected from any other method. 
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141. The exactness of the surveys will be seen from a 
comparison of the lines of verification as actually measured, 
with the lengths of the same lines as determined by calcula« 
tion. These would be affected by the amount of all the er* 
rors in measuring the base lines, in taking the angles, in 
computing the sides of the triangles, and in making the ne* 
cessar jr reductions for the irregularities of surface. A base 
of verification measured on Romney Marsh in England, was 
found to differ but about two feet from the length of the same 
line as deduced from a scries of triangles extending more 
than 60 miles. A base of verification connected with the 
meridian passing through France, was found not to differ one 
foot fi'om the result of a calculation which depended on the 
measurement of abase 400 miles distant. A line of verifi* 
cation of more than 7 miles, on Salisbury Plain, differed 
scarcely an inch from the length as computed from a system 
of triangles extending to a rase on, Hounslow CLeath.* 



* See NotoK. 
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SECTION III. 

LATIKO OUT AND DIVIDING LANDS. 

Art. 142. To those who are familiar with the princi- 

f>le8. of geometry, it will be unnecessary to ^ive particu- 
ar rules, for all the various methods of dividmg and lay- 
ing out lands. The following problems may. serve as a spe- 
cimen of the manner in which the business may be conduct- 
ed in practice. 

Problem 1. 

To lay out a given number of acres in the form of a square. 

143. Reduce the number of acres to square rods or 

CHAINS, AND EXTRACT THE SQUARE ROOT. TblS Will give 006 

side of the required field. (Mens. 7.) 

Ex. 1. What is the side of a square piece of land con- 
taining 124{ acres? Ans. 141 rods. 

2. What is the side of a square field which contains 58| 
acres? 

Problem II. 

To lay out a afield in the form of a parallelogram, when one 

side and the contents are given. 

144. Divide the number of square rods or chains bt 
THE LENGTH OF THE GIVEN SIDE. The quoticnt will be a 
side perpendicular to the given side. (Mens. 7.) 

Ex. What is the width of a piece of land which is 380 
rods long, and which contains 77 acres? 

Ans. 44 rods. 

Cor. As a triangle is half a parallelogram of the same base 
and height, a field may be laid out in the form of a trianele 
whose area and base are given, by dividing twice the area by 
the base. The quotient will be the perpendicular from the 
opposite angle. (Mens. 8.) 
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Problbm III. 

To lay out apiece of land in the form of a parallelogram^ the 
length of which shaU be to the breadth m a givett ratio. 

145. As the length of the parallelogram, to its breadth ; 
So is the area^ to the area of a square of the same 

breadth. 

# 

The side of the square may then be found by problem I, 
and the length of the parallelogram by problem if. 

If BCNM (Fiff. 42.) is a square in the right parallelogram 
ABCD, or in the oblique parallelogram ABC'D', it is evi- 
dent that AB is to MB or its equal BC, as the area of the 
parallelogram to that of the square. 

Ex. If the length of a parallelogram is to its breadth as 
7 to 3, and the contents are 52| acres, what is the length and 
breadth. 

Problem IV. 

The area of a parallelogram being given^ to lay it out in such 
aform^ that the length shall exceed the breadth by a given 

DIFFERSNCE. 

* 

146. Let ars^BC the breadth of the parallelogram ABCD 

(Fig. 42.) and the side of the square BCNM. 
<Ia=AM the difference between the length and 

breadth. 
a=the area of the parallelogram. 

Then a=(a:+d)Xx=ra:*+^^- (Mens. 4.) 
Reducing this equation, we have 

That is, to the area of the parallelogram, add one fourth 
of the square of the difference between the length and the 
breadth, and from the square root of the sum, subtract half 
the difference of the sides; the remainder will be the breadth 
of the parallelogram. 

Ex. If four acres of land be laid out in the form of a 
parallelogram, the difference of whose sides is 13 rods, what 
is the breadth ? 
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Problem V. 

To lay out a triangle whose area and angles are given. 

147. Calculate the area or ant supposed triangle 

WHICH HAS THE SAME ANGLES. THEN 

As THE AREA OP THE ASSUMED TRIANGLE, 

To THE AREA OP THAT WHICH IS REQUIRED ; 

So IS THE SQUARE OP ANT SIDE OP THE PORMER, 

To THE SQUARE OP THE CORRESPONDING SIDE OP THE LATTER. 

If the triangles B'CC and BCA (Fiff. 43.) have equal aih 
gles, they are similar figures, and therefore their areas areas 
the squares of their like sides, for instance, as AC' : CC. 
(Euc. 19. 6.) The square of CC being found, extracting the 
square root will give the line itself. 

To lay out a triangle of which one side and the area are 
given, divide twice the area by .the given side ; the quotient 
will be the length of a perpendicular on this side from the 
opposite ^ngle. (Mens. 8.) Thus twice the area of ABC 
(Fig. 45.) divided by the side AB, gives the length of the 
perpendicular CP. 

148. This problem furnishes the means of cutting off, or 
laying out, a given quantity of land in various forms. 

Thus, from the triangle ABC, (Fig. 43.) a smaller triansle 
of a given area may be cut off, by a line parallel to AB. 
The line CC being found by the problem, the point C will 
be given, from which the parallel line is to be drawn. 

149. If the directions of the lines AE and BD, (Fig. 44.) 
and the leneth and direction of AB be given ; and if it be 
required to lay off a given area, by a line parallel to AB ; let 
the lines AE and BD be continued to C. The angles of the 
triangle ABC with the side AB being given, the area may be 
found. From this subtracting the area of the given trapezoid, 
the remainder will be the area of the triangle DCE ; from 
which may be found, as before, the point E through which 
the parallel is to be drawn. 

If the trapezoid is to be laid off on the other side of AB, 
its area must be added to ABC, to give the triangle D'CE'. 

1 50. If a piece of land is to be laid off from AB, (Fig. 
45.) by a line in a given direction as DE, nol parallel to AB; 
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let AC parallel to DE be drawn through one end of AB. 
The required trapezium consists of two parts, the triangle 
ABC, and the trapezoid ACED. As the angles and one 
side of the former are given, its area may be round. Sub- 
tracting this from the given area^ we have the area of the 
trapezoid, from which the distance AD may be found by the 
preceding article. 

151. If a given area is to be laid off from AB, (Fig. 46.) 
by a line proceeding from a given point D ; first lay off the 
trapezoid ABCD. If this be too small^ add the triangle 
DCE ; but if the trapezoid be too large, subtract the triangle 
DCE'. 

Problem VI. 

To divide the area of a triangle into parts having given ratios 
to each other^ by lines drawnfrom one of the angles to the 
opposite base, 

1 52. Divide the base in the same proportion as the 
parts required. 

If the triangle ABC (Fig. 47.) be divided by the lines CH 
and CD; the small triangles, having the same height, are to 
each other as the bases BH, DH, and AD. (Euc. 1. 6.) 

Probleji VIL 

To divide an irregular piece of land into any two given parts. 

153. Run a line at a venture ^ near to the true division line 
required^ and find the area of one of the parts. If this be too 
large or too smally add or subtract^ by the preceding articles, 
a triangle^ a trapezoid, or a trapezium, as the case may re- 
quire, 

A field may sometimes be conveniently divided by redu- 
cing it to a triangle, as in Art. 125, (Fig. 35.) and then divi- 
ding the triangle by problem VI. 
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SECTION IV. 



LEVELLING. 

Art. 154. It is frequently necessary to ascertain how 
much one spot of ground is higher than another. The 
practicability of supplying a town with water from a nei^ 
Doring fountain, will depend on the comparative elevation 
of the two places above a common level. The direction 
of the current in a canal will be determined by the height 
of the several parts with respect to each other. 

The art of levelling has a primary reference to the level 
surface of water. The surface of the ocean, a lake, or a 
river, is said to be level when it is at rest. If the fluid parts 
of the earth were perfectly spherical^ every point in a level 
surface would be at the same distance from the center. The 
difference in the heights of two places above the ocean would 
be the same, as the difference in their distances from the 
center of the earth. It is well knov^n that the earth, though 
nearly spherical, is not perfectly so. It is not necessary, 
however, that the difference between its true figure and that 
of a sphere should be brought into account, in the compara- 
tively small distances to which the art of levelling is com- 
monly applied. But it is important to distinguish between 
the true and the apparent level. 

155. The TRUE LEVEL is a curve which either coincides 
withior is parallel to^ the surf ojce of water at rest. 

The APPARENT LEVEL IS a STRAIGHT LINE which IS a TA9- 

oENT to the true levels at the point where the observation is 
made. 

Thus if ED (Fig. 48.) be the surface of the ocean, and 
AB a concentric curve, B is on a true level with A. But if 
AT be a tangent to AB, at the point A, the apparent level as 
observed at A, passes through T. 

156. When levelling instruments are used, the level is de- 
termined either by a fluid or a plumb-line. The surface of 
the former is parallel to the horizon. The latter is perpen- 
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dicular. One of the most convenient instruments for the 
purpose is the spirit leveL A glass tube is nearly filled with 
spirit, a small space being left for a bubble of air. The tube 
is so formed, that when it is horizontal, the air bubble will be 
in the middle between the two ends. To the glass is at- 
tached an index with sight vanes; and sometimes a small 
telescope, for viewing a distant objc^ct distinctly.- The sur* 
veyor should abo be provided with a pair oileveUing rads^ 
which are to be set up perpendicularly, at convenient dis* 
tances, for the purpose of measuring the height from the sur* 
face of theground to the horizontal Ime which passes through 
the spirit level. 

If strict accuracy is aimed at, the spirit level should be in 
the middle between the two rods. Considering D'ED'^D as 
the spherical aurface of the earth, and B'AQ"B as a concen- 
tric curve ; a horizontal line passing through A is a tangent 
to this curve. If therefore AT' and AT" are equals the 
points T' and T" are equally distant from the level of the 
ocean. But if the two rods are at T and T', while the spirit 
level is at A, the height TD is greater than Tt)'. The dif- 
ference however will be trifling, if the distance of the stations 
T and T' be small. 

• 

157. With these simple instruments, the spirit level and 
the rods, the comparative heights of any two places can be 
ascertained by a series of observations, without measuring 
their distance, and however irregular may be the ground be-( 
twceu them. But when one of the stations is visible from 
the other and their distance is known ; the difference of 
their heights may be found by a single observation^ provided 
allowance be made for atmospheric refraction, and for the 
difference between the true and the apparent level. 

Pkoblem I. 

Tojind the difference in the height of two places by levelling 

rods. 

158. Set yp the levelliskg rods perpendicular to the horizon^ 
and at equal distances from the spirit level ; observe the points 
where the line of level strikes the rods before and behind^ and 
measure the heights of these points above theground; level in 
the same manner from the second station to the thirds from the 
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third to the fourth^ ^. The difference between the sum of the 
heights at the back stations^ and at the forward stations^ wUl 
be the difference between the height of the first station and the 

ICLSt, 

If the descent from H to H''(Fig. 49.) be required, let the 
spirit level be placed at A, equally distant from the statioDs 
H and H'; observe where the line of level BF cuts the rods 
iVhich are at H and H', and measure the heights BH and 
FH'. The difference is evidently the descent from the first 
station to the second. In the same manner by placing the 

Sirit level at A^ the descent from the second station to the 
ird may be found. The back heights, as observed at A 
and A', are BH, and B'H', ; the forward heights are FH' and 
F'H". 

Now FH'-BH =the descent from H to H', 
And FH"-B'H'=the descent from H'to H"; 

Therefore, by addition, 

(FH'+F'H"HBH+B'H')=the whole descent from HtoH". 

159. It is to be observed, that this method gives the true 
level, and not the apparent level. The lines BF and BT' 
are not parallel to each other ; but one is parallel to a tan- 
gent to the horizon at N, the other to a tangent at N'. So 
that the points B and F are equally distant from the horizon, 
as are also the points B' and F'. The spirit level may be 
placed at unequal distances from the two station rods, if a 
correction is made for the difference between the true and 
the apparent level by problem II. 

160. If the stations are numerous, it will be expedient to 
place the back and the forward heights in separate columns 
m a table, as in the following example. 

Back heights. Fore heights. 

V Feet. In. Feet In. 

1st. Observation 3 7 3 8 

2. " 2 5 3 1 

'3. " 6 3 5 7 

4. " 4 2 ,32 

5. " 5 9 4 10 



Difference 



22 


2 


19 


4 


2 


10 



19 4 
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If the sum of the forward heights is less than the sutn of 
the back heights, it is evident that the last station must be 
higher than the first. 

Problem II. 

161. To find the difference between the true and the ap- 
parent levels for any given distcmce. 

If C (Fig. 12.) be the center of the earth considered as a 
sphere, AB a portion of its surface, and T a point on an ap- 
parent level with A ; then BT is the difference between the 
true and the apparent level, for the distance AT. 
Let 2BC=sI), the diameter of the earth, 

AT=r^i the distance of T, in a right line from A, 
BT=A, the height of T, or the difference between 
the true. and the apparent level. 

Then by Euc. 36. 3, 

{2BC+BT)xBT='aT« ; that is, (D+A)xA=rf«; 

and red ucing the equation, 

Therefore, to find h the difference between the true and 
the apparent level, add together one fourth of the square of 
the earth^s diameter, and the sauare of the distance^ extract 
the square root of the sum, and subtract the semi-diameter 
of the earth. 

162. This rule is exact. But there is a more simple one, 
which is sufficiently near the truth fbr the common purposes 
of levelling. The height BT is so small, compared with the 
diameter of the earth, that D may be substituted for D-fA, 
without any considerable error. The original equation 
above will then become 

DxA=d'. Therefore A==-g. 

That is, the difference between the true and the apparent 
levels is nearly equal to the square of the distance divided by 
the diameter of the earth. 

Ex. ]. What is the difference between the true and the 
apparent level, for a distance of one English mile, supposing 
the earth to* be 7940 miles in diameter ? 

Ans. 7.98 inches, or 8 inches nearly. 
13 
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Id the equation A 3=-^, as D is a constant quantity «. it is 

evident that h varies as d*. According to the last rale then, 
the difference between the true and the apparent level varies 
as the square of the distance. The difference for 1 mile 
being nearly 8 inches, 

In. Feet. In. 

For 2 miles, it is 8 X2* sr32=:2 8 neariy. 
For 3 miles, 8X3>= 6 
For 4 miles, 8X4»= 10 8 
&c. &c. See Table IV. 

Ex. 2, An observation is made to determine whether wa- 
ter can be brought into a town from a spring on a neighbor- 
ing hill. At a particular spot in the town, the spring, which 
is 3^ miles distant, is observed to be apparently on a level. 
What is the descent from the spring to this spot? 

The descent is neariy 4 feet 3 inches for the whole dis- 
tance, or 20 inches in a mile ; which is more than sufficient 
for the water to run freely. 

Ex. 3. A tangent to a certain point on the ocean, strikes 
the top of a mountain. 23 miles distant. What is the height 
of the mountain ? Ans. 352 feet. 

163. One place may be below the apparent level of an- 
other, and yet above the true level. The difference between 
the true and the apparent level for 3 miles is 6 feet If one 
spot, then, be only two feet below the apparent level of an- 
other 3 miles distant, it will really be 4 feet higher. 

If two places are on the same true level, it is evident that 
each is below the apparent level of the other. 

Problem III. 

To find the difference in the heights of two places whose dis* 

tanee is known^ 

164. From the angle of elevation or depression^ calcuhae 
how far one of the places is above or below the apparent level 
of the other; and then make allowance for the difference be- 
tween the apparent and the true level. 

By taking, with a quadrant, the elevation of the object 
whose distance is given, we have one side and the angles of 
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a right angled triangle, to find theperpendicular heiffht above 
a horizontal plane, (Art 6.) Adding this to the difference 
between the true and the apparent level) we have the height 
of the object above the true level of the place of observation. 
When an angle o{ depression is taken, it will be necessary to 
gubtract instead of adding. 

Ex. 1. The angle of elevation of a bill, as observed from 
the top of another 4^ miles distant, is found to be 7 degrees. 
What is the difference in the heights of the two bills? 

* Height of one above the level of the other 2917.3 feet. 
Difference of the levels 1 3.5 



Difference in the height of the hills 3930.8 

Ex. 2. From the top of a tower, the angle of depression 
of a fort 4 miles distant, is found to be 3^ degrees. What 
is the height of the tower above the fort 7 

Ans. 1189 feet. 

If the operation of levelling is meant to be very exact, es- 
pecially when extended to considerable distances, allowance 
should be made for atmospheric refractum,* 



• See Note A. 
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SECTION V. 



THE MAGNETIC NEEDLE.* 



Art. 166. The direction in which a ship is steered, and 
the bearings of the sides of a field, are commonly deter- 
mined by observing the angles which they make with the 
magnetic needle* This is a bar of steel to which th^ 
magnetic power has been communicated from some other 
artmcial or natural magnet. When it is balanced on a pin, 
so as to turn freely in any direction, it points towards the 
north and south. 

The poles o( the needle are its two extremities; and the 
vertical plane which passes through these, is called the mag- 
netic meridian. The astronomical meridian passes through 
the poles of the earth. These two meridians rarely coin- 
cide. The needle does not often point directly north and 
south. 

167. The DECLINATION of the needle is the angle which ii 
makes with a north and south line ; or the angle between the 
magnetic and the astronomical meridians. It is said to be 
cast or west, according as the north pole of the needle points 
east or west of the north pole of the earth. 

The variation of the needle is properly the change of its 
declination. The term, however, is frequently used to signi- 
fy the declination itself. 

The declination of the needle is very different in different 
parts of the earth. In some places, it is 20 or 30 degrees : 
m others, little or nothing. In the variation charts given by 
writers on magnetism, the declination is marked, as it is 
found by observation on different parts of the globe. Lines 
are drawn connecting all the points which have the same de- 
clination. Thus a line is drawn through the several places 
in which the declination is 10 degrees; another through those 



* Cavallo on Magnetism, Rees' Cyclopedia, Transactions of the Royal* 
Society of London, the Royal Irish Academy, the American Phiksophieal 
Society, and the American Academy of Arts and Sciences. 
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in which it is 5 degrees, &c. These lines are very windirg 
yet they never cross each other, though they extend all over 
the globe. One of the lines of no declination passes through 
the middle parts of the United States. The declination is 
towards this line, in places which are on either side of it. 
Thus in. New Endand the declination is west, while on the 
Ohio it is east It increases with the distance from the line 
of no declination. 

168. The declination is not only different in differeot pla- 
ces, but different in the same place at different times. At 
London, about 230 y^ars since, it was 11 1 degrees east. It 
gradually decreased till 1657, when the needle pointed di- 
rectly north. From that time it deviated more and more to 
the west, till in 1800 the declination became about 24 de- 
grees. At present, it appears to be nearly stationary, both 
at London and Paris. 

In New England, the declination has been generally de- 
creasing, for many years. At Boston, it was about 9 degrees 
in 1 708, 8 degrees in 1742, 7 degrees in 1 782, and 6 j degrees 
in 1810; the rate of variation being about 1|' in a year, or 
a degree in 40 years.* 

The variation in the declination is by no means uniform. 
If the needle moves two minutes from the meridian in one 

{ear, it may move a greater or less distance the next year, 
ts progress is different in different places. In some it is 
moving east, and in others west ; in some it is coming near- 
er to the meridian, in others going farther from it. 

16Si. There is also a diurnal variation, which appears to 
be owing to a change of temperature. During.the fore part 
of the day, the north end of the needle frequently moves a 
few minutes of a degree to the west. In the evening, it re- 
turns nearly to the same point from which it started. This 
diurnal variation is found to be the greatest in the summer 
months, when the action of the sun is most powerful. 

In addition to these various changes, there are local per- 
turbations of the needle, occasioned probably by the attrac- 
tion of ferruginous substances beneath the surface of the 
ground. 



* See the obeenraHona of Dr. Bowditch, in the Memoirt of the Amerietn 
AoMleiny of Arts and Sciences, Vol. HI. Part II. p, 887, and Prof. Olmsted's 
paper in the Am. Joar. of Arts and Sciences, Vol. X VI ^ p. 60. 
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170. So many irregulartties must render the magnetic 
compass an inaccurate instrument, unless the state of the de* 
clinationis ascertained by frequent observations. This is 
piarticularly necessary at sea, where the declination may be 
changed by a few hours'^ sail. 

The astronomical meridian is determined by the positicNis 
of the heavenly bodies. The situation of the sun at rising 
or setting being known, its distance from the magnetic me- 
ridian may be observed with an azimuth compass^ which is a 
mariner^s compass with the addition of sight vanes for taking 
the direction of any object 

171. On land, a true meridian Ime may be drawn by ob- 
servations on the pole star, . If this were exacdy in the pole, 
it would be always on the meridian* But the star revolves 
round the pole, at a short distance in a little less than 24 
hours. In about 6 hours from its passing the meridian above 
the pole, it is at its greatest distance west; in about 13 hours, 
it is on the meridian beneath the pole, and in about 18 hours, 
at its greatest distance east. If the direction of the star can 
be taken, at the instant when it is on the meridian, either 
above or beneath the pole ; a true north and south line may 
be found. This method, however, requires that the exact 
time of passine the meridian be known, and that the obser- 
vations be made* expeditiously. 

173. But as the star comes very gradually to its greatest 
distance east or west, it is. easy to observe these limits; and 
as the revolution is made in a circle round the axis of the 
earth, it is evident that the pole must be in the middle be- 
tween the two extreme distances. To draw a true meridian 
line, then, take the direction of the pole star when U is far- 
thest toest^ and cdso when it is farthest east ; and bisect the 
angle made by these two directions. 

When a meridian is once drawn, it may be rendered per- 
manent, by fixing proper marks ; and the declination of the 
needle may then be ascertained at any time, by the survey- 
or^s compass, or more accurately by the variation compass^ 
which has a long needle, and a graduated arc of so large a 
radius as to admit of very accurate divisions.* 



* See Note L. 
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NOTES. 



Note A. Page 10 and 91. 



A ray of light, in coming from a distant object to the 
eye, through the air, is turned from a straight line into a 
curve which is concave towards the earth. Tlie effect is to 
elevate the apparent place of the object, as each point ap- 
pears in the direction in which the light from that point en- 
ters the eye. The change in the apparent situation is call- 
ed astronomical refraction^ when the heavenly bodies are 
concerned; and terrestrial refraction^ when the objects are 
on the earth. The measure of the latter is the angle at the 
eye, between a straight line drawn to the object, and a tan- 
gent to the curvilinear ray, as TAT', (Fig 50.) T being the 
place of the object, and T' its apparent place as seen from 
A. 

The refraction is very much affected by the state of the 
Atmosphere; changing with the temperature, as well as with 
the density indicated by the barometer. In the delicate ob- 
servations made in the trigonometrical surveys in England 
and France, the terrestrial refraction was found to vary from 
^ to 7^ of the angle at the center of the earth subtended by 
the distance of the object. The mean is y^ • thus if an ob- 
ject at T (Fig. 50.) as seen from A in the mean state of the 
atmosphere, appears to be raised to T' ; the angle TAT' is 
about j\ of the ansle ACT subtended by tlie distance AT. 
This angle is easily found from the arc AB, which is nearly 
equal to AT ; the whole circumference of the earth being to 
the arc, as 360 degrees to the angle required. The mean 
terrestrial refraction, as thus calculated, is 3.7" for a mile^ 
and increases as the distance nearly; the elevation of the 
object being supposed to be small in comparison with its dis- 
tance. In measuring altitudes, the terrestrial refraction is 
to be subtracted from the observed angle of elevation. 
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The alteration in the height of the object, by the meai^ re- 
fraction is equal to 4 of the curvature of the earth for 'the 
given distance, or of the difference between the true and ap* 
parent levejs, as calculated by the rule in Art 1 62. If the 
angle of refraction were equal to half the angle at the center 
of the earth subtended by the distance, the change in the 
height of the object would be just equal to the correction for 
the curvature. If an object at B (Fig. 12.) were raised by 
refraction, so as to be seen from A in the direction of the tan- 
gent AT ; the change in the altitude would be equal to BT, 
which is the diflference between the true and the apparent 
level of A. In this case the angle BAT would be half ACB, 
(Euc. 32. 3 and 20. 3.) But as the angle of refraction is in 
fact only j\ of the angle at the center, the change in the al- 
titude is only 4 of the Correction for curvature. The latter 
is about I of a foot for a mile, ,and varies as the square of the 
distance. If then d be the distance in miles ; the correction 
for the curvature will be | «{', and the correction for refrac- 
tion ^\dK See Table IV. 

The greatest distance at which an object can be seen on 
the surface of the earth, as calculated by the rule in Art. 23, 
depends on the apparent altitude. This being to the real al- 
titude as 7 to 6, and the distance being nearly as the square 
root of the altitude ; the distance at which an object can be 
seen by the mean refraction, is to t|ie distance at which it 
could be seen without refraction as \/7 :. v/G, or as 14 : 13 
nearly. See Playfair's Astronomy, Sec. II. Vince's Astron- 
omy, Chap. VII. and the accounts of the Trigonometrical 
Surveys in England and France. 

Note B. p. 20. 

The method of calculation in plane sailing is sometimes 
spoken of as inaccurate, as only approximating to the truth, 
in proportion to the smallness of the difference between a 
plane and that part of the. ocean to which the calculation is 
applied. This view of the subject appears not to be strictly 
correct. It is true, that plane sailing is incomplete^ as it does 
not ascertain the longitude. This belongs to middle latitude 
or Mercator^s sailing. It is also true, that if a ship sails on 
several courses^ the sum of the departure is not equal to the 
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departure for the same distance on a single course, as would 
be the case on a plane. (Art. 78.) It is farther to be ob- 
served, that the departure, as calculated by plane sailing, is 
neither the meridian distance measured on the parallel of 
latitude from which the ship sails, nor that measured upon 
the parallel upon which she arrives. But the departure for 
a single course, as defined in Art. 40, and the difference of 
latitude, are as accurately calculated by plane sailing, as if 
the surface of the ocean were a plane. Let the whole dis- 
tance be divided into portions so small, that one of the arcs 
shall differ less from its tangent than by any given quantity. 
Each of these portions is to the corresponding departure, as 
radius to the sine of the course ; and to the difference of lati- 
tude, as radius to the cosine of the course. Therefore the 
whole distance is to the whole departure, as radius to the 
sine of the course ; and to the whole difference of latitude, 
as radius to the cosine of the course. These proportions 
are exact, even for a spheroid, a cylinder, or any solid of 
revolution. 

If there were any incorrectness in plane sailing, it would 
extend to Mercator^s sailing also ; for one is founded on the 
other. In Mercator^s sailing, the proper difference of lati- 
tude is to the meridional difierence of latitude, as the depar* 
ture to the difference of longitude. Now the departure is 
calculated by plane sailing ; and any error in this must pro- 
duce an error in the longitude. Or if the longitude be 
found by the theorem in Art. 72, without previously calcu- 
lating the departure; yet the table of meridional parts which 
must be used, is founded on the ratio between the departure 
and the difference of longitude. Art. 65. 



Note C. p. 37. 



It is here supposed that the direction of the ship is at 
right angles with every meridian which she crosses. A num- 
ber of curious questions have been started respecting sailing 
on a sphere ; such as whether a due east and west line coin- 
cides with a parallel of latitude, &c. Most of these points 
are easily settled by proper definitions. But this is not the 
place to consider them, as they belong to spherical ge* 
ometry. 

14 
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Note D. p. 34. 

As the length of a minute of Mercator^s meridian, is equal 
to the secant of the latitude, it will be a little more exact to 
take the latitude of the middle of the arc, rather than that of 
one extremity. On the extended meridian, the first minute 
will then be made equal to the secant of V, the second to 
the secant of 1^', the third to the secant of 2|', <&c. 

The method of calculating by natural secants, though use- 
ful in forming a tMe of meridional parts, is subject to this 
inconvenience, that to obtain the meridional parts for any 
number of degrees of latitude, it is necessary to find sepa- 
rately the parts for each of the minutes contained in the 
f riven arc, and then to add them together. ^ There is a dif- 
erent method, by which the meridional parts for an arc of 
any extent, may be calculated independently of any other 
arc. A portion of Mercator^s meridian, extending from the 
equator to a given latitude, the semi-diameter of the earth 
being 1, is equal to the hyperbolic logarithm of the co-tan- 

fent of half the complement of the latitude. See the London 
hilosophical Transactions, Vol. xix. No. 219, Vince's Flux- 
ions, Art 190, and the Introduction to Hutton^s Mathemati- 
cal Tables. 

Note E. p. 39. 

The distance which a ship sails, in going from one place 
to another on a rhumb line, is not the nearest distance; for 
this would be an arc of a great circle. To sail on a great 
circle, except on a meridian or the equator, she must be con- 
tinually altering her course. If it were practicable to steer 
a vessel in this manner, the departure, difference of latitude, 
&c. might be calculated by spherical trigonometry. 



Note F. p. 41. 

A traverse may also be constructed like the plot of a field 
in surveying, either by drawing parallel lines, as in Art; 111, 
or from the angles given by the rules in Art. 1 12, or more 
simply, as in Art. 123, by departure and difierence of latitude, 
when these have been found by calculation or inspection. 
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Note G. p. 46. 

Plane sailing is sometimes represented as a method of 
calculation founded on the principles of the plane chart. But 
in the construction of this chart, a principle is assumed which 
is known to be erroneous. That part of the surface of the 
earth which is represented on it, is supposed to be a plane. 
This renders the construction more or less inaccurate. But 
in plane sailing, the calculations are strictly correct. The 
principle assumed here is not that the surface of the earth 
is a plane ; but that, from the peculiar nature of the rhumb 
line, the distance, departure, and difference of latitude, where 
the course is given, have the same ratio to each other which 
they would have upon a plane. 



Note H. p. 51. 

• 

The Quadrant of reflection has received the name of Had- 
ley^s Quadrant^ as the description of it which was first made 
public, ^as given by John Hadley, Esq. But he has not an 
undisputed claim to the first invention. His description of 
the instrument was communicated to the Royal Society of 
London, in May, 1731. It appears that the principle on 
which it is constructed had been suggested by Dr. Hooke, 
several years before. But the form which he proposed was 
not calculated to answer the purpose, as it admitted of only 
one reflection. Sir Isaac Newton, however, who died in 
1727, left among his papers a description of a quadrant with 
two reflections, which is substantially the same as Hadley's. 
This was published in the Philosophical Transactions for 
1742. 

It ia also stated that a quadrant similar to Hadley^s had 
been contrived by Mr. Thomas Godfrey, of Philadelphia, 
before Hadley ^s description was communicated to the Royal 
Society. 

Hookers Posthumous Works, Hutton^s Dictionary, Trans- 
actions of the Royal Society of London for 1 73 1, J 734 and 
1742, American Magazine for Aug. and Sept. 1758, Miller^s 
Retrospect, i. p. 468, and Analectic Magazine, ix, 281. 



lOQ NAVIGATION. 



Note I. p. 56. 

The proportion in Art. 99^ on account of the smallness of 
the height BT compared with the semi-diameter of the 
earth, is not very suitable for calculating the depression with 
exactness. The following rule, which mcludes the effect of 
refraction, is better adapted to the purpose. The depres- 
sion is found by multiplymg 59'' into the square root of the 
height in feet. See Vince^s Astronomy, Art. 197, Rees^ Cy- 
clopedia, and Table II. 

In taking the altitude of a heavenly body with Hadley^s 
Quadrant, when the view of the ocean is unobstructed, the 
reflected image is made to coincide, with the most remote 
visible point of the water. But when there is land in the 
direction in which the observation is to be made, the image 
is brought to the water^s ed^e ; and the dip is increased^ in 
proportion as the distance of the land is diminished. See 
table III. 

Note K. p. 81. 

This is not the place for a detailed account of the various 
trigonometrical operations which have been undertaken, for 
the purpose of determining the length of a degree of lati- 
tude, in different parts of the earth. The subject beloags 
rather to astronomy, than to common surveying. It may not 
be amiss, however, to give a concise statement of the meas- 
urements which have been made in the present and the pre- 
ceding century. 

About the year 1700, Picard measured a degree between 
Paris and Amiens; and the arc was extended by Cassini to 
Perpignan, about 6 degrees south of Paris, and afterwards to 
the northward as far as Dunkirk. These measurements were 
made in the middle latitudes. To compare a degree here, 
with the length of one near the pole, and another on the 
equator, two expeditions were fitted out from France about 
the same time, one for Lapland, and the other for South 
America. The latter sailed in May, 1733, for Peru, and af- 
ter a series of the most formidable embarrassments, they 
succeeded, at the end of 8 years, in accomplishing their ob- 
ject. They measured an arc of the meridian, crossing the 
equator from 3° T north latitude to about 3^° south. The 
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Other party in 1736, under the direction of Maupertuis, pro- 
ceeded to the head of the gulf of Bothnia, and measured 
an arc of the meridian extending along the river Tornea, and 
crossing the polar circle. The difficulties which they expe- 
rienced, in this frozen and desolate region, were scarcely in- 
ferior to those with which the other adventurers were at the 
same time contending in South-America. 

The determination of these three arcd, one in France, one 
in Peru, and one in Lapland, were sufficient to satisfy astro- 
homers, that a degree of latitude near the poles is greater 
than one on the equator, and consequently that the equatorial 
diameter of the earth is longer than the polar. But it does 
not necessarily follow from this, that there is a regular in- 
crease in the length of a degree, from the lower to the higher 
latitudes. On the contrary, according to the survey which 
had been made by Picard and others, a degree was found to 
be greater in the south of France, than in the north. The 
Koal of astronomers was therefore excited to take farther 
measures to determine what is the exact length of a degree, 
in various parts of the earth, and to ascertain whether in the 
influence of gravitation, there are local inequalities, which 
affect the astronomical observations. 

La Caille, about this time, measured an arc of the meri- 
dian at the Cape of Good Hope. He was not, however, 
provided with such instruments as would insure a ffreat de- 
gree of precision. Boscovich, a distinguished philosopher, 
measured an arc of two degrees in Italy, from Rimini to 
Rome. Between the years 1764 and 1768, Messrs. Mason 
and Dixon, under the direction of the Royal Society of Lon- 
don, measured an arc of the meridian of about one degree 
and an half, crossing the line between Pennsylvania and Ma- 
ryland. As the country here is very level, the whole dis- 
tance was measured, not by a combination of triangles, but 
in the first place with a chain, and afterwards with rods of 
fir. A degree was also measured in Piedmont, another in 
Austria, and a third in Hung^iry; the first by Beccaria, and 
the two latter by Liesganig. 

But the most perfect of all the trigonometrical surveys up- 
on a great scale, are those which have been made within a 
few years in England and France. The instruments used 
for taking the angles, particularly the theodolite of Ramsden, 
and the repeating circle of Borda, have been brought to a 
surprising degree of exactness. The re-measurement of the 
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line from Dunkirk to Barcelona, a part of which had been 
several times surveyed before, was commenced in 1792, un- 
der the direction of the Academy of Sciences in Paris ; for 
the purpose of obtaining a standard of measure of lengths^ 
weights, capacity, &c. derived from a portion of the meridi- 
an. The northern part of the arc was measured by Delam- 
bre, and the southern part by Mechain, who lost his life in 
1805, in attempting to extend the line beyond Barcelona, to 
the Balearic Islands in the Mediterranean. This line was af- 
terwards continued by Biot to Forraentera, the southernmost 
of these Islands, which is in Lat. 38"" 38' 56". The latitude 
of Dunkirk is 51° 2' 9". The whole arc is, therefore, more 
than 12 degrees, and is nearly bisected by the 45th parallel 
of latitude. This is connected with the line carried through 
England to Clifton in Lat. 53"" 27' 31" : making the whole 
extent nearly 1 5 degrees. 

The arc which had been surveyed by Maupertuisf on the 
polar circle, was re-measured by Swanberg and others, in 
1802. There is a difference of 230 toises in the length of a 
degree, as calculated from these two measurements. In In- 
dia, an arc of the meridian was measured, on the coast of 
Coromandel, in 1 803, by Major Lambton. 

According to these various measurements, we have the 
following lengths of a degree of latitude in different parts of 
the earth. 

Latitude, Toiae$, fkitJumu. 

1. In Peru, by Bouguer, 56,750 60,480 

2. In India, by Lambton, 12^30' 56,756 60,487 

3. At the Cape^of^^^^ 33 18 57,037 60,780 

4. I^P^y^^^^^ ^y *^^«°"| 39 12 56,890 60,630 

5. In Italy, by Boscovich, 43 56,980 60,725 

6. In Piedmont, by Beccaria, 44 44 57,070 60,820 

7. In France, by Delambre and ) . ^ ^^ m i en -tca 

M6chain, J ^^ ^^'^"^ ^^'^^^ 

8. In Austria, by Liesganig, 48 43 57,086 60,835 

9. In England, by Rov and Mudge, 52 2 57,074 60,827 

10. In Lapland, by Maupertuis, 66 20 57,422 61,184 

Do. by Swanberg, 57,192 60,952 

On a comparison of all the the measurements which have 

been made, it is found that a degree of latitude is greater 

near the poles, than in the middle latitudes; and greater in 

the middle latitudes, than near the equator. The earth is 
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therefore compressed at the poles, and extended %t the equa- 
tor. But it does not appear that it is an exact spheroid, or 
a solid of revolution of any kind. If arcs of the meridian 
which are near to each other and of moderate length be 
compared, they will not be found to increase regularly ffom 
a lower to a higher latitude. On the southern part of the 
line which was measured in France, the, degrees increase 
very slowly ; towards the middle, very rapidly ; and near the 
northern extremity, very slowly again. Similar irregulari- 
ties are found in that part of the meridian which passes 
through England. These irregularities are too great to be 
ascribed to errdrs in the surveys. It is concluded, there- 
fore, that the direction of the plumb line, which is used in 
determining the latitude, is affected by local inequalities in 
the action of gravitation, owing probably to the different den- 
sities of the substances of which the earth is composed. 
These inequalities must also have an influence upon the fig- 
ure of the fluid parts of the globe, so that the surface ought 
not to be considered as exactly spheroidical. 

See Col. Mudge^s account of the Trigonometrical Survey 
in England. Gregory^s Dissertations, 6lc, on the Trigono- 
metrical Survey. Kees^ Cyclopedia, Art. Degree. Playfair^s 
Astronomy. Philosophical Transactions of London for 1768, 
1785, 1787, 1790, 1791, 1795, 17&7, 1800. Asiatic Research- 
es, vol. viii. Puissant. ^^ Traite de Geodesic. ^^ Maupertuis. 
"Degrc du Meridien entre Paris et Amiens.^' Do. "La 
Figure de la Terre." Cassini. "Expose des Operations, 
&c.'^ Delambre. " Bases du systeme metrique.^^ Swanberg. 
" Exposition des Operations mites en Laponie.^^ Laplace. 
" Traite de M^canique Celeste." 



Note L. p. 94. 

One of the most simple methods of determining when the 
pole star is on the meridian, is from the situations of two 
other stars, Alipth and 7 Cassiopeia, both which come on to 
the meridian a few minutes before the pole star, the one 
above and the other below the pole. Alioth, which is the 
star marked 6 in the Great Bear, is on the same side of the 
pole with the pole star, and about 30 degrees distant. The 
star 7 in the constellation Cassiopeia, is nearly as far on the 
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opposite side of the pole. The right ascension of the latter in 
1810 was Oh. 45m. 248., increasing about 3^ seconds an- 
nually. The right ascension of Alioth was 12h. 45m« 36s,., 
increasing about 2^ seconds annually. These two start, 
therefore, come on to the meridian nearly at the same time. 
This time may be known by observing when the same verti- 
cal line passes through them both. The right ascension of 
the pole star in January 1810, was Oh. 54m. 36s., and in- 
creases 1 3 or 14 seconds in a year. So that this star comes 
to the meridian about 9 or 10 minutes after y Cassiopeie. 
In very nice observations, it will be necessary to make allow* 
ance for nutation, aberration, and the anhuai variation in 
right ascension. 

About 10 minutes after a line drawn from Alioth to y Cas* 
siopeioe is parallel to the horizon, the pole star is at its great- 
est distance from the meridian. As this is the case only once 
in 1 2 hours, the two limits' on the east side, and on the west 
side, cannot both be observed the same night, except at cer- 
tain seasons of the year. But on any clear night, one obser- 
vation may be made ; and this is sufficient for finding a me- 
ridian line, if the distance of the star from the pole, and the 
latitude of the place be given. The angle between the me- 
ridian and a vertical plane passing through a star, or an arc 
of the horizon contained between these two planes, is called 
the azimuth of the star. And by spherical trigonometry, 
when the star is at its greatest elongation east or west, 

As the cosine of the latitude, 
To radius ; 

So is the sine of the polar distance, 
To the sine of the azimuth. 

The distance of the pole star from the pole in 1810, was 
1^ 42' 19.6", and decreases 19} seconds annually. 

To observe the direction of the pole star when its azimuth 
is the greatest, suspend a plumb line 15 or 30 feet long 
from a fixed point, with the weight swinging in a vessel of wa- 
ter, to protect it from the action of the wind. At the distance 
df t3 or 15 feet south, fix a board horizontal on the top of a 
firm post. On the board, place a sight vane in sacb a mao- 
uer that it can slide a short distance to the east or west A 
litUe before the time when the star is at its great elonga- 
tion, let an assistant hold a lighted candle so as to iUaminate 
the phirob line. Then move the sight vane, till the star aeea 
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through it is in the direction of the line. Continue to follow 
the motion of the star^ till it appears to be stationary at its 
greatest elongation. Then fasten the sight vane, and fix a 
candle or some other object in the direction of the plumb 
line, at some distance beyond it. 

As the declination of the needle is continually varying, the 
courses given by the compass in old surveys, are not found to 
agree with the bearings of the same lines at the present 
time. To prevent the disputes which arise from this source, 
the declination should always be ascertained, and the courses 
stated according to the angles which the lines make with the 
astronomical meridian. 

It must be admitted, after all, that the magnetic compass 
is but an imperfect instrument. It is not used in the accu- 
rate surveys in England. In the wild lands in the United 
States, the lines can be run with more expedition by the 
compass, than in any other way. And in most of the com- 
mon surveys, it answers the purpose tolerably well. But in 
proportion as the value of land is increased, it becomes im- 
portant that the boundaries should be settled with precision, 
and that all the lines should be referred to a permanent me- 
ridian. The angles of a field maybe accurately taken with 
a graduated circle furnished with two indexes. The bear- 
ings of the sides will then be given, if a true meridian line 
be drawn through any point of the perimeter. 
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EXPLANATION OF THE TABLES. 



Table I contains the parts of Mercator^s meridian, to eve- 
ry other minute. The parts for any odd minute may be 
found with sufficient exactness, by taking the arithmetical 
mean between the next greater and the next less. For the 
uses of this table, see Navigation, Sec IIL 

Table II gives the depression or dip of the horizon* at sea 
for different heights. Thus if the eye of the observer is 20 
feet above the level of the ocean, the angle of depression is 
4' 34". See Art. 99. This table is calculated according to 
the rule in note I« which ffives the depressipn '59'' for one 
foot in altitude ; allowancel)eing made for the mean terres- 
trial refraction. 

In Table III, is contained the depression for different 
heights and different dittancesj when the view of the ocean is 
more or less obstructed by land. Thus if the height of the 
eye is 30 feet, and the distance of the land 3^ miles, the de- 
pression is 8'. See Note I. 

Table IV contains the curvature of the earth, or the differ- 
ence between the true and the apparent level, for different 
distances, according to the rule in Art. 161. Thus for a dis- 
tance of 17 English miles, the curvature is 193 feet 

Table V contains the distances at which objects of differ- 
ent heights may be seen from the surface of the ocean, in the 
mean state of the atmosphere. This is calculated by first 
finding the distance at which a given object miffbt be seen, 
if there were no refraction, and then increasing Uiis distance 
in the ratio of i/7 : ^Q. See Note A. 



t08 KXPLANATION OF THE TABLES. 

Table VI contains the polar distance and the rieht ascen- 
sion in time, of the pole star, from 1800 to 1820. From this 
it will be seen, that the right ascension is increasing at the 
rate of about 14 seconds a year, and that the north polar dis- 
tance is decreasing at the rate of 19| seconds a year. From 
the latitude of the place, and the polar distance of the star, 
its azimuth may be calculated, when it is at its greatest dis- 
tance from the meridian. The time when it passes the me- 
ridian may be ascertained by finding the difference between 
the right ascension of the star and that of the sun. See 
NoteL. 
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TABLE I. 



HEBIDIONAL PABT9« 



M. 
■ft 



2789 



4 

6 

8 



10 
12 
14 
16 
18 

20 
22 
24 
26 
28 

30 
32 
34 
36 
38 

40 
42 
44 
46 

48 

50 
52 
54 
56 

58 



13* 



787 



791 
793 
795 

7971 



799861 



801 
803 

805 



807869 



809 
811 
813 
816 

818 
820 
822 
824 



828 
830 
832 
834 
836 

838 
840 
842 
844 
846 



M. 13 



14" 



848 
851 

853 
855 

857 

859 



8631925 

865 
867 



871 
873 

875 
877 

879 

882 
884 
886 



826888 



890 
892 
894 

896 

898 

900 
902 
904 
906 
908 

14° 



15* 



910 973 

913 975 

915 977 

917 979 

919 981 

921 983 

923 985 
987 

927 989 

929 991 

931 994 

933 996 

935 998 
9371000 



939 

942 
944 



946 
948 
950 

952 
954 
956 
958 
960 

962 
964 
966 
969 
971 

15° 



16* 



1002 

1004 
1006 
1008 
1010 
1012 

1014 
1016 
1019 
1021 
1023 

1025 
10271 
1029 
1031 
1033 

16* 



17* 



1035 
1037 
1039 
1042 
1044 

1046 
1048 
1050 
1052 
1054 

1056 
1058 
1060 
1063 
1065 

1067 
1069 
1071 
1073 
1075 

1077 
1079 
1081 
1084 
1086 

1088 
1090 



1094 
1096 

ir 



18^ 



1098 

110 

110^ 

1105 

1107 

1109 

nil 

1113 
1115 
1117 

1119 
1121 
1123 
1126 
1128 



1140 
1142 
1145 
1147 
1149 

1151 
1153 



10921155 



1157 
1159 

18^ 



19* 



1161 
1164 
1166 
1168 
1170 

1172 
1174 
1176 
1178 
1181 



11831246 
11851249 
11871251 
11891253 
1191 1255 



11301193 
11321195 
11341198 
11361200 
11381202 



1204 
1206 
1208 
1210 
1212 

1215 
1217 
1219 
1221 
1223 

19° 



20* 



1225 
1227 
1229 
1232 
1234 



12271291 



12321296 



1236 
1238 
1210 



1242)1306 



1245 



1257 
1259 
1261 
1264 
1266 

1268 
1270 
1272 
1274 
1276 

1278 
1281 
1283 
1285 
1287 

20^ 



21 



1289 
1291 
1293 
1296 
1298 



1300 
1302 
1304 



22*^ 



1308 

1311 
1313 



21 



1354 
1356 
1358 
1360 
1362 

1364 
1367 
1369 
1371 
1373 

1375 
1377 



1315 1380 
1317 1382 
1319 1384 

13211386 
13241388 
13261390 
13281393 
13301395 

13321397 
13341399 
13361401 
13391403 
13411406 

13431408 
1345 1410 
1347 1412 
1349 1414 
1352|l416 



M. 



22' 




2 
4 
6 

8 

10 
12 
14 
16 

18 

20 
22 
24 
26 
28 

30 
32 
34 
36 
38 

40 
42 
44 
46 

48 

50 
52 
54 
56 

S8 

M. 
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TABLE L 



MERIDIONAL PARTS. 




2 
4 
6 

8 



10 
12 
14 
16 

18 

20 
22 
24 
26 

28 

30 
32 
34 

36 

38 

40 
42 
44 
46 
48 

50 
52 
54 
56 

58 



22P 



1419 
1421 
1423 
1425 
1427 

1430 
1432 
1434 
1436 
1438 

1440 
1443 
1445 
1447 
1449 

1451 
1453 

1456 
1458 
1460 

1462 
1464 
1467 
1469 
1471 



24° 



25° 



1484 1550 
1486 1552 
1488 1554 
14911557 
1493 1559 

14951561 
1497 1563 
14991565 
15021568 
1504 1570 

1506 1572 
15081574 
1510ll577 



260 



1513 
1515 

1517 
1519 
1521 
1524 
1526 

1528 
1530 
1532 
1535 
1537 



14731539 



1475 
1477 
1480 
1482 

230 



1541 
1543 
1546 
1548 

240 



1579 
1581 

1583 
1585 
1588 
1590 
1592 

1594 
1696 
1699 
1601 
1603 

1605 
1608 
1610 
1612 
1614 

250" 



1616 
1619 
1621 
1623 
1625 

1628 
1630 
1632 
1634 
1637 

1639 
1641 
1643 
1645 
1648 

1650 
1652 
1654 
1657 
1659 

1661 
1663 
1666 
1668 
1670 

1672 
1675 
1677 
1679 
1681 

26° 



270 



1684 
1686 
1688 
1690 
1693 

1695 
1697 
1699 
1701 
1704 

1706 
1708 
1711 
1713 
1715 

1717 
1720 
1722 
1724 
1726 

1729 
1731 
1733 
1735 
1738 

1740 
1742 
1744 
1747 
1749 
270 



28° 



1751 
1753 
1756 

1758 
1760 

1762 
1765 
1767 
1769 
1772 

1774 
1776 
1778 
1781 
1783 

L785 
1787 
1790 
1792 
1794 

1797 
1799 
1801 
1803 
1806 

1808 
1810 
1813 
1815 
1817 

28o" 



290 



1819 
1822 
1824 
1826 
1829 

1831 
1833 
1835 
1838 
1840 

1842 
1845 
1847 
1849 
1852 

1854 
1856 
1858 
1861 

1863 

1865 
1868 
1870 
1872 
1875 

1877 

1879 
1881 
1884 
1886 
290- 



30° 



1888 
1891 
1893 
1895 

1898 

1900 
1902 
1905 
1907 
1909 

1912 
1914 
1916 
1918 
1921 

1923 
1925 
1928 
1930 
1932 



310 

1958 
1960 
1963 
1965 
1967 

1970 
1972 
1974 
1977 
1979 

1981 
1984 
1986 
1988 
1991 



32© 



1995 
1998 
2000 
2002 



2028 
2031 
2033 
2035 
2038 

2040 
2043 
2045 
2047 
2050 

2052 
2054 
2057 

2059 
2061 



19932064 



1935 2005 



1937 
1939 
1942 
1944 

1946 
1949 
1951 
1953 
1956 

'300" 



2007 
2010 
2012 
2014 

2017 
2019 
2021 
2024 
2026 

3P" 



2066 
2069 
2071 
2073 

2076 
2078 
2080 
2083 
2085 

2088 
2090 
2092 
2095 
2097 

320 



M. 



2 
4 
6 

8 

10 
12 
14 
16 

18 

20 
22 
24 
26 

28 

30 
32 
34 
36 

38 

40 
42 
44 
46 

48 

50 
52 
54 
56 
58 

M. 
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TABLE L 



MKRIDIONAL PARTS. 



M. 



2 
4 
6 

8 

10 
12 
14 
16 
18 

20 
22 
24 
26 

28 

30 
32 

34 
36 

38 

40 
42 
44 
46 

48 

60 
52 
54 
56 



33^ 



2100 
2102 
2104 
2107 
2109 

2111 
2114 
2116 
2119 
2121 



340 



2123 
2126 
2128 
2131 
2133 

2135 
2138 
2140 
2143 
2145 

2147 
2150 
2152 
2155 
2157 

2159 
2162 
2164 
2167 



58|2169 

,M.l33o 



2171 
2174 
2176 
2179 
2181 

2184 
2186 
2188 
2191 
2193 



350 



2196 
2198 
2200 
2203 
2205 

2208 
2210 
2213 
2215 
2217 

2220 
2222 
2225 
2227 
2230 

2232 
2235 
2237 

2239 
2242 

340 



2244 
2247 
2249 
2252 
2254 

2257 
2259 
2261 
2264 
2266 

2269 
2271 
2274 
2276 
2279 

2281 

2283 
2286 
2288 
2291 

2293 
2296 
2298 
2301 
2303 

2306 
2308 
2311 
2313 
2316 

350" 



36Q 

2318 
2320 
2323 
2325 
2328 



2330 
2333 
2335 
2338 
2340 

2343 



2348 
2350 
2353 

2355 
2358 
2360 
2363 
2365 

2368 
2370 
2373 
2375 

2378 

2380 
2383 
2385 

2388 
2390 



370 38° 

2393 2468 
2395 2471 

2398|2473 
24002476 
2403 2478 



390 



2545 

2548 



40^ 



2623 
2625 



2405 
2408 
2410 
2413 
2415 



2418 



25502628 



23452420 



2423 
2425 

2428 

2430 
2433 
2435 
2438 
2440 

2443 
2445 
2448 
2451 
2453 

2456 
2458 
2461 
2463 
2466 

370 



2481 
2484 
2486 
2489 
2491 



2494 
2496 
2499 
2501 
2504 

2506 
2509 
2512 
2514 
2517 

2519 
2522 
2524 
2527 
2530 

2532 
2535 
2537 
2540 
2542 

38^ 



2553 
2555 

2558 
2560 
2563 
2566 
2568 



2571 
2573 
2576 

2578 
2581 

2584 
2586 
2589 
2591 
2594 

2597 
2599 
2602 
2604 
2607 

2610 
2612 
2615 
2617 
2620 

"390" 



2631 
2633 



2636 
2638 
2641 
2644 
2646 



2649 
2651 
2654 
2657 



2659 2739 



2662 
2665 
2667 
2670 
2673 

2675 
2678 
2680 
2683 
2686 

2688 
2691 
2694 
2696 
2699 

40^ 



410 

2702 
2704 
2707 
2710 
2712 

2715 
2718 
2720 
2723 
2726 

2728 
2731 



429 \M. 




27332814 



2736 



2750 
2752 

2755 
2758 
2760 
2763 
2766 

2768 
2771 

2774 
2776 



2782 
2784 
2787 
2790 
2792 

2795 
2798 
2801 
2803 
2806 

3809 
2811 



2742 
2744 

274712828 



2817 
2820 

2822 
2825 



2 
4 
6 
8 

10 
12 
14 

16 

18 



2830 
2833 

2836 
2839 
2841 
2844 
2847 

2849 
2852 
2855 
2858 



2779 2860 



41 



42° 



20 
22 
24 
26 

28 

30 
32 
34 
36 

38 

40 
42 
44 
46 

48 

50 
52 
54 
56 
58 
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TABLE I. 



MSRIDIONAL PARTS. 



M. 



02863 



2 
4 
6 



2866 
2S691 
2871 

812874 



10 
12 



14288212966 
1628851 



182888 

202891 
222893 
242896 



26 



2829022985] 



30 



34 



54 
56 

58 

M. 



43" 



28772960 



28802963 



2899 



2904 



3229072991 



2910 



362913 
382915 



422921 



4429243007 

462926 

48292913013 



602932 
522935 



2940 
2943 

43° 



t—i — 



44^ 



2946 



29493033 



2961 
2954 
2957 



45^ 



3030 



3036 
3038 
3041 



3044 

3047 

3050 

2968<3063 



2971 



297430583144 



2976 
2979 
2982 



2988 



2993 
2996 
29993084 



402918300230873173 



30051 
3007 
3010 



3016 
3019 



29373021 



44< 



3055 



3061 
3064 
3067 
3070i 

3073 
3075 
3078 
3081 



3093 

3095 
3098 

3101 
3104 
3107 
3110 



3024 
302713113 



45^ 



W 



3116 
3118 
3121 
3124 



31273214 



3130 
3133 
3136 
3139 
3142 



3147 
3150 
3153 
3156 



3171 



30903176 



3179 
3182 
3185 

3188 
3191 
3194 
3197 
3200 

46^ 



47< 



3203 
3206 
3209 
3212 



3217 
3220 
3223 
3226 
3229 



3232133223413 



3235 
3238 
3241 
3244 



316232503340 



31653253 
131683256 



3265 
3268 
3271 
3274 

3277 
3280 
3283 
3286 
3289 

4r 



4b^ 



329233823474 



3295 
3298 
3301 
3303 

3306 
3309 
3312 
3316 
3319 



3325 
3328 
3331 
3334 



3159324733373428 



3343 
3346 
325913349 



326233523443 



3355 
3358 
3361 
3364 



3370 
3373 
3376 
3379 

48^ 



49^ 



3385347835723668 



3388*3481 



3391 



33943487 



3397 
3400 
3403 



34073499 



3410 



3416 
3419 
3422 
3425 



3434 
3437 



3450 
3453 
3456 



3367 3459 



3462 
34te 
3468 
3471 

49" 



50° 



3484 



3490 
3493 
3496 



3503 

35063601 

350913604 

3512 

3515 

351^ 



3521 
34313525 



3528 
3531 



34403534 



344735403636 



3543 
3547 
3550 

3553 
3556 
3559 
3562 
3666 

50^ 



5r 



35693665 



3576 
3578 
3582 

3585 

3588 
3591 
3594 



3598 3695 



3698 

3701 

360^3704 



3610 
3614 

36171 
3620 
3623 
3626 
3630 



353736333731 



3639 
3643 



3652 
3655 
3659 
3662 



52" 



3672 
3675 
3678 

3681 
3685 
3688 
3691 



3708 
3711 

3714 
3717 
3721 
3724 
3727 



3734 
3737 
3741 



36463744 
3649 3747 



3750 
3754 
3757 
3760 



M. 


2 
4 

6 

6 

10 
12 
14 
16 
18 

20 
22 
24 
26 
28 

■ 

30 
32 
34 
36 
38 

40 
42 
44 
46 

48 

50 
52 
54 
56 

58 



5P|52°|M. 
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TABLE I. 



HSBIDIONAL PARTS. 





2 

4 
6 

8 

10 
12 
14 
16 

16 



20 
22,3800 



24 
26 
28 



32 
34 
36 
38 



42 
44 
46 

48 

50 
52 
54 
56 

58 

[M. 



53 



3764 
3767 
3770 
3774 
3777 

3780 
3784 
3787 
3790 
3794 



379713899 



3804 
3807 
3811 



303814 



3817 
3821 
3824 

3827 



403831 



3834 
3838 
3841 
3844 



3851 



3861 
53° 



54^^ 



3865 

3868 
3871 
3875 

3878 

3882 
3885 
3889 
3892 
3895 



3902 
3906 
3909 
3913 

3916 
3919 
3923 
3926 
3930 

3933 
3937 



3944 
3947 



38483951 



3954 



385439584063 



38583961 



3964 

MP 



55 



f^o 



3968 
3971 
3975 
3978 
3982 

3985 
3989 



3996 
3999 

4003 
4006 
4010 
4014 
4017 

4021 
4024 
4028 
4031 
4035 

4038 
4042 



50^ 



4074 
4077 
4081 
4085 

4088 

4092 
4095 



39924099 



39404045 



4070 

55° 



4103 
4106 

4110 
4113 
4117 
4121 
4124 

4128 
4132 
4135 
4139 
4142 



4161 



4049 
4052 

4056 
40604168 



4164 
4168 
4172 



40674175 



56° 



57^ 



4183 
4186 
4190 
4194 
4197 

4201 
4205 



42084321 



4212 

4216 

• 

4220 
4223 
4227 
4231 
4234 



4242 
4246 
4249 
4253 



4146 4267 
41504260 
4153 4264 
41574268 



4275 
4279 



4287 



41794291 



57° 



58° 



4294 
4298 
4302 
4306 
4309 

4313 
4317 



4325 
4328 



43324448 



4336 
4340 
4344 



42384351 



4355 
4359 
4363 
4367 



42724386 



59^ 



4409 
4413 
4417 
4421 
4425 

4429 
4433 
4436 
4440 
4444 



4452 
4456 
4460 



43474^ 



4476 
4480 
4484 



43704488 
4374 4492 
43784495 



4503 



4390 
4394 



42834398 



4401 
4405 

58° 



4511 
4515 
4519 
4523 

59° 



60° 



45274649 



4531465347791 
453546574784 
453946624788 



4543 

4547 
4551 
4555 
4559 
4564 



45684691 
45724695 



4576 
4580 
4584 

4688 



4468 
44724592 



4604 



4612 
4616 



4382449946204745 



4625 



450746294754 



4641 
4645 

60° 



61° 



4666 



467014796 



4674 
4678 



46824809 
46874814 



4699 
4708 



4696 
460014724 



46084733 



4741 



463347584887 
463747624892 



4766 
4771 

61° 



62° 



4775 



4792 



4801 
4805 



4818 
4822 
4826 
4831 
47074835 

4712 483S! 
47164844 
47204848 



4852 



47284857 



4861 

473748651 



48701 
4874 



47504879 



489Q| 
4901 

62° 



M. 
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4 
6 

6 

10 
12 
14 
16 

16 

20 
22 
24 
26 

26 

30 
32 
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36 
36 

40 
42 
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46 

48 

50 
52 
54 

56 
58 
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TABLE I. 



MERIDIONAL PARTS. 



w. 




2 
4 
6 

8 



1049276062 



124931 



14 



164940 
184945 



20 



224954 



34 
36 

38 



44 



46 

48 

50 
52 
54 
56 

58 

M. 



63<^ 



4905 
4909 
4914 
4918 
4923 



4936 



4949 



4958 
4963 
49675104 



24 
26 

28 

304972 
324976 



4981 
4985 
4990 



404994 
424999 



5003 
5008 
5012 



5026 
5030 
5035 



6io 



5039 



504451845328 



5049 
5053 
5058 



506752075353 



5071 
5076 
5081 

5085 
5090 
5095 
5099 



5113 
5118 
5122 
5127 



5136 
5141 
5146 
5151 



50175155 
5021 



5160 
5165 
5169 
5174 

64^ 



66^ 



6179 



5188 
5193 
5198 

6203 



52125368 



5217 
5222 

5226 
5231 
5236 
5241 
5246 



51085250 



5255 
5260 
5265 
5270 



5132 5275 



6280 
5284 
5289 
5294 

5299 
5304 
5309 
6314 



66 



o 



5324 
5328 
5333 



533854895647 



5343 
5348 



67" 



5474 
5479 
5484 



5363 
6368 

6373 
6378 
5383 
5388 
5393 

5398 
5403 
5408 
6413 
5418 

5423 
5428 
5433 
5438 
6443 

6448 
6454 
6469 
5464 



5495 

5600 
6506 
5510 
5515 

5620 

5526 
5531 
6536 
6541 
6546 

5552 
6657 
5562 



65 



o 



63196469 



66 



o 



5573 

5678 
6583 
5688 
5694 
6599 

5604 
5610 
5615 
5620 
5625 

67 



68^ 



5631 
5636 
5642 



69" 



5652 

5658 
6663 
5668 
5674 
6679 

5685 
6690 
5695 
5701 
6706 

5712 
5717 
6723 



6795 
5800 
5806 
5811 
5817 

5823 

6828 
5834 
5839 
5846 

5861 
6856 
5862 

68(« 
6874 

5879 
5886 
5891 



556757285896 



5734 

5739 
5746 
6760 
5756 
5761 

6767 
6772 

5778 
6783 
5789 



5902 

5908 
5014 
5919 
5925 
5931 

6937 
5943 
5948 
5954 
5960 



09 



o 



r70" 

59S6 
5972 
5978 
5984 
5969 

5995 
6001 
6007 
6013 
6019 

6k)25 
6031 
6037 
6043 
6049 

6055 
6061 
6067 
6073 
6079 

6085 
6091 
6097 
6103 
6109 

6116 
6121 
6127 
6133 
6140 

70^^ 



71" 



6146 



6152*6341 



6158 
6164 
6170 

6177 
6183 
6189 
6195 
6201 

6208 
6214 
6220 
6226 
6233 

6239 
6245 
6252 
6258 
6264 

6271 
6277 
6283 
6290 
6296 

6303 
6309 
6315 
6322 
6328 

71" 



72" 



6335 



6348 
6354 
6361 

6367 
6374 
6380 
6387 
6394 

6400 
6407 
6413 
6420 
6427 

6433 
6440 
6447 
6453 
6460 

6467 
6473 
6480 
6487 
6494 

6500 
6507 
6514 
6521 
6528 

72" 



M. 


2 
4 
6 

8 

10 
12 
14 
16 
18 

20 
22 
24 

26 
28 

30 
32 
34 
36 
38 

■ 

40 
42 

44 
46 

48 

50 
52 
54 
56 

■^ 
M. 
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TABLES. 



TABLE L 



MERIDIONAL PARTS. 





2 
4 

G 

8 

10 
12 
14 
16 
19 

20 
22 
24 
26 

28 

30 
32 
34 
36 
38 

40 
42 

,44 



73 



466695 



48 
60 



54 
56 

68 

M. 



6660 
6667 

6674 
66S1 
6688 



6702 



5216717 



6724 
6731 
6738 

73^ 



74 



6534 6746 
a541 6753 
65486760 
655516768 
6562 6775 

65696782 
6.576 6790 
6583 6797 
6590 6804 
6597 6812 

66036819 
66106826 
66176834 
6624 
6631 6849 

6639lda56 
66466864 
66536871 



75-^ 

6370 
*6978 
6986 
6994 
7001 



76^ 



7009 
7017 
7025 
7033 
7041 

70^18 

7056 

7064 

6841(7072 



6879 

6886 

6891 
6901 
6909 
6917 
6924 



721U 
7218 
7227 
r235 
7243 

r252 

7260 
7268 

7277 

7285 

7294 
17302 
7311 
7319 
7328 



77' 



7081) 



70S8 7336 



7096 



7112 
7120 



7315 



71017353 



67106932 
6939 



6947 
6955 
6963 

740 



7362 
7371 

7379 



7128 
7130 
7145 7397 



7467 
7476 
7486 
7494 
7503 

7512 
7521 
7530 
75-39 

7548 

7557 

7566 
7576 
7585 
7594 

7603 
7612 
7622 
7631 
7640 

7650 
7659 



7153 
7161 

7169 
7177 
7185 
7194 
7202 

76^ 



7406 
7414 

7423 
7432 
7441 
7449 

7458 

76^ 



78^ 



7745 
7754 
7764 
7774 
7783 

7793 
7803 
7813 
7822 
7832 

7842 
7852 
7862 
7872 

7882 

7892 
7902 
7912 
7922 
7932 

7912 



79° 



8046 
8056 
8067 
8077 

8088 

8099 
8109 
8120 
8131 
8141 

8152 
8163 
8174 

8185 
8196 

8207 
8218 
8229 
8240 
8251 

S262 



s o 



8375 

§387 
8398 
8410 



8433 

8445 
8457 
8469 

8480 

8492 



81° 



8739 
8752 

8765 

8778 



84228791 



8804 
8817 
8830 
8.843 
8856 

8869 



8504^8883 



7053 827:3 



70687903 



7678 
7687 

7697 
7706 
7716 
7725 
7735 

77^ 



7973 
7983 

7994 
8004 
8014 
8025 
8035 

78" 



8281 
8295 
8307 

8318 
a329 
8341 
8352 
8364 

790 



8516 

8528 
8540 

8552 

8565 

8577 
8589 
8601 

8614 
8626 
8638 
8651 
8663 

8676 

8688 
8701 
8714 
8726 

80^ 



8896 
8909 
8923 

8936 
8950 
8963 

8977 
8991 

9005 
9018 




9233 

9248 



9292 
9307 
9322 
9337 
9353 

9368 
9383 
9399 
9414 
9430 

9445 
9461 



9032i9477 



9046 
9060 

9074 
9088 
9103 
9117 
9131 

81° 



9493 
9609 

9626 
9541 
9657 
9573 
9589 

82^ 



20 
22 
24 
26 
28 

30 
32 
34 
36 
38 

40 
42 
44 
46 
46 

50 
62 
64 

66 

^ 
M. 



TABLE II. 

I>€jfre9ai(m if the Ha- 
rixon tf tlu Sea. 



TABIM9. 

TABLE UL 
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1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

22 

24 

26 

28 

30 

35 

40 

45 

50 

60 

70 

80 

90 

100 

120 

140 

J 60 

180 

200 



0' 59" 



1 
1 
1 



24 
42 
58 
2 12 
2 25 
36 



2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 
4 
5 
5 
5 
5 
6 



9 
9 



47 
57 

7 
16 
25 
33 
41 
48 
56 

3 
10 
17 
24 
37 
49 

1 
13 
23 
49 
14 



6 36 

6 57 

7 37 

8 14 

8 48 



20 
50 



10 47 

11 39 

12 27 

13 12 
13 55 



J>ip qffheeeaat d^ereni JHetaneee Jrom 
the ObBerrer. 



pist ollHeii^t of tlM Eye aboTe ttie SeaJ 


land in 

sea 

miles. 


infect 1 


5 

11' 


10 

22' 


16 
34 


20 

46' 


25 
66' 


30 


36 


40 
90 


i 


08 


79' 


J 


6 


11 


17 


22 


28 


34 


39 


45 


1 


4 


8 


12 


16 


19 


23 


27 


30 


1 


4 


6 


9 


12 


15 


17 


20 


23 


1 i 


3 


5 


7 


9 


12 


14 


16 


19 


1 i 


3 


4 


6 
6 


8 
6 


10 

8 


11 
10 


14 
11 


16 
12 


2 


2 


3 


2 i 


2 


3 


St 


6 


7 


8 


9 


10 


3 


2 


3 


4 


5 


6 


7 


8 


8 


3 i 


2 


3 


4 


6 


6 


6 


7 


7 


4 


2 


3 


4 


4 


5 


6 


7 


7 


6 


2 


3 


4 


4 


5 


6 


6 


6 


6 


2 


3 


4 


4 


5 


6 


e 


6 



TABLE IV. 



CStna/itn tf the EarA. 



Oist. in 
miles. 


HeiKbt 


Dift in 
mile*. 


Heifht 


Inchet. 
1 


Feet 
149 


i 


16 


i 


2 


16 


170 


1 


8 


17 


192 




Feet. 


18 


215 


2 


2.6 


19 


240 


3 


6. 


20 


266 


4 


10.6 


26 


415 


6 


16.6 


.30 


699 


6 


23.9 


35 


814 


7 


32.6 


40 


1064 


8 


42.6 


46 


1346 


9 


63.8 


60 


1662 


10 


66.4 


60 


2394 


11 


80.2 


70 


3268 


12 


95.4 


80 


4265 


13 


112. 


90 


5386 


14 


130. 


100 


6649 



A 
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TAUatfl. 



TABLE V. 

DUttmea at which Objects eon he eeen at Sea. 



Pei|^t in 


DbtaneeiB 


H^riitin 


DWanee la 


feet 


Eng. milea. 


feet 


Eag. xMm. 


1 


1.3 


60 


10.3 


8 


1.9 


70 


11.1 


8 


3.3 


80 


11.8 


4 


3.6 


90 


13.5 


5 


3.9 


100 


13.3 


6 


3.3 


800 


18.7 


T 


3.5 


800 


33.9 


8 


3.7 


400 


36.5 


9 


4. 


500 


39.6 


10 


4.3 


600 


33.4 


13 


4.6 


700 


35. 


14 


4.9 


800 


37.4 


16 


5.3 


900 


39.7 


18 


5.6 


1000 


41.8 


30 


5.9 


3000 


69.3 


35 


6.6 


3000 


73.5 


30 


7.3 


4000 


83.7 


35 


7.8 


5000 


93.5 


40 


8.4 


10000 


133. 


45 


8.9 


15000 


163. 


50 


9.4 


80000 


188. 
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TABLE VI. 

ne Polar JH$taHU a»d I&i^ JUetn^Mi tf fke Pole Star. 





~^Olar Dbtane*. 


Ann. Var. 


Right AiceniioD. 


Ann. Var. 

1. 






h. in. 


1. 


1800 


lO 46 35" 


— 19".5 


52 


24 


+12.9 


1801 


1 45 15 




52 


37 




1802 


1 44 56 


' 


52 


60 




1803 


1 44 36 




53 


3 




1804 


1 44 17 


> 


53 


16 


• 


1805 


1 43 57 




53 


39 




1806 


1 43 38 




53 


42 




1807 


1 43 18 




53 


65 




1808 


1 42 58 




54 


9 




1809 


1 42 39 




54 


23 


8. 


1810 


1 42 19 




54 


36 


+13.6 


1811 


1> 42 




54 


50 




1812 


1 41 40 




55 


04 


. 


1813 


1 41 21 




65 


18 




1814 


1 41 1 




55 


33 




1815 


1 40 42 




65 


47 




1816 


I 40 23 




56 


03 




1817 


1 40 04 




56 


17 




1818 


1 39 45 




66 


32 




1819 


1 39 25 




66 


46 


s. 


1820 


1 39 05 


—WA 


57 


01 


+ 14.3 



► . 




Oj 



c 



t 



^t/^:./-*. 



M 



I i 



^\\ 



KC ^1 



a 



^nr 



Mi 



^^^ 




.w»v 



1^> 



SAYieATlON and SVBVBiriNO. jv.^ 
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• 



I. 
f 
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